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THE SIXTH SUMMER MEETING OF THE AMER- 
ICAN MATHEMATICAL SOOIETY. 


Tuer Sixth Summer Meeting of the AMERIOAN MATHEMAT- 
ICAL SoorETY was held at the Ohio State University, Colum- 
bus, Ohio, on Friday and Saturday, August 25th and 26th, 
1899. As has been the custom for several years, the meeting 
was held in conjunction with the American Association for 
the Advancement of Science. Aside from the material and 
incidental advantages, it has been found that the freedom 
of intercourse between the members of the Society and of 
Sections A and B of the Association, afforded by simultane- 
ous meetings, serves to increase the interest in both gather- 
ings, while the two-fold attachment of many members tends 
to enlarge the attendance. During the recent meeting of 
the American Association the initial steps were taken 
looking toward the still closer affiliation of the two societies 
for the purposes of the summer meeting, and the Committee 
of Section A was authorized to arrange for a joint meeting 
hereafter, if this should be deemed advisable. 

The number of persons present during the meeting was 
over fifty, and included the following thirty-two members 
of the Society: 

Professor W. W. Beman, Professor Henry Benuer, Pro- 
dad R. D. Bohannan, Professor C. H. Chandler, Professor 

E. Dickson, Professor C. L. Doolittle, Professor L. W. 
Dowling, Professor H. T. Eddy, Mr. H. B. Evans, Profes- 
sor B. F. Finkel, Professor G. B. Halsted, Professor Thomas 

'F. Holgate, Professor E. W. Hyde, Mr. H. G. Keppel, Pro- 
fessor T. E. McKinney, Professor-A. MacFarlane, Professor 
W. H. Maltbie, Professor J. L. Markley, Professor Mans- 
field Merriman, Dr. G. A. Miller, Professor E. H. Moore, 
Professor A. B. Nelson, Professor H. B. Newson, Professor 
Alexander Pell, Professor G. T. Sellew, Professor J. B. 
Shaw, Dr. H. F. Stecker, Professor Ormond Stone, Dr. 
W. M. Strong, Professor A. D. E Wernicke, Professor H. 

-§. White, Professor R. 8$. Woodward. 


jp 
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The first session opened at ten o'clock on Friday morn- 
ing, and was presided over by Professor R. 8. Woodward, 
President of the Society. On taking the chair the presiding 
officer congratulated the Society on the manifest interest in 
mathematical study and investigation in this country as in- 
dicated by the Jong list of papers to be presented, and con- 
trasted the présent rapid growth of mathematical knowl- 
edge with the contlitions twenty or twenty-five years ago. 

By holding extended sessions the full programme was 
completed by Saturday noon. On Friday evening nearly 
all the members in attendance dined together at the Chit- 
tenden Hotel. This informal dinner has come to be a very 
interesting feature of the summer meeting and affords an 
opportunity for friendly interchange of thought upon mathe- 
matical topics that do not come up in the discussions of the 
regular programme. 

At the Saturday morning session the Council announced 
the election of the following ten persons to membership in 
the Society: Professor Edgar Buckingham, Bryn Mawr 
College; Dr. Warren G. Bullard, University of Vermont ; 
Mr. Walter B. Ford, Albany, N. Y.; Miss Fanny C. Gates, 
Woman's College, Baltimore ; Miss Carrie Hammerslough, 
Columbia University ; Pr ofessor Thomas F. Nichols, Ham- 
ilton College ; Mr. Herbert W. Richmond, King’s College, 
Cambridge, England ; Professor George T. Bellew, Knox 
College, Galesburg, Illinois ; Professor E. B. Skinner, Uni- 
versity of Wisconsin; Dr. George P. Starkweather, Yale 
University. Nine applications for membership were re- 
ceived. 

The following papers were read : 

(1) Dr. A. 8. Cassin: "Note on relative motion." 

(2) Mr. F. R. MourroN: ''On surfaces of zero relative 
velocity and a certain class of special solutions in the prob- 
lem of four bodies.’’ 

(3) Professor J. E. Davies: ‘‘On the use of generalized 
differentiation in the solution of physical problems.’’ 

(4) Professor ARNoLD Exon: “A new class of link 
works." , 

(5) Mr. J. V. Got: ‘A relation between point and 
vector analysis." 

(6) Professor FroRrAN CaJonr: ‘ John Speidell’s ‘New 
E A 

(7) Mr. H. W. Rrogwos»: ‘‘ On analogues of the property 
of the orthocenter.’’ 

(8) Professor H. S.eWuire: “Irrational covariant 
conics of a plane cubic.’’ : 
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(9) Professor Frank Monte: ''On the generalization 
of Desargues’s theorem." 

(10) Professor E. H. Moors: ‘On certain crinkly 
curves. ’’ ; 

(11) Dr. W. M. SrRoNa: ‘Note on non-quaternion 
number systems.’’ ei 

(12) Professor H. B. Newson: (On mixed groups.’’ 

(13) Dr. Epwarp Kasser: ‘The invariant theory of 
the inversion group." ` 

(14) Miss E. N. Martin: ‘Note on the imprimitive 
Substitution groups of degree fifteen, and on the primitive 
substitution groups of degree eighteen.” 

(15) Professor L. E. Dicxsow: '' A. new definition of the 
general abelian linear group." : 

(16) Professor L. E. Dioxson: ‘“‘ Definition of various 
linear groups às groups of isomorphisms.”’ 

(17) Mr. W. B. Fe: ' On the groups of cogredient iso- 
morphisms that are abelian." 

(18) Dr. G. A. Minter: ‘On the groups that are direct 
products of two subgroups."' 

(19) Dr. OG H. Line: “A proof that there are no simple 
groups of order 1440, 1512, 1680, or 1800.” 

(20) Dr. H. F. Sreoxer: ‘‘On a relation between the 
totality of the elliptic functions and a line complex.’’ 

(21) Dr. Vrnain. SNYDER : (Geometric construction of 
the elliptic integral of the second kind, and of the Weier- 
strass sigma-function." 

(22) Professor ALEXANDER PELL: ' Some applications of 
elliptic functions.” 

(23) Dr. L. T. More: ‘On Fresnel’s wave surface." 

Mr. Moulton’s paper was offered to the Society through 
Professor Moore, Mr. Collins’s through Professor Benner, 
Dr. Kaener's through Professor Fiske, Miss Martin's through 
Professor Harkness, and Mr. Fite’s through Dr. Miller. 

On account of the absence of the authors, Dr. Chessin’s 
paper was read by Professor Woodward, Mr. Moulton’s and 
Professor Morley’s by Professor Moore, Professor Davies’s 
by Professor Hyde, Professor Emch’s by Professor Newson, 
Professor Cajori’s by the Secretary, Miss Martin’s, Dr. Ling’s 
and Dr. Snyder’s by Dr. Miller, and Dr. More’s by Professor 
Brace of the University of Nebraska. The papers by Mr. 
Richmond, Dr. Kasner, and Professor Dickson (No. 15) 
were read by title. Abstracts of the papers are given below. 


Considering space motion in thé theory of relative motion 
as a perturbation of the motion which the given system 
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would have if space motion did not exist, we arrive at the 
notion of a ''perturbative function of relative motion." 
This function is the sum of three homogenous functions of 
p, q, T (components of the angular velocity w of space rota- 
tion) of the respective degrees 0,1, and 2. The purpose of 
Dr. Chessin’s paper is to give the mechanical significance 


-of the third of these three functions. : The author shows 


that it is always possible to consider w as the diagonal of 
a parallelogram constructed on two angular velocities o 
and e, the direction of w, being one about which relative 
rotation is possible, whereas such a rotation is impossible 
about the direction of w, In this connection it was re- 
marked that it is sometimes useful to express the kinetic 
energy of rotation of a body referred not to its principal 
axes of inertia, but to a system of conjugate axes. If then 


. @ denote the kinetic energy of space rotation, 


2G = A'o* T Bal + Co, 


where o w, v, are the components of w along and A’, B’, 
C' the moments of inertia about the conjugate (generally 
oblique) axes XYZ of the ellipsoid of inertia. Now, if we 
take for X the direction of «,, then 


G = G+ G, 
G,—44Aw, Q=} Io, 


I Ge the moment of inertia about an axis in the 
plane conjugate with the direction of w, Likewise, if we 
take for X the direction of w, then 


G, = A'o, G, =4 Jo. 


G, is exactly the third of the three terms of which w is 
composed. Hence its mechanical significance. 


Mr. Moulton's paper discussed the motions of four bodies, 
three of finite masses and one infinitesimal. The finite 
bodies were supposed to move aecording to one or other of 
the Lagrangian solutions, in circles around their common 
center of gravity. It was shown that the surfaces of zero 
relative motion separate those portions of space in which 
the infinitesimal body may move from those in which it 
cannot move. There are just twenty-eight solutions for 
which the system remain’ of constant form and size, and re- 
volves i in an ar bitrary period. 
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The purpose of Professor Davies’s paper was to call at- 
tention to some of the earlier investigations on the subject 
of generalized differentiation, and in particular to an ap- 
parently little known paper by Buchwaldt, a captain in the 
Danish army, who critically reviewed the work of Liouville, 
previously published in the Journal de l'Ecole Polytechnique, 
for 1832, e seq.. In view of some of the recent papers of 
Oliver Heaviside, wherein the usefulness of generalized 
differentiation in prob- 
lems in electricity is 
pointed out, it was shown 
that attention had been 
called, long ago, by Liou- 
vile to the great value 
of this process in the 
solution of physical prob- 
lems generally and that 
it is likewise valuable in 
analysis for certain in- 
verse problems. = $j ---------=- DM 


,Bi 


Professor Emch’s pa- 
per, which is intended 
for publication in the 
Annals of Mathematics, is 
in abstract as follows :— 
'The element of the link- y 
work is the cell OA, BA Bs 
O-QB, in which 0, Q are fixed points, and OA, = A,B, 
= =A,0. Putting QA, = Vz, QA, = vy, QB, = R, 
OA, — v, OQ=c, and (E --r)! 2a, (r +0) 2f, (ei 
= y, (R —r)*= å, the relation exists 











= 
S V(y—a2)(y—B)(y—r(y—?» 








ef d = 
V (e—a) (s — ite —r)(s —?) 


where ais a constant. Let v and u designate the values of 
these integrals, so that v — u- a. The variables z and y 
may be expressed by elliptic functions 


g= à(u), y= AW). 


A second cell may be added havirfg the same fixed points O 
and @ and the link OA, in common with the first cell. In 


= 


«* 
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the same manner any number of cells may be added, thus 
forming a link-work of one degree of freedom. If the link- 
work consists of n cells, OA,,, will be the last link and the 
argument belonging to QA,,, willbe u + n-a. Supposing 
w, and w, as the periods of A(u), the quantities E, r, and e 
may be chosen $n such a manner that 








` oq 8 + mw, 
"n 

where m, and m, designate integers. In this case the link- 
work closes, 4. e., the point A,,, will coincide with A,, and the 
condition of closing 1s independent of the value of u, or of the 
original position of the link-work. In the special cases of 
closed link-works of three and four cells the condition re- 
duces to E — v and E! —r = r! — è, respectively. A cer- 
tain transformation of the link-work leads to Jacobi’s 
construction of elliptic functions and Poncelet's poristic 
polygons. 

In his Quaternions (second edition, page 22) Tait asserts 


' that ‘‘The theory of ‘geometrical nets? is very fully de- 


veloped in Hamilton’s Elements, and the method is shown 
to include as particular cases the processes of Grassmann’s 
Ausdehnungslehre and Mobius's Barycentrische Calcul.’’ 
This passage is criticized by Mr. Collins on two grounds: 
first, that it is too sweeping; and secondly, that if 
point and vector analysis are so closely connected, this re- 
lationship calls for a careful examination. The question 
arises, then, how can the two be brought together in a 
harmonious system. In his Elements, instead of studying 
point-vector analysis in its simplest form, Hamilton makes 
out of the simple expressions of point analysis very com- 
plex ones, anharmonic ratios in fact. In this way he limits 
the application of this analysis to the so-called modern 
geometry. 

By Hamilton’s p and Grassmanu's p is or should be meant 
8 complex concept consisting of & point p held in position by 
a vector from an origin p. Here p we will say denotes an 
infinitesimal portion of a line and pp denotes p at the end 
of p whose initial point is at the origin. Thus pp standing 
now for both Hamilton’s » and Grassmann’s.p is really 
complex, just as e (= TE Us or Se + Ve) is complex in qua- 
ternions, or a8 Deg, is complex in the Ausdehnungslehre. 
Using this notation the fundamental equations of point 
analysis become è 
Mp, d nm, ) 

3 


Q) mpo npa = (m m)p D 
1 


1899.] SIXTH SUMMER MEETING OF THE SOCIETY. 7 


(2) Impp = Xm- (355). | 
(3) po, — po, = Op (575). 


Hyde in his Directional Calculus writes these equations 
in duplicate, t. e., first in the simple point analysis form, 
and then in the vector analysis form, the vectors being in- 
dicated as the difference of units points. If the above 
notation and equations be used in the solution of prob- 
lems, the point equations and vector equations corre- 
spond and agree at each step of the solution. If p be di- 
vided out of any equation, a vector equation is left, while if 
the p’s be given the subscripts of the p’s, and the p’s be re- 
moved, we have the regular point analysis equations. Thus 
this notation throws light on any solution or equation from 
two directions. The vector equations have the advantage 
that the origin can be taken anywhere; the point equations 
that they are always symmetrical. Because the funda- 
mental concept dealt with in point analysis is complex, 
the notation used to present it should be complex until the 
subject is well grasped. 


Professor Cajori remarked in his paper that: no general 
history of mathematics published in England or in Europe 
makes mention of John Speidell, though it is quite generally 
known to English readers through certain special articles, 
for example, J. W. L. Glaisher's report on '' Tables" in 
the British Association Report for 1873, that Speidell is the 
author of the earliest table of natural logarithms. The 
book appeared in 1619, only five years after Napier’s PROBA 
work. A fac-simile of the title-page Bt the edition of 1622 
was exhibited to the Society. 


Mr. Richmond's memoir deals first with the systems of 2n 
points in a space of n dimensions S,, such that the S, , de- 
termined by any n, points is perpendicular to that determined 
by the remaining n points. Here for ‘ perpendicular’ we 
may substitute ‘conjugate as to a fixed quadric,’ the 
absolute. More generally in S, let there be p_ points 
w = 0,77, u, = 0 and let the absolute be 


e 1 
È ku, = 0; 


then any two spaces S,_, which contain all the p points are 
necessarily perpendicular. For a proper quadric the values 
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of p range from n+ 1 to 2»; for the euclidean absolute 
(passing: over the case of points all at infinity) p ranges 
from n +2 to 2n. Buch a system of p pointe is called an 
orthogenic system. The system of n + 1 orthogenic points 
is the self-conjugate pyramid; accordingly the system ‘of 
n + 2 points is eelected for Special consideration. 'Phis is. 
the ‘polviereck’ in the case of the conic (n — 2). and the 

‘polfiinfeck’ in that of the quadrie in 3 dimensions. In 
the euclidean case, it is pointed out, inter alia, that the cen- 
troids of all pairs formed from then + 2 points lie ona 
sphere; and if further n be even, it is remarked that n + 1 
points determine uniquely à others, the whole forming an 
orthogenic system. : 


Professor White’s paper embodied the results of some re- 
cent investigations upon a plane cubic curve and the sys- 
tems of conics connected with it, and will be published 
in the Transactions of the American Mathematical Society. 
Two doubly infinite systems of conics are known ’( Hilbert 
in Liouvill, 1888) which are related to the general plane 
cubic by an invariant property, namely, their equations are 
reproduced (to a factor) by an operation which transforms 
the cubic into its Hessian. Professor White finds each of 
these systems of conics to be the system of conic polars to a 
new cubic curve, and (1) these two cubics are coórdinate 
with the fundamental cubic by virtue of a cyclic relation— 
each gives rise to the other two in the same way as the first 
did to the second and third ; (2) all three lie in the syzygetic 
sheaf containing the first and its Hessian ; (3) finally, the 
set of three are characterized by having their Cayleyan 
(curve of third class) in common. Two class-cubics defined 
by the self-reproductive property with respect to the trans- 
verse of this same operation prove to be coórdinate to the 
conjugate class-cubic of the fundamental, and to be them- 
selves conjugate to the two above described in the sense 
of Aronhold (Crelle, 55). They have the Cayleyan for 
their common Hessian. From these results, using the 
equation of the conjugate class-cubic, the covariant equa- 
tions are written for conic polars of four cubics related to 
the Hessian just as the first four are to the Cayleyan. 


Professor Morley communicated a proof of the theorem 
that all full spreads of order n in a linear space H which 
pass through by 
(m 4- & — 1)! 
m!(n— 1)! 


+1 
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given points are apolar with a determinate full spread of 
class nin an intersecting space S, ,. This paper is intended 
for publication in the Transactions. 


Professor Moore’s paper treats (1) of the area filling 
curves z= y(t), y = ¢(t) of: Peano and Hilbert, and in par- 
ticular (2) of the curve y = ¢(t), connected with the Peano 
curve, which is continuous and has at no point & progressive 
or a regressive non-vertical tangent, and at no point & pro- 
gressive and a regressive vertical tangent. This curve from 
the simplicity of its geometric definition and from the in- 
tuitive clearness of its properties appears to be fit to replace 
the classical Weierstrass curve as the standard example of 
continuous curves having no tangents. The paper will be 
published in the Transactions. 


Dr. Strong announced the following theorem: Any de- 
generate uon-quaternion number system whose multiplica- 
tion table contains m independent products can be reduced 
to a form such that the independent products will be 
Ls ly ban 1, &nd will occur in the order here given. No in-, 

ependent product will be the product of units which them- 
selves enter products. By“ degenerate system’ is meant & 
system from which the modulus has been deleted ; the term 
‘independent product’ denotes a product of two units which 
is linearly independent of the products preceding it; and 
the ‘order’ of products in the multiplication table of non- 
quaternion number systems is defined thus: J, - lya and GA 
precede LL where b, c H0; kb: fa and liyati, precede 
A: Land hya- lif a «b; lipa l precedes l la where a =} 0. 


The object of Professor Newson’s paper was to exhibit a 
method for treating mixed groups of projective transforma- 
tions (or collineations). The method was applied to one 
mixed group as an example. Mixed groups contain two dis- 
tinct sets of transformations, one set forms a continuous 
group and the other set forms a multitude of discontinuous 
groups. All projective transformations of the plane which 
leave a pair of points A and B separately invariant form a 
continuous group G (AB); add to these all transformations 
which interchange A and B, and we have the mixed group 
mG (AB). All real projective transformations which in- 
terchange A and B were determined synthetically; they fall 
into four distinct classes. Those of the first class are in- 
volutoric, i. e., of period two; those of the other three 
classes are non-periodic'and are designated as elliptic, para- 
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bolic, and hyperbolic, respectively. The paper will be pub- 
lished in the Kansas University Quarterly. 


To every group of transformations corresponds a geometry, 
or theory of invariants (Klein, Lie). The group considered 
by Dr. Kasper is the six-parameter group generated by 
the inversions of the plane; the corresponding inversion 
geometry is formally identical with projective geometry on 
a quadric surface. Two principal methods are developéd for 
studying the invariant properties of geometric configura- 
tion. 1° Quaternary.—AÀ. curve whose equation in tetra- 
cyclie coérdinates 2, connected by the quadratic identity 
Q = 0 is f = 0 is also represented by f, + MQ = 0, where Mis 
any form of order n — 2; but of the entire system of forms 
f, + MQ, there is one and only one (F) which is apolar to 
Q. The final result may be stated: the (quaternary) inver- 
sion concomitants of the curve are the projective conconi- 
itants of F, d. 2° Double binary.—A point being defined 
by the parameters 2,:4,. p, : 4, of the pair of minimal lines 
passing through it, the equation of the curve to be studied 
takes the form e (Pi mn) = 0; the (binary) inversion 
concomitants of the curve are the concomitants of the 
double binary form e, with respect to independent linear 
transformations of 4 and 4. The relations between 1? and 
2? were considered in detail. Ip was shown for example that 
the binary and quarternary polar theories coincide; and & 
series of methods was given of which 2° is the first member. 
Application was made to circles and cyclic curves. 


Iu Miss Martin's paper it was shown that there aró 68 
imprimitive groups of degree fifteen. Of these 28 have 
their elements divisible into three systems of imprimitivity, 
27 into five systems, while the remaining 13 have their ele- 
ments divisible in both ways. In addition to the symmetric 
and to the alternating groups of degree eighteen only two 
other primitive groups have been found. One is a triply 
transitive group of order 18. 17. 16; the other is a doubly 
transitive simple group of order 10. 17. 8 contained self- 
conjugately in the former. 


Professor Dickson’s papers are intended for publication in 
the Transactions. An abstract giving some of the results of 
both papers was published in the BULLETIN, vol. 5, p. 331. 
Mr. Dickson also presented a preliminary communication 
containing an element&ry proof of a theorem by Professor 
Moore on the abstract form of the symmetric group on & 
letters. 
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Mr. Fite’s paper presented the following considerations : 
The group of cogredient isomorphisms of any group G can- 
not be the direct product of cyclical groups whose orders are 
such that one of them is not a divisor of the least common 
multiple of the others. Ifthe group of cogredient isomorph- 
isms is abelian, the order of every one of itg operators is 
the order: of a commutator of G. If G is of order p* and 
contains an abelian subgroup of order gie, its group of 
cogredient isomorphisms contains no operator of order 
greater than ms, if it is abelian ; if the largest abelian sub- 
group of G is of order gz, where aa4(m— 1), G cannot 
have an abelian group of cogredient isomorphisms of order 
p". If G is of order p" and contains an abelian sub- 
group of order p*-!, it cannot have an abelian group of co- 
gredient isomorphisms of order p*—2, where a < à (m — 1). 


Dr. Miller's paper, which will be offered for publication 
to the Transactions, is in abstract as follows: 

If a group G contains two self-conjugate subgroups 
GG, which have just K common operators, and if we form 
all the possible commutators s~*t—'st by taking s from OG. 
and € from G, (or vice versa) then these commutators gen- 
erate a self-conjugate subgroup of G which is contained in 
K, and each operator of one of the two subgroups G,, G, 
transforms every operator of the other into itself multiplied 
by some one of the given commutators. If G is generated 
by G, and G, and if K = 1, then G is said to be the direct 
product of G5, G, "Two theorems are proposed: 

Turorem I. If the order g of a group G is divisible 
by p* but not by p**', p being any prime number, and if 
all the conjugates of any operator (3) contained in a sub- 
group P of order p* may be obtained by transforming a 
by meaus of operators of P, then OG is the direct product of 
P and some other subgroup of G, and it contains a self- 
conjugate subgroup of each of the orders g + p? (8 = 0, 1,2, 
eM, — e ° 

Tueorem IT. If the order of a group is mn (m being 
prime to n) and if it contains a subgroup of order m which 
has the property that each of its operators is transformed 
by some one of the operators of this subgroup in the same 
way as it is transformed by any given operator of the en- 
tire group, then the group is the direct product of two sub- 
groups whose orders are m and n respectively. 


Holder, Cole, and Burnside have éxamined all the orders 
up to 1093 in regard to possible simple groups and proved 
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that there are no simple groups of any of these orders with 
exception of those already known whose orders are 60, 168, 
360, 504, 660 and 1092. At the February meeting of this 
Society Dr. Ling presented & paper in which all the other 
orders that do not exceed 2000, except four, were examined. 
The orders 1440, 1512, 1680 and 1800 presented difficulties 
which could not then be overcome. With the assistance of 
Dr. Miller, Dr. Ling has now examined these orders and 
the result reached is that there is no simple group whose order 
lies between the numbers 1092 and 2001. These results will be 
incorporated in the paper previously presented to the So- 
ciety and will be offered to the American Journal of Mathe- 
matics for publication. 


The fundamental considerations in Dr. Stecker’s paper 
were these: (1) the six line coórdinates of a complex satisfy 
the identical relation p, p, + p, p, + PsP, = 0, and conversely, 
any six quantities satisfying such an identical relation may 
be treated as line coórdinates of a complex; (2) the bi- 
quadratic which enters into an elliptic integral has three 
irrational invariants each of which is the product of two in- 
variant determinants. These three irrational invariants, 
A, B, C. satisfy the relation A + B+ C=0. Hence the 
above-mentioned six determinants may be treated as line 
coordinates of a complex. Several interesting results were 
pointed out. 


Dr. Snyder’s paper describes the models of the functions 
o(u) and C(u), recently prepared by the author under the 
direction of Professor Klein. These models, which are to 
be reproduced in plaster, are constructed with the same 
constants (o, = 0, g, = 4) employed by Professor Burkhardt 
in the case of (uw) and $'(u), thus completing the set to a 
certain extent. 


Professor Pell’s paper dealt with the curves on an ellip- 
soid, called by E. Cosserat the ‘D! lines. The author ex- 
pressed the coordinates of these lines for the ellipsoid as 
uniform functions of one parameter; by means of these ex- 
' pressions he traced the path of the curves, and deduced 
some interesting properties of these lines. The paper will 
be offered for publication to the Transactions. 


Dr. More pointed out in his paper that it is generally 
assumed that unless a ray of light in a biaxial crystal is re- 
fracted along an optic axis, it will break up into two rays— 
the ordinary and the e DEE the fact is that there 
are an infinite number of directions along which the ray is not 
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. divided. Suppose thesection of Fresnel's wave surface by a 
coordinate plane to consist of a circle and an ellipse and let O 
be the center of à wave disturbancein the surface of a crystal. 
Draw any radius vector OBC, cutting the circle at B and 
the ellipse at C; the intersection of tangents at B and 
C will be S, a point on the tangent plane at the point of in- 
cidence. Then SB and SC will be the wave fronts of an 
ordinary and an extraordinary ray. Binge these two lines 
are tangents at the points of intersection of a single radius . 
vector OBC, the latter is the path of both an ordinary and 
an extraordinary ray. Therefore from the indices of re- 
fraction we may compute an incident ray which will not be 
divided but will move along OBC, and since there are an 
infinite number of points S there are an infinite number 
of directions for which the ray is not divided. The locus of 
the point Sis a curve of the eighth degree and may be ex- 
pressed in & simple and symmetrical form. By & simple 
transformation of the equation uniaxial crystals are in- 
cluded in this treatment. 
'THoxaAs F. HOLGATE, 
Acting Secretary. 
EVANSTON, ILLINOIS. 


REPORT ON THE RECENT PROGRESS IN THE 
THEORY OF LINEAR GROUPS. 


BY PROFESSOR L. E. DICKSON. 


(Read before Section A of the American Association for the Advance- 
ment of Science, Columbus, Ohio, August 22, 1899.) 


Tus report is intended to supplement in certain directions 
the report* of Dr. Miller on group theory read at the last 
summer meeting of the American Association. In order to 
allow space for important details, I will consider neither 
continuous nor discontinuous linear groups of infinite order, 
but confine my report to finite linear groups. Of these I 
shall consider first the finite collineation groups and after- 
wards the linear congruence group8 and the more general 
linear groups in Galois fields. 


Part I.—FINITE GROUPS OF LINEAR SUBSTITUTIONS. 


S1. General Theorems on Finite Linear Groups. 
The following theorem was statedeby Jordan in 1878 and 
proven in various ways by Lipschitz, Kronecker, Rost, 


. * BULLETIN, Feb., 1899, p. 227. 








. 


H 
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Maschke, Moore,* and recently by Burnsidef i in a very ele- 
mentary manner: 
A linear homogeneous substitution of finite period p, 


a = 2 tytn (j= 1, 2, ni 


may be linearly transformed to the canonical form 


y Ay (i= 1, 2, n) 
where each e, is a p'* root of unity. 


Concerning the nature of the irrationalities which may 
enter into the coefficients of the substitutions of a finite 
linear group, we have the theorem due to Professor 
Maschke :—1 


If a linear substitution group of finite order contain at least 
one substitution, the roots of whose characteristic.equation are all 
distinct, the group can be 8o transformed that all the coefficients of 
the substitutions of the transformed group are cyclotomic, i. 6., are 
rationally expressible by roots of unity. R 


The existence of a universal invariant for finite linear 
groups is expressed by the theorem :— 


A finite group of n-ary linear homogeneous substitutions leaves 
absolutely invariant a positive Hermitian form. By. suitable 
linear transformation of the group this invariant becomes 

> Yu. 
ial >’ 

This theorem was stated by Loewy S and proven by 
Moore H: The first part of the theorem was established 
earlier by Picard | for the cases n = 2,3: The complete 
theorem was proven by Valentiner St for n= 2 and 3. 

H. Minkowski tt has shown that every finite group G of - 
n-ary linear homogeneous substitutions with integral co- 
efficients is isomorphic with the group of substitutions re- 








* Math. Annalen, vol. 50, pp. 213-219. Full references are given in 
the paper by Professor Moore. 

+ Messenger of Math , no. 331 (November, 1898). 

{ Math. Annalen, vol. 50, p. 492. 

d Comptes rendus, vol. 123 (1898), pp. 168-171. 

or Annalen, vol. 50, pp. 213-219. 

Bull. Soc. Math de France, vol. 15 (1887), pp. 152-158. 

**'' De endelige Transfo&nations-Gruppers Theori,” aveo un resumé 
en français, Manish Academy, 1889. 

Tt Crelle, vol. 100 (1887), pp. 449-458. 
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sulting upon reducing its coefficients modulo 2, and derives 
the corollary that the order of G is a divisor of 2^N, where 
AN z(2—1) (2*— 2)--(2^— 2^-'*) is the order of the group 
of all n-ary substitutions taken modulo 2. 

The generators of the group of n-ary linear substitutions 
of determinant unity and with integral coeficients were 
given by Kronecker * as follows: 


(1) zQo— — X, yaa’, =a (zk, i>), . 
(2) g= m Fa, ©, = az (G = 2, 8, 0). 


In place of these n generators, Krazer + uses three genera- 
tors. But Kronecker had already shown that two genera- 
tors would suffice, while the simple form of the generators 
would thereby be lost. For the case n = 3, W. Burnside f 
proves that the generator (2) together with the substitution 
permuting z,, t, z, in a cycle suffices to generate the group. 
In Kronecker’s paper the generators of the abelian linear 
groups are also given. 


§ 2. Special Groups of Collineations. 


The problem, of the determination of all finite groups of 
binary linear substitutions has been solved geometrically 
by Klein § and algebraically by Gordan.|| Essentially the 
groups thus found are those connected with the regular 
solids. The finite ternary groups were considered at great 
length by Jordan 8 who, however, missed the group of 168 
collineations in the plane, which was derived by Klein ** 
by the consideration of the transformation of the seventh 
order of elliptic functions. He also missed the simple 
group of 360 collineations, set up by Valeniäner Ir and 
proven simply isomorphic to the alternating group on six 
letters by Wiman.{t{ Certain configurations connected with 
this Gyo. had been given earlier by Gerbaldi.§§ . 


* Monatsber. der Berl. Akad. (1866), p. 597. 
T Annali di Matematica, 2d series, vol. 12, pp. 283-300. 
$ Messenger of Math., 2d series, vol. 24 (1891), pp. 109-112. 
d Math. Annalen, vol. 9 (1876), pp. 1097168, 
logs Annalen, vol. 12 (1877), pp. 23-4 
Deg vol. 84 (1678), pp. 89-215; Atti delia Reale Accademia di Napoli, 
vol. 8 (1879). 
** Math. Annalen, vol. 14, pp. 428-471 (Jordan’s omission is indicated 
in the foot-note to p. 438); Math. Annalen, vol. 15, pp. 251-282. 
Tt “ De endelige Transformations-Gruppers Theori, " aveo un résumé 
en français; 1889, Danish Academy. 
H Math. Annalen, vol. 47. 
dé "Sul Eruppo semplice di 360 collineazioni piane,” Math. Annalen, 
vol. 50, p. 4 
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In view of the evident independence of the work of Jor- 
dan and Valentiner and their difference of method, we may 
feel certain of the completeness of the determination of the 
finite ternary linear groups. Of these groups the ones 
which leave a straight line invariant as well as those per- 
muting threg p points cyclically are regarded as trivial. Be- 
sides these there exist only the groups of orders 216, 168, 
360, together wtth their subgroups of orders 72, 36, and 60. 
We will briefly characterize tlie former set of three groups. 

The Hesse group of 216 collineations is defined by a 
pencil AF + 4H, where His a ternary cubic and H its Hes- 
sian covariant. The G,, has subgroups of orders 36 and 
79. It has been studied at length by Maschke.* 

The simple group of 168 collineations leaves invariant 


ay -- yz 4- 22 — 0 


As mentioned above, it was first met by Klein. It is 
studied in detail in Klein-Fricke’s Modulfunctionen. The 
types of substitutions and of subgroups of the GL are given 
by Gordan + (Mathematische Annalen, vol. 25, p. 462). 

The simple group of 360 collineations has as its simplest 
invariant form the function 


10.2°y' + 92 (25 + y) — 45 sid — 185 aye! + 272. 


It has two systems, each of 15 conjugate octahedral sub- 
groups, and two systems each of six conjugate icosahedral 
subgroups. The even permutations of the icosahedral 
groups of one such system form the alternating group on 
six letters (Wiman). The G,, has ten conjugate subgroups 
of order 36. It is not possible to set up a group of 360 ter- 
nary homogenous substitutions holoedrically isomorphic with 
the group of 360 collineations.[ This result follows from 
the corresponding impossibility for the subgroup G,,, as 
shown by Jordan. 

Quaternary linear homogenous groups of orders 120 and 
720 have been given by Klein,§ one of order 2.16.6! was 
studied by Reichardt.4{ All ternary and quaternary linear 
groups simply isomorphic to the symmetric or alternating 
group of substitutions have been determined by Maschke.** 





* Math. Annalen, vol. 33. ` 
T '* Ueber Gleichungen siebenten Grades mit einer Gruppe von 168 Sub- 


` gtitutionen:’” T. Math. Annalen, vol. 20, pp. 516-530 ; II. Math. Annalen, 


vol.25, pp. 459-521. 
TI Wiman, Math. Annalen, vol. 47, p. 538. 
2 Tkosaeder, p. 198 ; Mati. Annalen, vol. 4. 
T Leipzig Ber. (1885), pp. 419-426. 
** Math. Annalen, vol. 51. 
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The problem Sei by Klein of representing every 
group as a collineation group in the fewest possible number 
of variables has been solved for the symmetric and alterna- 
ting groups by A. Wiman.* He shows that, for n7» 7, no 
collineation group exists in space of <n — 2 dimensions, 
which is isomorphic with the symmetric or alternating group 
on n letters. Except for the case n = 9, there is only one 
group in E, , isomorphie with the syrhmetric and one 
with the alternating group on n letters. 

A quaternary linear homogeneous group of order 51840. 
arising in the theory of the transformation of hyperelliptie 
functions has been studied by Klein, Burkhardt, Maschke, 
Witting, and others. Jordan ł had already determined the 
Galois group of the equation for the 27 lines on a general 
cubic surface and proved] it isomorphic with the abelian 
group for the trisection of hyperelliptic functions of four 
periods. The possibility of the solution by hyperelliptic 
functions of the equation for the 27 lines on a cubic surface 
having been thus established, Klein§ proceeded to sketch 
a method, of reduction of the problem of the equation of the 
27 straight lines to the problem of the trisection of the 
hyperelliptic function of 186 order. The actual calculations 
were effected by Burkhardt,| who gives full references to - 
the work of Witting] on a configuration in space connected 
with the Gesso and to that of Maschke**-on the complete 
form system of the group. 

From the obscurity of a passage on p. 214 of a note by G. 
G. Morriee,Tf some readers have inferred that the sim- 
plieity of the group of 51840 linear substitutions had been 
established. The group probably meant was the group of 
order 4 and the word '' simplicity”? "' is not used in its tech- 
nical group sense. 

Various linear congruence groups will be found in Part 
II which are isomorphic with the present Gye. The 
latter group ie a subgroup of index 28 under the group of 
order 1,451,520, the group of the equation of the 28th de- 


* Math. Annalen, vol. 52 (1899), pp. 243-270 ; Gött. Nach. 1897. 


+ Traité des substitutions, pp. 316-329 ; also Kiihnen’s Dissertation, 
Marburg, 1888. 


Lid, pp. 365-369; a shorter proof has been given by the writer in 
Comptes rendus, vol. 128 (1899), pp. 873-5. 


3 Liouvilles Journal (4), vol. 4 (1888), pp. 169-176. 

|| Math, Annalen, vol. 38, and vol. 41, p. 312. 

1 Gott. Diss., 1887 ; Math. Annalen, vol. 29. 

** Math. Annalen, vol. 33, pp. 317-344. s 

lf Proc. Lond. Math. Soe., vol. 22 (1892), pp. 213-217. 
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gree on which depends the theory of the double tangents to a 
curve of the fourth order.* 

The determination of all surfaces of the third order which 
admit of collineations has been made by Karl Bobek.t The 
only surfaces found were those studied by Eckhardt. t 
Among these és Clebsch’s diagonal surface§ with the group 
G,,,; also surfaces with a G,, and & Cia 

In the paper of Biermann, || ‘‘ Ueber die regelmässigen 
Punktgruppen in Ràumen höher er Dimension und die zuge- 
hórigen linearen Substitutionen mehrerer Variabeln," 
Klein's method for ordinary space is extended to n dimen- 
sions and worked out for the case n = 6. Schlegel had al- 
ready determined the regular bodies in R, Biermann 
reached linear substitutions in twó complex variables pre- 
viously studied by Jordan and Klein. 

Two special classes of finite linear groups of orders n° 
. and n'(n! — 1) are given by Jordan 9 


PanrII-—LrwEAR Groups IN A Gators Fern 
S3. Theory of the Galois Field. 

In a great many investigations in group theory, including 
the classic ones of Galois, Betti, Mathieu, Jordan, as well 
as in numerous more recent articles, the theory of Galois’s 
imaginaries has proved to be an instrument of great power. 
Galois first studied the properties of the polynomials built on 
a root of a congruence of degree n belonging to and irre- 
ducible modulo p. These p" distinct polynomials combine 
according to the ordinary laws of algebra. Let for ex- 
ample j denote an (imaginary) root of the irreducible con- 
gence 

2 +2+1=0 (mod 2). 
Then all rational functions of j can be reduced too one of 
the eight forms 
Oy 1, j} Jb. 35 PL Pj F ET. 
The sum, difference, product, or quotient (except by 


zero) of any two of these polynomials reduced to an unique 
polynomial belonging to the set. 





* Geiser, Math. Annalen, vol. 1, pp. 129-138. 
Jordan, Traité des substitutions, p. 330; Comptes rendus, vol. 67 (1868). 
Weber, Math. Annalen, vol. 23, pp. 489-603. 
+ Monatshefte für Math. "und Physik. (Wien), vol. 10 (1899), pp. 102-122. 
ana Annalen, vol. 10, # 227. 

Math. Annalen, vol. 4, p. 338. 

Wien Ber., vol. 95, pp. 623-548. 

Bull. 8. M F., vol. 5, pp. 175-177. 
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Moore's abstract formulation of the theory is convenient 
for group investigations. In place of the above set of eight 
polynomials, Moore considers eight abstract marks constitu- 
ting the Galois field of order 8, in notation the GF[2*]. 

Rather elaborate expositions of the theory have been given 
by Schónemann, Dedekind, Serret, and Moore. A very com- 
plete, but elementary, exposition of the abstract theory of 
Galois fields, with proof of their existence, will be published 
shortly by the writer. Owing to the lack of references in the 
papers on the subject, the following bibliography on Galois 
fields has been added : 


Gators: ‘Sur la théorie des nombres," Bulletin des sei- 
ences mathématiques, de M. Férussac, 1830; reprinted in 
Journal de mathématiques, 1846, and in Oeuvres mathéma- 
tiques d'Evariste Galois, Paris, 1897. 

SogÜxEMANN: ' Grundzüge einer allgemeinen Theorie 
der hoheren Congruenzen deren Modul eine reelle Primzahl 
ist," Crelle, vol. 81 (1846), pp. 269-325. 

Drogen: "7 Abriss einer Theorie der höheren Congruen- 
zen in Bezug auf einen reellen Primzahl-Modulus." Gelle, 
vol. 54 (1857), pp. 1-26. ` 

BERRET: ‘Sur les fonctions entières irréductibles suivant 
un module premier, dan le cas où le degré est une puissance 
du module," Journal de Liouville, 1873, p. 8301 and p. 437; 
also in Cours d'algébre supérieure, vol. 2, pp. 122-211. 

JognAN: 'Théorie de Galois,” Traité des substitu- 
tions, 1870, pp. 14-18. 

Peer: ‘Sur les fonctions irréductibles suivant un 
module premier et une fonction modulaire," Comptes rendus, 
vol. 70 (1870), pp. 328-330, and vol. 93 (1881), p. 1065, 
also vol. 90 (1880), p. 1339. 

Petter. ‘Sur les fonctions réduites suivant un module 
premier," Bulletin Soc. Math. de France, vol. 17 (1889), pp. 
156-167. 

PELLET: ‘Sur la décomposition d'une fonction entière 
en facteurs irréductibles suivant un module premier p,” 
Comptes rendus, vol. 86 (1878), p. 1071. 

Moors: “A doubly-infinite system of simple groups," 
Congress Mathematical Papers, 1893. 

Bop, et Deaon : Théorie des nombres et algèbre supér- 
ieure, 1895. 

Dioxson: ‘‘ Higher irreducible qongruences," BULLETIN, 
July, 1897, pp. 381-389. 
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$4. The General Linear Homogeneous Group. 


Consider the p™ letters Uz, &,..., ¿n characterized by m in- 
dices, each being an arbitrary one of the or marks of _ 
Gill. Aslinear homogeneous substitution (A) on these let- 
ters replaces I, ..., 2, by ley,- tw where 

e 


(A) e Zéi C = 1, =, m), 


the a, being certain marks ot the Oto ) such that the 
' determinant | a, |= 0. 

Bince the compound of two linear homogeneous substitu- 
tions is again a linear homogeneous substitution, we 
say that the totality of substitutions (A) form s group, 
the general linear homogeneous group of degree p™.. In the 
linear form, this group is due to Jordan (Traité des substi- 
tutions, 8119, 8 169), special forms being due to Galois. In 
the writer’s dissertation* it was proven to be identical with 
& group of substitutions in one variable investigated by E. 
' Betti in 1852-1855 and in more detail by E. Mathieu in 
1861. Its structure (factors of composition) was deter- 
mined by Jordan for^the case n = 1, and for general a by 
the writer in his dissertation and somewhat later by Burn- 
side. + 


85. The Linear Fractional Group. 


It is obtained analytically by taking the linear homoge- 
neous group fractionally, so that its substitutions may be ex- 
. hibited in the form 


KOMMEN Se DES gi Eur 


It is & concrete form of the quotient group of the general 
linear homogenous group by the invariant subgroup formed 
of the substitutions. 

EI = ey (t= 1, +, m). 


"For the case m = 2, we have the ordinary linear fractional 
group in one variable. It was investigated by Galois, 
Mathieu, etc.; its structure was determined for the case 
n= 1 by Gierster|| and for general n by Professor Moore§ 





* Annals of Math., 1897, pp. 65-120, pp. 161-183. 
T The theory of groups, pp. 340-341. 
$ Liouville's Journal (2) vol. b, pp. 9-42 ; vol. 6, pp. 241-323. 
Eer Annalen, vol. 18 (1881), pp. 319- 9-365. 
The Congress Math. Papérs of 1893 ; abstract in the BULLETIN, Dec. 
1893. 
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and later, but imperfectly, by Professor Burnside.* The 
subgroups of the linear fractional group in the GF [p] 

were determined by Gierster for n — 1 (Mathematische Anna- 
len, vol. 18 (1881), pp. 319-365) and for general n by Moore 
(Abstract i in the Botter, Oct. 1808). It was shown that 
the subgroups of the modular group are eitker solvable 
groups or certain modular groups or finallyegroups of double 
the order of certain modular groups. The decomposition of 
the subgroups of the modular groups thus leads only to 
cyclic groups and modular groups. 

The linear homogeneous group was proven by Moore 
(BurrETIN, Nov., 1895) to be the group of holoedric trans- 
formation into itself of the regular abelian group of degree 
p". In the same paper were determined certain abstract 
defining invariants of thelinear homogeneous and the linear 
fractional groups. 


$6. The Abelian Linear Group. 
Consider two sets of 2m indices 

Sar "ni Sar es (£2 1,2, — , m). 
Of the substitutions of the general linear homogeneous 
group on 2m indices in the GF [p*], those which, if opera- 
ting simultaneously on the two sets of indices, multiply the 
- function : 
T E, En 
Ya 7n 


by a constant factor, form a group, the general abelian group. 
We exclude the case m = 1, when the group is merely the 
general binary linear homogeneous group treated in 8 4. 

Its structure was determined by Jordan f for the case 
n = 1 and by the writer f for general n. Indeed, its factors 
of composition are the prime factors of p* — 1 together with 
the factors of composition of the special abelian group of 
those substitutions leaving ¢ absolutely invariant. For 
p= 2, the latter group is simple except when m = 2, n = 1, 
when it is isomorphic’ with the symmetric group on six 
letters. For p>2, it has a maximal self-conjugate sub- 
group of order 2, so that the quotient group is simple. 

§7. An immediate generalization of the abelian group 
consists in the group of substitutions on mq variables ; 

* Proc. Lond. Blath. Soc., vol. 25 (Feb., 1894), pp. 113-139, 


T Traité des substitutions, pp. 171-179. 
t Quar. Jour. of Math., July, 1897, pp. 169-178, and April, 1899, pp. 
383-4. 
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zy = X (atten Toc H aiies) Gay) 


which, if operating cogrediently upon q independent sets of 
mg variables, the j th set of which is exhibited thus 


ef, a, y al (i= 1- m) 
will leave invariant up to a constant factor the function 


sQ «OQ jos zy 
EN n- a zo m 2 

quee cec 
z9 sq ami o. 
This group was indicated by Kronecker. f The continuous 
group of linear substitutions leaving e invariant was in- 
vestigated by the writer in the Burierry for May, 1897. 
The structure of the discontinuous group of substitutions in 
the GF[p"] which leave e absolutely invariant has been de- 
termined by the writer.* For gq > 2, a substitution leaving 
.g invariant must leave each determinant in e separately in- 
variant or at most permute these determinants. 


§8. The First and Second Hypoabelian Groups. 


These groups are certain subgroups of the abelian linear 
group in the GF[2"]. For n=1, they were defined and 
investigated at length by Jordan making use of his theory 
~ of ‘‘exposants d'échange." 

By a suitable generalization of Jordan (Traité, p. 440, 
8 578), we can give the following elementary definition of 
the generalized hypoabelian groups. ‘The first and second 
hypoabelian groups in the G.F[2*] are the groups of linear 
homogeneous substitutions 


& — X (agi try) 
Se EO T) 
which leave invariant the respective functions 
X8. Entei +n), 


where à is & mark such that &y, + 2(£/ + 7,7) is an irre- 
ducible quadratic form in the feld. ‘The orders of the 
groups are respectively, 


T Compare Jordan, Traité des substitutions, p. 219. 
* «A o]nas of linear groups including the abelian group,” Quar. Jour. 
of Math., July, 1899. 
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2 (2 =e 1) [(27»9795— 1) ae] 
[(22*e-» — 1)9299] ... Dä — 1527]. 


Each group has a subgroup of index two, defined by the in- 
variant SE 


EEN + Pao Tg TA =m, 


the terms in 2* not occurring for the first hyboubeliu group. 
The subgroup is simple in the case of the first hypoabelian 
group if m — 2, and for the second hyposbelian group if 
m 1l. Form —2,* the former has two factors of composi- 
tion each equal to (2"%— 1)27. 

À. definition of the abelian and the two hypoabelian 
groups as groups of isomorphisms of certain elementary 
groups has been given by the writer.t Consider, for ex- 
ample, the abstract group F generated by the operators 
8, A,, 7, AL, B, 7, Ba all of period p and mutually commu- 
tative except the pairs A, B, for which 


A,B, — 6 BA, (i= 1, 2, =, m). 
The group of isomorphisms of F'is isomorphic with the 
abelian: linear group for p> 2 and with the first hypo- 
abelian group forp = 2. 
§9. The Orthogonal Group. 


"his group is formed of the linear homogeneous substitu- 
tions on m indices &, ..., €. „in the GF[p"], p > 2, which leave 


invariant the function Pa Si Its order and generators 


were determined by J ordanf for the case n — 1, certain ex- 
ceptional cases being overlooked, and by the writer§ for 

eneral n. It is generated by the folluwing substitutions 
Toni those indices which are altered are written]: 


G: & = — E, 
OF: ecc us (+ f = 1), 


with two exceptional cases, when additional generators are 
necessary, viz., g 





* Amer. Jour. of Math., July, 1899, p. 249. 
T Abstract in the BULLETIN, April, ” 1899 ; j complete i in the Transactions. 
i Traité des substitutions, pp. 155-177. e 

BULLETIN, Feb., 1898. 
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“3 
for p" = 5, m=3, afer + 254-5 
d + 


& — 25 4 6, 5 
PIE AR Rc 
mida = Jef =E E e 
for p" —3,mz4, W: ae pee pe k=), 
š (=F 4+5,45-§% 


Its structure has been fully determined by the writer in 
several distinct manners.* For m odd and > 1, the orthog- 
onal group has the factors of composition 2, 2, and 


A (mie 1) pr» Wé giele os 1) peo? ep EE 1) p*, 


the case p" = 3, m= 3 being an exception, the factors being 
2, 2, 2, 2, 3. 
' For "m even and > 4, it has the factors of composition 
' 2, 2, 2, and . 


ipp'-?— expe & 1), [(p**-» —1) pu-»)] 
-[G" — Dr, 


€ being + 1 according to the form Ai + 1 of os, 

For m — 4, it has the factors of composition 2, 2, 
4(p™ — 1) p", 4 (p"— 1) p" and 2, except in the cases p" = 2 
and 3, when the composite numbers 6 and 12 respectively 
are to be replaced by their prime factors. 


$10. Other Linear Groups with a Quadratic Invariant. 


Every m-ary linear group in the GF [ p" ], p > 2, defined 
by an invariant which is a quadratic form of determinant 
not zero in the field, can be transformed into the orthogonal 
group if m be odd; while for m even, it can be transformed 
either into the orthogonal group or else into the group leav- 
ing invariant the form 


"su + ve (» = not-square). 
tal 
The latter group has for m > 2, the factors of composition 
2, 2, and . 
-* ("—i1 
jp pe Rp TD pue — 1) grey 


* Proc. Calif. Acad. Sci. (3), vol. 1, nos. 4-5; BULLETIN, May, 1898; 
Amer. Jour. of Math., July, 1899 ; Proc. Lond. Math. Soc., vol. 80, pp. 
70-98 


+ Amer, Jour. of Math., July, 1899. 
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= [Cp — 1) p. 


For m= 2, it is simply isomorphic with the linear frac- 
tional group in the GF [ p™]. 

Every m-ary linear homogeneous group in the GF[2"] 
defined by a quadratic invariant, not expressible as a quad- 
ratic form in fewer than m variables, can be transformed 
linearly into a group which, for m even, is ‘either the first 
or else the second hypoabelian group; while for m odd, 
mz 2M + 1, it is the group leaving invariant 


AC 
Etre 


The latter group is simply isomorphic with the abelian 
group on 2M indices in the GF[2"]. 


811. Linear Group defined by the Invariant $ Ea 
teal 


For q = 2, this group was studied at length by the writer 
( Proc. Lond. Math. Soc., vol. 30, pp. 70-98), and for 
q> 2 (Ibid., pp. 200-208). For q—2, p> 2, the group is 
isomorphic with the orthogonal group, except in the case m 
odd and — 1 a not-square in the field, when it is isomorphic . 
with the group of $10. For q > 2, the substitutions leave 
the products fa, £, (i= 1, =, m) separately invariant, or 
else merely permute them. Its structure is therefore evi- 
dent. 


812. The Hyperorthogonal Group. 


In a paper contributed to the Mathematische Annalen, the 
writer has determined the order, generators, and structure 
of the linear homogeneous m-ary group defined by the in- 
variant ; 


?,= EAM (r > 2). 


There exists no continuous group leaving invariant ge 
(r > 2), while the only collineations of g,— 0 into itself are 
those leaving the terms JE," 4,2," separately fixed, or at 
most permuting them. ‘The latter result holds for linear 
substitutions in the G.F[p"], if r be neither a multiple of p 
nor of. the form o + 1. Ifr be of either of these two forms, 
the determination of the group reduces to that of the group 


in the GF[p"] leaving invariant SESS. The latter group 
sl 


may be called the Hyperorthogonal Group, since those of its 
substitutions which belong to the GT ol form the orthog- 
onal group in the GT p]. 
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The hyperorthogonal group is generated by the substitu- 
tions 


Tu: o Rs Gert D, 
` (E sak, + BF 
ag. i i j 5-1 gri — 
0$ » is = Bre, l at, (a? + = 1), 


except for the cAse p' = 2, m=3, when a new generator is 
necessary, for example, ; 


11 1 
WII 7 [P + i+ 12:0 (mod 2)]. 
1 DH : 


Those of its substitutions having determinant unity form 
a Belf-conjugate subgroup of index p'-F 1. The factors of 
composition of this subgroup are the prime factors of d and 
the composite number 


sf (11 pe [em - 05773 


petes ppt — 1] pn 


where d is the greatest common divisor of m and p' + 1. 
The cases m = 8, p' = 2; m —2, p' —2; m= 2, p' — 3 are 
exceptional. For m = 2, the linear substitutions in the GF 
Lp" ] which have determined unity and which leave invar- 
iant ES *'.L STT) form a group isomorphic with the linear 
fractional group in the GF [p°]. 


813. The Hyperabelian group. 


This group consists of the totality of linear homogeneous 
substitutions on 2m indices in the GF [p™] which leave 
invariant : 


= Ld n 
d E Cui & 65.551). 
i= 


The totality of substitutions with coefficients in the 
GF [ »*] which leave ¢ invariant forms a subgroup which is 
readily recognized as the abelian linear group on 2m indices 
in the GF [p"]. Hence the name Ayperabelian.* It is 
easily proven to be simply isomorphic with the hyperor- 
thogonal group on 2m indices in the GF [p"]. 





* Dickson: ‘‘Concerning the four known simple groups of order 25920, 
with an introduction to the hyperabelian group," Proc. Lond. Math. 
Soc., vol. 30 (1899). 
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814. Isomorphisms between Various Linear Groups. 


The conception of "7 the compounds of a given linear ho- 
mogeneous group," introduced in recent papers by the 
writer,* has proven to be a powerful means of setting up 
isomorphisms. Thegroupof quaternary linear Homogeneous 
substitutions of determinant unity in the OT ol is isomor- 
phic with a subgroup | of the senary linear group leaving in- 
variant êm, + &7, + Be and hence, according as p^ = 2^, 
4l -- 1, or 4l — 1, to the senary first hypoabelian group, the 
senary orthogonal group, or the group of § 10. 

The simple group of order $(p** — 1)( p" — 1)p* derived 
from the quaternary abelian group and that from the qui- 
nary orthogonal group, each in the GF[ p"], p >2, are sim- 
ply isomorphic. 

The following four simple groups of order 25920 are sim- 
ply isomorphic: f 

1°. The abelian group on four indices modulo 3. 

2°. Thesecond hypoabelian group on six indices modulo 2. 

8?. The orthogonal group on five indices modulo 3. 

4°. The hyperabelian group on four indices in the GF(2?]. 

In the paper cited an abstract group, a substitution-group 
on 36 letters, and one on 27 letters are given, each iso- 
morphic to the above groups of order 25920. 


SHORTER NOTICES. 


Leçons sur la détermination des orbites, professées à la Faculté 
des Sciences de Paris. Par F. TissERAxD ; redigées et de- 
veloppées pour les calculs numériques, par J. PEROHOT ; 
avec une Préface de H. Porxoaré. Paris, Gauthier- 
Villars et Fils. 1899. 4o, xiv + 124 pp. 
'IisSERAND is chiefly known outside of France for his 

Traité de mécanique céleste—a monument of labor under- 

taken and carried out amid the pressure of many duties. 

He had in fact an enormous capacity for work and in his 

numerous memoirs left few parts of theoretical astronomy 

untouched. The volume of 120 quarto pages before us, 
edited by M. Perchot, shows him working for the practical 


* “Concerning a linear homogeneous group in Cx, variables isomor- 
phic to the general linear homogeneous group in m variables," BULLETIN, 
Des., 1898. '' The structure of certain linear groups with quadratic in- 
variante, ? Proc. Lond. Math. Soc., vol. 30, pp. 70-93. ‘‘A new defini- 
tion of the general abelian linear group, ” Transactions (read Feb. 1899). 

1 Proc. Lond. Math. Soc., vol. 31. Abstract, in BULLETIN, May, 1899, 


p. 384. 
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astronomer. ‘The problem of the determination of an orbit 

from three observations is not exactly an enticing one. It 

. is a tiresome piece of analysis which appears to offer little 
scope at the present time for the aspiring mathemati- 
cian. In the case of a parabolic orbit the solution can even 
be made witfiout successive approximations as M. Poincaré 
points out in the preface. In the case of an elliptic orbit, 
almost the only point of mathematical interest is the pres- 
ence of a transcendental equation. 

The treatises on this subject are well known,.if not nu- 
merous. Gauss, in his Theoria motus, laid the foundations 
of the method at present in practical use, while Laplace a 
short time before had given a different furm of solution. 

_In the preface to the ‘ Leçons,’ M. Poincaré has devoted 
some space to showing that Gauss's method is really equiva- 
lent to that of Laplace in spite of their apparent dissimi- 
larity. The former has, however, been fully worked up 
with tables and formule for practical use in the great 
treatises of Oppolzer (of which there is a French transla- 
tion) and Watson. In spite of the fact that a computer 
who has at his finger ends the notation and formuls given 
in either of the last named volumes, will probably not care 
to change to another; M. Tisserand’s work may neverthe- 
less be found of use. The equations are developed quickly 
and easily, and moreover are all put together in a form 
which admits of immediate application. The young astron- 
omer, unless he has acquired a firm grasp of his mathe- 
matics, may perhaps find it somewhat difficult to see the 
bearing of all the formule owing to the brevity of the 
explanations. 

There are two chapters. The first on the method of 
Olbers for the determination of the orbit of a comet from 
three observations; the second on Gauss’s method for the 
similar determination of the orbit of a planet. A. numer- 
ical example of the latter, fully worked out, is set forth, 
showing the form in which the calculations would be actu- 
ally made. Tables VIII and IX of Oppolzer’s treatise 
&re reproduced. : 
Ernest W. Brown. 


Vorlesungen über mathematische Physik, Band I, Mechanik. Von 
Qustav KigoHHOFF. 4" Auflage von W. Wren. Teubner, 
Leipzig. 

Kraonngorr's four valumes on mathematical physics which 
have appeared at various times since 1876 are so well known 
that little need be said about them here. The first volume 
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on general mechanics has already reached its fourth edition. 
The second and third editions were issued under the super- 
intendence of the author. Dr. Wien has had the advan- 
tage of the author's manuscript notes, found after his 
death, in preparing the volume for the fourth edition. No 
changes have, however, been made beyond the eorrection of 
printer’s errors and the removal of slight obscurities. One 
of the best testimonies that we can give to the care and 
ability which Kirchhoff devoted to the original volume is 
to say that those who possess any one of the first three issues 
will not find it necessary to buy this last edition. 
Ernest W. Brown. 


Leçons élémentaires sur la théorie des formes et ses applications 
géometriques, a l'usage des candidats a l'agregation des 
sciences mathematiques. Par H. ANpovER. Paris, Gau- 
thier- Villars et Fils, 1898. 4to, 184 pp. Lithographed. 
Tms title represents accurately the contents of the book. 

A restricted list of topics is adequately treated. Geomet- 

rical applications are plentiful but do not encroach upon 

nor obscure the purely algebraic theory. The treatment is 
perhaps elementary, but in style simplicity is less notice- 

able than brevity. The work as a whole is more nearly a 

syllabus than a textbook for the beginner, and as a sylla- 

bus it cannot fail to become widely known and valued. 

Binary and ternary forms are introduced, but of binary 
forms only linear, bilinear, quadric, cubic, and quartic forms 
are discussed; and of ternary, only linear, bilinear, and 
quadric. The bilinear ternary form in cogredient variables 
I do not remember having seen in any earlier text, although 
Salmon’s Higher plane curves gives a brief geometrical 
discussion of skew reciprocity ; its inclusion here together 
with the form bilinear in contragredient variables must be 
commended by geometricians. Duality as a method stands 
certainly on a par with projectivity. 

Two points of excellence are worthy of special mention. 
The first is that from the outset stem forms are assumed to 
contain several sets of variables; and this convention is ob- 
served in the case of each particular form, an unlimited 
number of sets of cogredient variables being adjoined. Of 
course this amplifies the complete system of each stem form, 
but the extension is easy, since no new types occur. The 
second novel merit is that the term polar is so defined as to 
include such operations as Aronhold’g. If so-called vari- 
ables are replaced by cogredient variables, the process is 
ordinarily called a polar operation, and M. Andoyer sees no 
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reason why a different term should be needed when coeffic- 
ients are replaced by cogredient coefficients. The reason 
why the operation i8 invariant is the same in both cases. 
As illustrating the degree of elegance attained by M. An- 
doyer may be cited from 83, Chapter I, the proof (suscep- 
tible of improvement, though not of simplification in form) 
that absolute invariants exist ; and the entire $2 of chapter 
III, which set$ forth the relation of a homography to a 
binary bilinear form. 
In a text prepared especially to emphasize geometrical 
applications, the purely algebraic side of any problem is 
naturally of only secondary importance. Here the student 
learns to think of invariance as based on reasons rather 
than on specific normal forms; it is not important for the 
beginner to reduce the canonizant, for example, to typical 
form, and it is important to see clearly that every eliminant 
of & set of equations must be an invariant, regardless of 
the notation used to express it. This principle leads to a 
preponderance of reasoning over reckoning, and the post- 
ponement of purely algebraic problems. While complete 
, form systems are given for each special stem form, Gordan’s 
theorem is simply stated without proof. Nor is there any 
mention of Hilbert’s theorems (though on p. 101 it is stated 
that ‘‘ Le théorem de Gordan subsiste dans le domaine ter- 
naire,’’) nor of the enumeration problems solved by Syl- 
vester and Deruyts. This marks the elementary character of 
the work, and leaves much to be looked for from the larger 
compend which, the preface tells us, the author has had in 
preparation already for some years. 

Henry 8. WHITE. . 


Sur les lois de réciprocité. Par X. Srourr, professeur à la 
Faculté des Sciences de Besangon. Paris, Hermann, 
1898. 8vo, 31 pp. 

Tue laws of reciprocity have been the object of numerous 
mathematical researches, the chief of which are the memoirs 
of Jacobi, Eisenstein, and Kummer in Crelle’s Journal. 
Btouff proposes to apply n-dimensional geometry to the sub- 
ject following the examples of Minkowski’s geometry of 
numbers.* At bottom the question of the laws of. reci- 
procity appears to have a natural and close connection with 
the fuchsian polygons of Poincaré generalized for space 
of any number of dimensions. The intervention of these 
polygons appears implicitly in Gauss’s memoir on biquad- 





* Minkowski, Geometrie der Zahlen, Leipzig, Teubner, 1896. 
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ratic residues; the works of Stieltjes appertain here also. 
Certain differences between the various orders of residues 
explain themselves by difference in properties of spaces of 
different dimensions. The geometric reasoning of the 
author presupposes familiarity with transcendental geometry 
on the part of the reader; where the theorems admit of 
immediate extension to space of any number of dimensions 
the exposition is made for five dimensional spaces. It is be- 
yond the scope of this short notice to recapitulate the re- 
sults, which, in the nature of the subject, resist compression. 
E. O. Lovert. 


Leçons sur la théorie analytique des équations aux dérivées partiel- 
les du premier ordre. Par NNE DELASSUB, chargé de con- 
fórences à l'Université de Lille. Paris, Hermann, 1897. 
8vo, 88 pp. i 
Tae theory of partial differential equations has reached a 

high degree of perfection, but the theory in its present form 

lacks unity, its various parts resulting from particular prop- 
erties and remaining almost independent of one another. 
Thus the integration of linear systems rests on a partial 
‘extension of the theorem of Cauchy; in non-linear systems 
it is necessary to distinguish two cases according as the un- 
known function does or does not enter, since the method of 

Jacobi and Mayer experiences modifications in passing from 

one to the other ; further the method of Lie is demonstrated 

only for aystems in which the unknown does not figure, and 
is the consequence of a theorem which results from the 
theory of characteristics or from a method of Jacobi. 

The object of the memoir of Delassus is to unify this sys- 
tem of details by determining a canonical form altogether 
general and establishing a general existence theorem. In 
the case of systems in which the unknown does not enter, 
this canonical system coincides with the form in involution, 
but it is no longer the same when the unknown enters ex- 
plicitly. Upon this general canonical form Delassus estab- 
lishes a fundamental existence theorem which he calls for 
short the generalized theorem of Cauchy ; the demonstration 
of it yields the following theorem which plays & capital róle 
‘throughout the theory : The integration of a system of par- 
tial differential equations of the first order having but one 
unknown can always be referred to that of a single equa- 
tion of the first order. This theorem was already known 
for the case where the unknown functjon is absent, having ` 
been demonstrated by Lie by means of the general theory 

of characteristics and then by Mayer who employed a 

method of integration of Jacobi. 
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.The author employs the generalized theorem of Cauchy 
to fopinulate the generalized problem of Cauchy which, if 
solved, would effect the integration completely ; to study 
singular solutions which he classifies according as they are 
simply, doubly, and so on to n-ply singular ; and finally to 
investigateeprecisely the transformation which changes a 
system where the unknown is present into one where it is 
absent. , 

The theorem on the reduction to a single equation fur- 
nishes immediately & method of integration of linear sys- 
tems, the method of Mayer, the simplest known. For the 
integration of non-linear systems the author presents the 
theory of the complete integral in the ordinary manner, but 
. adds the solution of the problem of Cauchy by means of. 
such an integral without the geometrio considerations rela- 
tive to characteristics. 

The exposition of the method of Jacobi and Mayer is 
made without using any algebraic properties of the bracket 
expressions and without any reference to the presence or 
absence of the unknown ; moreover Delassus shows that the 
method leads always to acompleteintegral. He finds finally 
the method of Lie as an immediate consequence of the above 
reduction theorem, and without raising any question relative 
to the unknown function. 

A list of forty examples of simultaneous systems forms 
the second part of this most valuable contribution to the 
theory of the linear partial differential equation. 

. EK. O. Lovert. 


NOTES. ~ 


Tre Chicago Section of the ÁwxRIOAN MATHEMATIOAL 
SoorgTY will meet at the University of Chicago on Thurs- 
day and Friday, December 28 and 29 next. Titles and ab- 
‘stracts of papers to be read should be in the hands of the 
Secretary of the Section not later than December 12. 


AwoxaG the officers of the American association for the 
advancement of science for the coming year are: Professor 
R. 8. Woopwakrp, Columbia University, president; Pro- 
fessor CHARLES BASKERVILLE, University of North Carolina, . 
general secretary ; Professor Asaru Hatt, JR., University 
of Michigan, vice- SP RES of section A, mathematics and 
astronomy ; Dr. W.'M. Strona, Yale University, secretary 
of section A. 
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: Tae meeting of the British association for the advance- 
ment of science was held at Dover, September 13-21. Pro- 
fessor J. H. PovwTINGa was president of the mathematical 
section, and Mr..E. T. Wuirraxsr secretary. The follow- 
ing papers were presented to the section: Report of the 
committee appointed to calculate tables of*certain inte- 
grals; Report of the committee appointed to calculate 
tables of certain mathematical functions; Mr. Francis 
Gatton, F.R.S., “The median estimate ;’’ Professor A. 
R. Forsyru, F.R.S., ‘‘A system of invariants for parallel 
configurations in space ;’’ Professor J. D. Evererr, F.R.S., 
* On the notation of the calculus of differences ;’’ Profes- 
sor A. C. Drxon, “On the partial differential equation of 
the second order ;" Professor A. R. Forsytu, F.R.S., “ On 
singular solutions of ordinary differential equations ;" Pro- 
fessor Irvine BrRINGHAM, * On the fundamental differential 
equations of geometry ;" Mr. E. T. WurrrAKER, ‘ Report 
on recent progress in the problem of three bodies;" Pro- 
fessor E. O. Lovert, ‘‘ An application and interpretation of 
infinitesimal transformations 77 Lieut. Col. A. J. C. Cun- - 
NINGHAM, ‘‘On Fermat’s numbers. "7 


Tue German mathematical association held its annual 
meeting at Munich from the 17th to the 23d of September 
in connection with the: association of scientists and physi- 
cians. The preliminary programme includes the following 
papers in the order of announcement:—K. HrwsEL, Berlin, 
“í On the analytico-arithmetical theory of algebraic functions 
of two variables; K. Hun, Berlin, ‘‘ The kinetical prob- 
lems of scientific technology ;' E. Stupy, Greifcwald, 
‘í Geometry of dynames ;" R. Mruuxe, Stuttgart, and J. 
BausoniNGER, Berlin, "7 Discussion of the decimal division 
of angles and time; H. WEBER. Strassburg, and G. Havok, 
Berlin, ‘‘On the organization of university mathematical 
instruction to accord with the new Prussian examination re- 
quirements 27 K. DónrEMAXN, Munich, ‘‘ On hyperboloidal 
straight lines 27 F. ENGEL, Leipzig, ‘‘On two remarkable 
groups in space of five dimensions ;" P. Gornpax, Erlangen, 
** On symmetric functions ;" D. HILBERT, Gottingen, ‘On 
the number concept 27 ‘‘On Dirichlet’s principle ;’’ J. Horn, 
Charlottenburg, ‘‘ Divergent series in the theory of differ- 
ential equations 27 Q. Ross, Vienna, ‘On the geometry 
of Klein’s group of 360 collineations and 360 correlations ;’’ 
M. Leros, Freiburg, Switzerland, *‘ Arithmetical considera- 
tions on infinite series ;" L. Maurgr, Tübingen, '' Invari- 
ance under special groups of linear substitutions 27 F. 
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Mzvzm, Königsberg, ‘‘ On the notion of equivalence of geo- 
metrical propositions;" M. Norruer, Erlangen, ‘‘Riemann’s 
lectures of 1861-62 on abelian functions;" E. BOHIMPF, 
Bochum, ‘‘ Introduction of a measure of convergence and di- 
vergence in the theory of infinite processes (series, products, 
continued fractions, etc.);" L. SCHLESINGER, Klausenburg, 
“On Riemann’s posthumous paper on the theory of linear 
differential equations ;" J. Bommer, Gottingen, ‘‘On quad- 
ratic manifoldnesses in five-dimensional space;’’ A. SOMMER- 
FELD, Clausthal, ‘‘On Weierstrass’s criteria in the calculus 
of variations 27 E. v. WEBER, Munich, ‘‘ A fundamental 
classification of differential problems.’’ Pedagogical papers 
from Bong, of Nürnberg, Scuorren, of Halle, and TREUT- 
LEIN, of Karlsruhe, were also announced. 


ON the seventeenth of last June the statue erected to the 
memory of CARL FRIEDRICH Gavss and WILHELM WEBER 
was unveiled at Gottingen with appropriate ceremonies. The 
monument in bronze, on a granite base, represents Gauss 
seated in an arm-chair and Weber standing by his side and ap- 
parently discussing with him their joint invention, the elec- 
tric telegraph. It is the work of the Berlin sculptor Hartzer. 
The principal address of the celebration was delivered by 
Professor Woldemar Voigt who sketched in brief and preg- 
nant words the scientific career of the two men. A large 
number of delegates from various scientific institutions and 
other guests were present at the unveiling and the succeed- 
ing banquet. An exhibition of manuscripts by Gauss and 
Weber, of instruments used by them, and of other relics 
was arranged in the Aula of the University and attracted 
much attention. The Festschrift published in commemora- 
tion of the day contains two valuable memoirs, one by Pro- 
fessor Hilbert, ‘‘On the foundations of euclidean geometry,’’ 
the other by Professor Wiechert, ‘‘ On the theory of electro- 
dynainics.’? The University of Gottingen took this oppor- 
tunity to confer the honorary degree of doctor of philosophy 
on Professor G. H. Darwin, of Cambridge, Professor Geitel, 
of Wolfenbiittel, Professor J. Hadamard, of Paris, Profes- 
sor Lorentz, of Leiden, Professor E. H. Moore, of Chicago, 
Professor Righi, of Bologna, and Professor von Sterneck, 
of Vienna. 


Tus international congress of philosophy in connection 
with the Paris exposition of 1900 will be held from the 2d 
to the 7th of August. «The section devoted to the history 
of the sciences has made liberal provision in its programme 
for the discussion of the fundamental notions of mathe- ` 
matics. 
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Tum Paris academy of sciences has been authorized to in- 
crease the number of its national and foreign correspondents 
from one hundred to one hundred and sixteen. 


A MATHEMATICAL society has been organized at Liverpool, 
England, to be known as the Liverpool mathematical 
society. Mr. Walter Stott is honorary secretafy 


Tue London mathematical society has tlecided to issue 
its Proceedings in two volumes per annum. 


M. GAUTHIER- VILLARS, of Paris, announces the early ap- 
pearance of the following mathematical works:—A two 
volume treatise on the theory of forms and higher analytic 
geometry, by ANDOYER ; an elementary treatise on the theory 
of numbers, by CAHEN ; a treatise on geometrical optics, by 
Watton ; the scientific works of G. Rosrx, including the 
memoirs on the theory of functions founded exclusively on 
the idea of number, and those on mathematical physics and 
general thermodynamics, edited by L. RArrv; an index to 
the Comptes rendus from 1881 to 1898, including volumes 92 
to 121. 


Tre fall announcements of M. Hermann, of Paris, in- 
clude Recherches sur les fonctions de variables réelles, by 
R. Barre; Sur les fondements de la théorie des ensembles 
transfinis, by Q. Cantor, translation by F. MAROTTE, of 
the two well known memoirs of the author published in the 
Mathematische Annalen ; Lecons nouvelles sur les applications 
géométriques du calcul différentiel, by W. de TANNENBERG. 


Messrs. Carré and Naud, of Paris, have a history of 
mathematics by Boyer in the press, and an annuaire of 
mathematicians in preparation. 


Proressor R. 8. Barn is engaged on a treatise on the 
theory of screws which is to be considerably larger than his 
former book on that subject. It will be published by the 
Cambridge university press. 


Tux second volume of Professor A. R. Forsyru’s theory 
of differential equations is in the press. 


The following courses of lectures have been announced 
for the winter semester 1899-1900 :— 


Untversiry op Berury.—By Professor H. A. Scmwanz: 
Analytical geometry, four hours; Maxima and minima, two 
hours; Elliptic functions, four hours ; Colloquia, two hours ; 
Mathematical seminar, two hours*—By Professor E. R. 
HorPz: Analytical geometry, four hours; Differential cal- 
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culus and theory of series, four hours.—By Professor J. 
KxonLAvOH: Differential calculus, four hours; Applica- 
tions of elliptic functions, four hours ` Exercises in differen- 
tial calculus, one hon. De Professor LEHMANN-FiLHÉSs: 
Integral calculus, four hours ; Method of least squares, one 
hour.—By Rrofessor G. FaosENIUs: Theory of determ- 
-inants, ‘four hours; Theory of numbers, four hours; 
Mathematical gefninar, two hours.—By Professor K. HEN- 
BEL: Synthetic geometry, four hours; Geometry of num- 
bers, three hours; Exercises in the geometry of numbers, 
one hour.—By Professor G. HETTNER : Theory of d 
ability and of errors, four hours. 


University or BRExsLAU.—By Professor J. RosANEs: 
Exercises in mathematical seminar, one hour ; Differential 
calculus and elements of integral calculus, four hours; Ele- 
ments of the theory of determinants, two hours.—By Pro- 
fessor R. Srurar: History of mathematics, one hour; 
Mathematical seminar, two hours; Theory of geometrical 
correspondences second part, three hours; Non-euclidean 
geometry, two hours.—By Professor F. Lonpon: Introduc- 
tion to the theory of functions, three hours ; The EES 
of insurance, two hours. 


University Or ERLANGEN.—By Professor P. GoxnpAx: 
Differential and integral calculus, four hours; Algebra, four 
hours; Seminar, three hours.—By Professor M. NOETHER : 
Analytical geometry, four hours; Differential geometry, 
four hours; Mathematical exercises. . 

Universiry op Gorrincen.—By Professor F. KLEIN: 
Mechanics of deformable bodies, four hours ;. Mathematical 
seminar, two hours.—By Professor D. HinsERT: Integral 
calculus; four hours; Curvature of surfaces, two hours; 
Number-concept and quadrature of circle, two hours; Exer- 
cises in mathematical seminar, one hour.—By Dr. EF. 
BomrL.uiNa : Descriptive and projective geometry, four 
hours; Exercises in descriptive geometry, four hours ; Ex- 
ercises in differential calculus, one hour. — By Dr. G. Bonr- 
MANN: Chapters in the mathematics of insurance, two. 
hours; The mathematical foundations of insurance, three 
hours ; Mathematical exercises in seminar, two hours.—By 
Dr. ZERMELO : Theory of functions, four hours.—By Dr. 
Sommer: Theory of numbers, four hours ; Exercises in the 
theory of numbers, one hour. 


University or GEEIFSWALD.— Dy Professor W. Tou: 
Analytical geometry, two hours; Theory and applications 
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of determinants, two hours; Exercises in mathematical 
seminar, two hours.—By Professor E. Srupv: Mechanics, 
four hours; Applications of the infinitesimal calculus to 
geometry, four hours; Exercises in seminar, one hour. 


. Unxtversiry or Kret.—By Professor L. POCHHAMMER: 
Plane analytical geometry, three hours ; Theoty of definite 
integrals, three hours; Mathematical seminar, one hour.— 
By Professor P. STÄOKEL : Integral calculus, three hours ; 
Higher geometry, three hours ; Seminar, one hour. 


University OF KOENIGSBERG. —By Professor F. MEYER : 
Integral calculus, three hours; Exercises to preceding, 
one hour; Elliptic functions, four hours; Seminar, one 
hour.—By Professor A. Sonornrires: Determinants, one 
hour ; Projective geometry, four hours ; Exercises to preced- 
ing, one hour ; General introduction to higher mathematics, 
two hours.—By Professor L. SaarsomUTZz: Differential 
equations, three hours; Exercises in differential equations, 
one hour.—By Dr. T. Vasten; Calculus of variations, 
three hours; Exercises, one hour. 


University op HaAnLE-WirrENBERG.—By Professor G. 
Cantor: Analytical mechanics, four hours; Chapters of 
the infinitesimal calculus, two hours; Exercises in seminar, 
two hours.—By Professor A. WaNcaERIN: The most im- 
portant partial differential equations of mathematical phys- 
ies, one hour; Theory of surfaces and space curves, four 
hours; Synthetic geometry, three hours; Mathematical 
. Seminar, two hours.—By Professor V. EBERHARD : Chap- 
ters of analytical geometry, one hour ; Theory of numbers, 
four hours. 


UNIVERSITY OF Geena Professor L. Koxwras- 
BERGER: Analytical mechanics, four hours; Calculus of 
variations, differential equations, two hours; Elliptic func- 
tions, two hours; Seminar, two hours.—By Professor M. 
Cantor: Infinitesimal calculus, four hours; Exercises in 
the calculus, one hour; Political arithmetic, two hours.— 
By Professor F. Ersmntour: Theoretical optics, four 
hours; Infinitesimal calculus, five hours; Potential, two 
hours.—By Professor K. Koznirr: Analytical geometry of 
space, three hours.—By Professor G. LaAwpssERa: Descrip- 
tive geometry. three hours; Introduction to the theory of 
algebraic equations, two hours. 


UNIVERSITY op JENA.—By Professor J. Toomau: Alge- 
braic analysis, four hours; Mathematical geography, three 
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hours; Seminary, two hours.—By Professor G. FREGE : 
Analytical mechanics, four hours; Symbolic algebra, two 
hours. . 


Untversity oF Lmrezig.—By Professor A. MAYER: 
Higher analytical mechanics, four hours ; Exercises to the 
preceding, one hour.—By Professor C. NeUuxANN: Infini- 
tesimal calculuss four hours; Seminar, one hour.—By Pro- 
fessor O. HórpxR: Introduction to the theory of functions 
of a complex variable, four hours; Chapters in the theory 
of substitution groups and equations, two hours; Seminar, 
one hour.—By Professor F. ENGEL : Analytical mechanics, 
four hours; Theory of continuous transformation groups, 
two hours; Seminar, one hour.—By Dr. F. HAUSDORFF : 
Chapters of higher geometry, four hours.—By Dr. G. 
KOWALEWSKI : Algebraic invariant theory. 


University op MouxicH.— By Professor G. Baumzn: 
Plane analytical geometry ; Conduction of heat in fixed 
bodies; Seminar.—By Professor F. LiNDEMANN : Differen- 
tial calculus ; Abelian functions ; Mathematical seminar on 
theory of automorphic functions and application of elliptic 
functions.—By Professor A. PRiNGsuEIM : Introduction to 
the theory of analytic functions; Elementary theory of in- 
finite algorithms (series, products, continued fractions).— 
By Dr. H. Bruyn: Introduction to the mathematical 
foundations of natural science.—By Dr. K. DÖHLEMANN : 
Descriptive geometry and exercises; Synthetic geometry 
and exercises.—By Dr. E. v. WEBER: Introduction to 
analysis; Introduction to the Cauchy-Riemann theory of 
functions. 


Tue London mathematical society has conferred its De 
Morgan medal on Professor W. BuRxsIDE for his mathe- 
matical researches in the theory of groups of a finite order. 


Tur Adams prize offered by the University of Cambridge 
for an essay on the theory of the aberration of light has 
been divided between Mr. J. Larmor, fellow of St. John's 
college, senior wrangler 1880, and Mr. G. T. WALKER, 
fellow of Trinity college, senior wrangler in 1889. 


THE Madrid academy of sciences recently announced the 
results of the competition for its mathematical prize set in 
1897. There were three competitors. Professore Gino 
Lorra, of the Univergity of Genoa, and Gomes TEIXEIRA, of 
the Polytechnic of Oporto, each received a prize, and Joaquin 
DE VARGAS Y ÀGUIRRE, of Salamanca, an honorable mention. 
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: Tue honorary degree of doctor of laws has been recently 

conferred on Professor A. R. Forsyra by Dublin Univer- 
sity, and that of doctor of civil law on Professor Brong 
Newcoms, by Oxford University. 


Pnorzsson L. Fucus has been made rector of the Univer- 
' sity of Berlin for the current year, and Professor E. NETTO 

has received the same appointment at the University of. 
Giessen. x 


Mr. H. M. MaoDonatp, of Clare College, Cambridge, 
fourth wrangler in 1889, has been appointed to tbe Univer- 
sity lectureship in mathematics made vacant by Professor 
A. E. H. LovE's recent resignation to accept the Sedleian 
professorship in mathematics at Oxford University. 


Log» Kevin has resigned the chair of natural phil- 
osophy in Glasgow University after a tenure of fifty-bhr.e 
years. 


Da. MILTON UPDEGRAFF, professor of astronomy in the 
: University of Missouri, has been appointed to a professor- 
ship in mathematics in the United States naval observatory. 


Dr. L. E. Dioxson has resigned an assistant professorship 
of mathematics in the University of California to accept an 
associate professorship in the University of Texas. 


Mr. PxrER FigLD, fellow in Cornell University, has been 
appointed professor of mathematics in Carthage College. 


Tar following have recently qualified as'privatdocenten ` 
Dr. Grassmany, at the University of Halle; Dr. Kowa- 
LEWSKI, at the University of Leipzig; Dr. J. Gorrruzr, at 
the University of Munich. 


Messrs. T. Brrtwaistie, of Pembroke College, and R. P. 
PaRanspre, of St. John’s College, were bracketed for the 
senior wranglership ,of this year at Cambridge University. 
The Smith’s prizes for 1899 were awarded to Messrs. W. H. 
Avsrin and Q. W. Warxzm, of Trinity College, senior and 
fourth wranglers in 1897. Mr. PagANJPYE is the first na- 
tive of Indis to attain the honor and Mr. BIRTWHISTLE is 
the first member of Pembroke College to achieve it since 
Sir Gzures Sroxes who was senior wrangler in 1841. 


Avr Emmanuel College, Cambridge, Mr. G. T. BENNETT, 
senior wrangler, 1890, hasbeen élected to a senior fellow- 
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ship, and Mr. H. 8. Sgr fourth erence 1894, toa 
junior fellowship. 


Mr. A. H. Witson, insiradior d in mathematics at Pririce- 
ton University, has been granted a year's leave of absence, 
aad Dr. LW. Rgrp has been appointed to an instructor- 
ship in the same institution. 

Tue following mathematicians have been elected to fel- 
lowships in the Reale Accademia dei Lincei :, Professor P. 
Tarpy and G. VxnoNEsE, as ordinary fellows; Professor 
G. Rrocr, as corresponding fellow; Professor G. MITTAG- 
LEFFLER and J. WEINGARTEN, as foreign fellows. 


Pnorzssons F. Krgrw and W. Nzrnsr, of Gottingen, have 
been elected to foreign membership in the academy of sci- 
ences of Budapest. 


At its recent decennial celebration Clark University con- 
ferred the honorary degree of doctor of laws on five scien- 
tists among whom were Professors Proarp, of Paris, and 
- Bortzmann, of Vienna. 


Mz. J. D. Tompson, of Trinity College, Cambridge, has 
been elected to an assistant professorship of mathematics in 
the University of West Virginia. 


De. F. H. Sarrorp, of Harvard University, has been 
made assistant professor of mathematics at the University 
of Cincinnati. 


Mr. Howarp Opprxe has been promoted to an assistant 
professorship of mathematics at Union College. 


Dr. H. Y. Benepror and Mr. I. N. PurNAM have been 
appointed instructors in mathematics at the University of 
Texas. 


Tue Right Rev. CHARLES Graves, Lord Bishop of Lim- 
erick, professor of mathematics at Trinity College since 
1848, died recently at the age of eighty-seven years. 


Tre deaths are announced of Professor Bongen" WILHELM 
Bunsen, August 16th, 1899, atthe age of eighty-eight years; 
of M. One, one of the editors of Z/ éducation mathématique, 
at the age of ‘forty-two years. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. š 


APPELL [P.]. Eléments d'analyse mathématique à l'ugztge des ingénieurs 
et des physiciens. Cours professé à l’ Ecole centrale des arts e$ manu- 
faotures. Paris, Carré et Naud, 1898. Gen, 44-720 pp. Cloth. 


2 ; Fr. 24.00 
BARBABIN (P.). Notions complémentaires sur les courbes usuelles. 
Paris, Nouy, 1899. 8vo. 47 pp. Fr. 3.00 


BERNOULLI (JacoB). Wabrecheinlichkeitsrechnung (Ars conjectandl). 
1713.) Teil 1 und 2. Uebersetzt uud herausgegeben von R. 
aussner. Leipzig, Engelmann, 1899  12mo. 162pp. (Ostwald's 

Klassiker der exakten Wissenschaften, No. 107.) Cloth. M. 2.50 


——. Teil 3'und 4, mit dem Anhang: Brief an einen Freund über das 
Ballspiel (jeu de paume). Uebersetzt und herausgegeben von 

R. Haussner. Leipzig, Engelmann, 1899. 12mo. 172 pp. 
(Ostwald's Klassiker der exnkten Wissenschaften, No. 108.) run 

. 260 


BIBLIOGRAPHIA mathematica rossica. List of mathematical works and 
papers published in Russia, edited by D. Sintsof. No. 1: 1896. 
Kazan, 1898. Geo 24 pp. M. 1.20 


—~. No.'2: 1897. Kazan, 1899. 8vo. 22 pp. M. 1.20 


BLAKE (E. M.). Upon the ruled surfaces generated by the plane move- 
ments whose centrodes are congruent conics tangent at homologous 
points. (American Journal of Mathematica, Vol. 21, pp. 257-269.) 
1898. 4to. 


BOHLMANN (G.). See GENOCCHI (A ) and JAHRESBERIOHT. 


BONNEL (J.). Les hypothèses dans la géométrie.  L'atome et le tome 
(fin). Paris, Gauthier-Villars, 1898. 8vo. Fr. 1.50 


Bovron (C. L.). Invariants of the general linear differential equation 
and their relation to the theory of continuous groups. Leipzig, 
1899. 8vo. 82 pp. 00 


Brany (E.). Exercices méthodiques de caleul différentiel. 2e Sg 
tion. Paris, Gauthier-Villars, 1899. Fr. 5.00 


BEROOARD (H.). Notes de bibliographie des courbes góométriques. Partie 
complémentaire. (Lith.) Bar-le-Duo, Comte-Jacquet, 1809. 8vo. 
8--243 pp. 

BRUNEL (G.). See ENOYKLOPADIE. 

Bosnow (N.). See GERBERT. 


Cantor (G.). Sur les fondements de-la théorie des ensembles transfinis. 
Traduit par F. Mariotte. Paris, 1899. 8vo. 100 pp. Fr. 4.50 


Cantor (M.). Vorlesungen über Geschichte der Mathematik. Vol. II, 
tirat half: 1200-1550. 2te Auflage. Leipzig, Teubner, din 8vo. 
480 pp. . M. 14.00 
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CaAENOY. Cours de géométrie analytique. (En 2 volumes.) Vol. II: 
Géométrie Ae l'espace. 5e édition. : Paris, Gauthier-Villars, 1899. 
8vo. Fr. 11.00 


CavcHy (A.). Oeuvres complètes. 2e série, Vol. IV: Résumé des 
leçons données à l'Ecole polytechnique sur le calcul infinitésimal. 
Leçons sur le caloul différentiel. Paria, Gauthier-Villars, 1899. 4to. 


E Fr. 20.00 
CHRISTEN (T.). Beitrüge zur Verwendung dés freien Integrationsweges. 
` Basel 1897.* Svo. 36 pp. M. 1.80 


CuzTZE (M.). Nicolaus Coppernicus. Eine biographische Skizze. Mit 
dem Bildnis des Coppernicus. Berlin, Paetel, 1899. 8yo. 84 pp. 
(Sammlung populärer Schriften, herausgegeben von der Gesellechaft 
Urania zu Berlin, No. 54.) , M. 2.00 


—-. Bee EUOLIDES. . 
CzuBER (E.). See JAHRESBERICHT. 


DE MORGAN (A.). On the study and diffloulties of mathematics. New 
corrected and annotated edition, with references to date, of the work 
published in 1831, by the Society for the diffusion of useful knowl- 
edge. Chicago, The Open Court Publishing Co., 1899. Ben, 8-4- 
288 pp., portrait. Cloth. . : . $125 


DuPoRoQ (E.). Premiers principes de géométrie moderne, à l'usage des 
élèves de mathématiques spéciales et des candidats à la licence et à 
Pagrégation. Paris, Gauthier-Villars, 1899. Gen, 7-+ 160 pp. 

Fr. 3,00 


EUOLIDES. Opera omnia. Ediderunt J. L. Heiberg et H, Menge. (In 
19 voluminibus) Supplementum: Anaritii in deoem libros priores 
Elementorum Euclidis Commentarii. Ex interpretatione Gherardi 
Cremonensis in codice Cracoviensi 569 servata. Edidit M. Curtze. 
Lipsiae, Teubner, 1899. 12mo. 29-4- 389 pp. s M. 6.00 


FEHR(H.). Application de la méthode vectorielle de Grassmann à la 
CN infinitésimale. (Thése.) Paris, Carré et Naud, 1899. 
vo. 100 pp. S 


ENOYKLOPADIE der mathematischen Wissenschaften mit Einschluss ihrer 
Anwendungen. Teil I, Band II, Heft 1: Grundlagen der allge- 
meinen Funktionenlehre von A. Príngsheim ; Differential- und In- 
tegralrechnung von A. Voss; Bestimmte Integrale von G. Brunel. 
Redigiert von H. Burkhardt. Leipzig, Teubner, 1899. Geo, 160 pp. 

M. 4.00 


FINSTERWALDER (B.). See JAHRESBERICHT. ` 


FORMULAIRE de mathématiques. Vol. II, Q2: Arithmétique, par G. 
Peano. Turin, Bocca, 1898. Gen, 58 pp. 


FRANSÉN (A. E.). Om Dirichlets problem for eqvationen Au= 0 och 
liknande upgifter for allmännare eqvationer. Upsala, 1899. 8vo. 
48 pp. ` M. 2.00 


GANDTNER (J. O.). Elemente der analytischen Geometrie. 10te Auf- 
lage, herausgegeben vou E. GruhL Berlin, 1899. 8vo. Cloth., 
M. 1.50 


GANTEB (H.) und Rupro (F.). Die Elemente der analytischen Geo- 
metrie. Mit zahlrefchen Uebungsbeispielen. Teil II : Die analytische 
Geometrie des Raumes, von F. Rudio. 2te, verbesserte Auflage. 
‘Leipzig, Teubner, 1899. 8vo. 10 4-184 pp. M. 2.40 
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GENOCOHI (A.). Differentialrechnung und Grundzüge der Integralrech- 
~ nung. Herausgegeben von Q. Peano. Autorisierte deutsche Ueber- 
setzung von G. Bohlmann und A. Schepp. Mit einem Vorworte von 

A. Mayer. (In 2 Lief.) 2te Lieferung. Leipzig, Teubner, 1899. 
8vo. 7 pp. and pp. 225-399. M. 5.00 


GERBERTI, postea Silvestri II, papae, opera mathematica (972-1003). 
Accedunt aliorum opera ad Gerberti libellos æstimangos intelligen- 
dosque necessaria per septem appendices distributa. Collegit, ad 
fidem codioum manuscriptorum partim iterum, partim primum edi- 
dit, apparatu critico instruxit, commentario auxit, figuris illustravit 
N. Bubnow. Berlin, Friedländer, 1899. 8vo. 119 + 620 pp. 

M. 24.00 


GoxTTLER E Untersuchungen über den allgemeinen Raumconnex. 
(Progr.) München, Kellerer, 1899. Geo 4-62 pp. M. 1.00 


GaRUHL(E.). See GANDTNER (J. O.). 


GouLD (E.8.). A primer of the calculus. 2d revised edition, enlarged. 
New York, Van Nostrand Có., 1899. 16mo. 122 pp. (Van Nos- 
trand's science series, No. 119.) Boards. $0.50 


GUTZMER (A.). See JAHRESBERICHT. 


BaNTZSOH (V.). Sebastian Münster. Leben, Werk, wissensohaftliohe 
Bedeutung. Leipzig, Teubner, 1898. 8vo. 2 4-187 pp. (Schriften 
der K. S&chsisohen Gesellschaft der Wissensobaften, Abhandlungen 
der philologisch-historischen Classe, Vol. 18, No. 3.) M. 6.00 


HavoK (G.). See JARRESBERIOHT. 
HAUSSNER (R.). See BERNOULLI (JAKOB.). 
HxwssL (K.). See KRONECKER (L.). 


HERONIS ALEXANDRINI opera que supersunt omnia. Vol I: Herons 
von Alexandria Druckwerke und Automatentheater griechisch und 
deutsch herausgegeben von W. Schmidt. lm Anhang Herons Frag- 
ment über Wasseruhren, Philons Druckwerke, Vitruvs Kapitel zur 
Pneumatik. Mit einer Einleitung über die Heronische Frage und 
Anmerkungen. Supplementheft: Die Geschichte der Texttiber- 
lieferung. Griechisches Wortregister. Leipzig, Teubner, 1899, 
12mo. 72-+514 + 182 pp. M. 12.00 


JAHRBUCH über die Fortschritte der Mathematik, begründet von C. 
Ohr&mann. Unter besonderer Mitwirkung von F. Müller und A. 
Wangerin herausgegeben von E. Lampe. Vol. 28, Jahrgang 1897, 
in 3 Heften. 1tes Heft. Berlin, Reimer, 1899. 8vo. 416 pp. 

M. 13.00 


eege der Deutchen Mathematiker-Vereinigung. Vol. VI, 
Heft II: Die geometrischen Grundlagen der Photogrammetrie. Be- 
rioht von 8. Finsterwalder. — Mechanische Beziehungen bei der 
Flüchen-Deformation. Bericht von demselben.— Uebersicht über die 
wichtigsten Lehrbücher der Inflnitesimal-Rechnung von Ehler bis 
auf die heutige Zeit. Bericht von G. Bohlmann. —Herausgegeben 
im Auftrage des Vorstandes von G. Hauck und A. Gutzmer. Leipzig. 
Teubner, 1899. 8vo. 4-+110 pp. M. 4.00 


——. Yol. VII, Heft 1: Die Chronik der Vereinigung für das Jahr 1898, 
sowie die auf der Versammlungin Düseelderf gehaltenen Vortrüge.— 
Herausgegeben im Auftrage des Vorstandes von G, Hauck und A. 
Gutzmer. Leipzig, Teubner, 1899. 8vo. 159 pp. M. 4.80 
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—— Yol. VIL Heft 2: Die Entwickelung der Wahrscheinlichkeits- 
theorie und ihrer Anwendungen. Bericht von E. Czuber. Heraus- 
gegeben im Auftrage des Vorstandes von G. Hauck und A. Gutzmer. 
Leipzig, Teubner, 1899. 8vo. 8+ 279 pp. M. 8.00 


JUEL (G |. Inledning i læren om de grafiske kurver. Aveo un résumé 
enfrangais. Kjóbenhavn, 1899. 4to. 90 pp ( Vid.-Selsk. Skrifter.) 
* M. 3.50 


JUNKER (F.). HQhere Analysis. Teil 2: Integralrechnung. Leipzig, 
Góschen, 1899. 12mo. 205 pp. (Sammlung Góschen, No. 88.) 
M. 0.80 


KLEIN (F.). Leotures on seleoted parta of elementary geometry, re- 


ported by F. Tügert. Russian translation by N. Parfentief and D. 
Bintsof. Kazen, 1898. Geo M. 2.50 


KRAHE (A.). Apuntes de álgebra superior, adaptados à los programas 
de las esouelas especiales de ingenieros por J. Salmeron y Garcia. 
Madrid, 1899. 4to. 288 pp. Fr. 19.50 


KRONEOKER ( L.). Werke, herausgegeben auf Veranlassung der Konig]. 
preussisohen Akademie der Wissenschaften von K. Hensel. (In 4 
Banden.) Vol. ILI, Halbband 1. Leipzig, Teubner, 1899.  4to. 
8 + 474 pp. í M. 36.00 


LACOUR(P.). Historisk Matematik. 2te, gennemsete udgave. (In 10 
hefter.) Kjöbenhavn, 1899. Geo, Heft 6-8: pp. 161-256. Sg 
. 9. 


LALANDE (P. A.). Quid de mathematica vel rationali, vel naturali 
senserit Baconus Verulamius. Parisiis, 1899. 8vo. 111 pp. Fr. 7.50 


'4. LAMPE'(E.). See JAHBBUOR. 


` LANGx (J.). Jacob Steiners Lebensjahre in Berlin 1821-83. Nach 
seinen Personalakten dargestellt. Berlin, 1899. 4to. 70 pp., por- 


trait. M. 2.00 
MaNsroN (P.). Mélanges mathématiques (1883-1898). Paris, Gau- 
thier-Villars, 1898. 8vo. Fr. 5.00 


MaRIOTTE (F.). See CANTOR (G.). 


MaASOHKE(H.). Die Reduction linearer homogener Substitutionen von 
endlicher Periode auf ihre kanonische Form. 8vo. (Mathematische 
Annalen, Vol. 50, pp. 220-924.) - 


-——-—. Ueber den arithmetischen Charakter der Coefficienten der Substitu- 
tionen’ endlicher linearer Substitutionsgruppen.  8vo.  (Mathema- 
tische Annalen, Vol. 50, pp. 492-498.) 


MAYER (A.). See GENOCORI ( A.). 
MxNGE(H.). See EUOLIDES. 
MULLER (F.). See JAHRBUOH. 


Moura (P.). Theorie und Anwendung der Elementartheiler. Leipzig, 
Teubner, 1889. 8vo. 16+ 236 pp. M. 8.00 


Newson (H. B.). The five types of projective transformations in the 
plane. 8vo. (Kansas University Quarterly, Vol. 8, 1899, pp. 43-66.) 


OcAGNE (M. D’). Traité de nomographie. Théorie des abaques ; ap- 
plications pratiques, Paris, Gauthier-Villars, 1890. 8vo. 14-- 
480 pp. ; Fr. 14.00. 
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PARFENTIEF (N.). See KLEIN (F.). 


PASCAL(E.). Die Variationsrechnung.  Autorisirte deutsche Ausgabe 
von A. Schepp. Leipzig, Teubner, 1899. Geo 6+ 146 pp. M. 
1 i M.3 


PEANO (G.). Analisi della teoria dei vettori. Torino, Clausen, 1898. 
Bvo. 94pp. (Accademia reale delle sctenze di Torino, axfho 1897-98. ) 


—. See FORMULAIRE and GENOCOHI (A.). e 


PrETZKER (F.). Beitrige zur Funktlonen-Lehre. Leipzig, ur 
1899. &vo. 5-+ 64 pp. M. 2.80. 


PoRETZKY (P.). Sept lois fondamentales de la logique EE 
Kazan, 1809. 8vo. 168 pp. M. 3.50. 


PRINGSHEIM (A.). See ENOYKLOPADIE. 
Rovio (F.). See GANTER (H.). 


Saint-Loup. Note sur les carrés magiques. Besancon, Jacquin 
[1899]. 8vo. 10 pp. 


SALMERON Y GARCIA. See KRAHE (A.). 


Sourrrers (G.). Ueber gewisse zweifach unendliche Curvenschaaren in 

er Ebene. (Berichte der mathematisch-physischen Classe der K. Süch- 

sichen Gesellschaft der Wissenschajten su Leipsig, 24 October, 1898.) 
8vo. Pp. 261-284. 


———. 'Bynthetische Bestimmung aller Berührungstransformationen der 
Kreise in der Ebene. 8vo. (Berichte der mathematisch-phystochen 
Classe der K. Sächsischen Gesellschaft der Wissenschaften eu Leipzig, 6 
März, 1899). Pp. 145-160. 


SoRxPP (A.). See GENOcOHI (À.) and Pascat (E.). 


Scumipr (W.). Heron von Alexandria ; Uebersioht über seine Schriften 
und seine physikalisch-technischen ' Apparate. Leipzig, un 


1899. 8vo. 15 pp., 3 plates. 0.80 
——. fee HERO. 
Bos (D.). See BIBLIOGRAPHIA and KLEIN (F.). : 


SOMMER (J.). Ueber die Bestimmung ausgezeichneter Punktgruppen 
: auf Curven vom Geschlecht p. Tübingen, 1898. Geo, 33 pp. M. 1.50 


BoNIN (N. L). Integralealeulus. PartI. (Russian.) St. Petersburg, 
1898. 4to. 24+414 pp. (Lith.) M. 5.00 


SPINDLER (K.). Ein Beitrag zur Einführung in das Gebiet der ráum- 
lichen Conflgurationen. Teil lI[. Diedenhofen, 1898. 8vo. x pp. 
. 1.50 


Stourr (X.). Sur les lois de réciprocité. Paris, Hermann, ae 8vo. 
31 pp. 


'QTHÓLDTE. Das Yos eitis Potential von v einander sich ausschlies- 
' genden Kreisflichen. Dessau, 1899. 4to. 20 pp. M. 1.50 


VoLkor (M.). Development of the ideas of number. (Russian.) St. 
Petersburg, 1899. 8vo. 127 pp. M. 2.80 


Voss (A.). See ENCYKLOPADIE. 
WANGERIN (A.). See JAHRBUOH. 
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Wern (R.). Ueber eine Verallgemeinerung der Gause'schen Differen- 
tialgleichung. (Progr.) Basel, Schwabe, 1899. 4to. 37 pp. 
M. 1.60 


WILOZYNSEI(E. J.). On systems of multiform functions belonging to 
a group of linear substitutions with uniform coefficients.. (American 
Journal of Mathematics, Vol. 21, pp. 85-106.) 1898. 4to. 


Wittson (F. N.). Some mathematical curves and their graphical con- 
struction. A brief treatise on the properties, methods of construction 
and practical applications of conic sections, trochoids, link-motion 
curves, centroids, spirals, the helix, and other important curves. 
-For students in mathematical, engineering, or architectural courses, 
draughtsmen, etc. New York, The Macmillan Co., 1899,  4to. 


Cloth. (Part III of Theoretical and practical graphics, ) $1.50 
Z&UTHEN (H. G.). Forelæsninger over trekantekoordinater. Kjöben- 
havn, 1898. Rvo. 64 pp. , M. 2.00 


ZtaNAGO (J.). Equazioni funzionali, Genova, 1899. 31 pp. 


IL ELEMENTARY MATHEMATICS. 


August (E. Pi, Vollständige logarithmische und trigonometrische 
Tafeln. 22ste Auflage, besorgt von F. August. Leipzig, 1899. 
12mo. 8 -204pp. Cloth. M. 1.80 


BACKHAUS(K.). See WIESE (B.). 


BARDEY (E.)  Methodisoh geordnete Aufgabensammlung, mehr als 
8000 Aufgaben enthaltend über alle Teile der Elementar-Arithme- 
tik, vorzugsweise für Gymnasien, Realgymnasien und Oberrealschu- 
len. 94ste Auflage. Leipzig, Teubner, 1899. .8vo. 14 +330 pp. 
Cloth. : M. 3.20 


BARTRINA Y CAPELLA (J. M.). Elementos de geometria pura y de 
trigonometria reotilinea. Barcelona, 1898. 4to. 397 pp. Fr. 10.00 


BEMAN (W. W.).and Sara (D. E). New plane and solid geometry. 
[Revised edition.] Boston, Ginn & Co., 1899. 12mo. ‘B+ 382 pp. 
Half leather. $1.25 


Bours (F.). Leitfaden für den Unterricht in der) Plauimetrie, zam 
Gebrauche an Navigationsschulen bearbeitet. 2te Auflage. Ham- 
burg, Peuser, 1899. 8vo. 48 pp. Boards. M. 1.20 


BREMIKER (C.). Logarithmisch-trigonometrische Tafeln mit 5 Decimal- 
stellen. 8te Auflage, besorgt von A. Kallius. Berlin, 1899. 8vo. 


182 pp. Cloth. M. 1.50 
BRENNERT (E.). Geometrische Konstrdktionsaufgaben mit vollstán- 
diger Aufló . Ein Hilfsbuch für Lehrer. ` In übersiohtlicher und 
methodischer Form bearbeitet. 2te Auflage. Berlin, Nicolai, 1899. 
8vo. 44-100 pp. M. 1.50 
Bresina. Die Kegelschnitte für die Prima des'Gymnasiums. Soest, 
1898. 4to. 922 pp. M. 1.50 


BEEUER (P. J ). Vólliger Abeohluss der Lehre über die gemeinen Loga- 
rithmen im Diesseits der Gymnasial-Mathematik. Wipgertir un 
1898. 4to. 928 pp* M. 


Bgiaas (W.). Preceptors’ trigonometry. London, Clive, 1899. Ee 
268 pp. (Preceptors’ series.) ^ 28. 6d. 
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"BRooksMrTH (E. J.). See WoonwIOR. 
Bryant (SoPHIE) See EUOLID. 
DIEKMANN (J.). See Koprs (K.). 


EuoLrD. The Elements of Euolid ;' for the use of schools and colleges; 
with notes, an appendix and exercises, by I. Todhunte& New re- 
vised and 'enlarged edition, by 8. L. Loney. London, Maomillan, 
1899. 12mo. 8-4- 332 + 132 pp. Cioth. 4s. 6d. 


——. Elements of geometry, books 3 and 4 ; edited for the use of schools, 
by C. Smith and Sophie Bryant. New York, The Macmillan Co., 
1899. 16mo. 6--161-4-288 pp. Cloth. $0. 80. 


FISHER (G. E.) and Scuwart (I. J.). Text-book of algebra, with ex- 
eroises, for secondary schools and colleges. Part I. Philadelphia, 
Fisher & Schwatt, 1898. Gen 14--883 pp. 


Poppe (E.). Réoréations arithmétiques. Paris, Nony, 1899. 8vo. 
8 4- 263 pp. A 


GLASER. Stereometrie. Leipzig, Gósohen, 1899. 12mo. 126 pp. 
(Sammlung Göschen, No. 97. M Ai 


HALL (EL 8 ) and SrEVENS (F. H.). An elemen course of mathe- 
matics ; comprising arithmetic, algebra and Euclid. London, Mac- 
millan, 1899: 16mo. 94-110 pp. Cloth. 2s. 6d. 


HENRIOI (J.) und TREUTLEIN (P.). Lehrbuch der Elementar-Geometrie. 
In 3 Teilen. Tell I: Gleichheit der Gebilde in einer Ebene. Ab- 
bildung ohne Massánderung. 3te Auflage. Leipzig, Teubner, 1898. 
8vo, 8-L144 pp. M. 2.00 


HERVÉ(L.). Eléments d'algàbre, conformes aux programmes de Pen- 
seignement classique et moderne (troisième et seconde modernes, 
troisième, seconde et rhótorique classiques). Paris, Carré et Naud, 
: 1899. Geo, 199 pp. . 


HrssENBERG (G.). Ebene: und sphárische Trigonometrie ^ Leipzig, 
Góschen, 1899. 12mo. 165 pp. (Sammlung Góschen, No. 99.) 
M. 0.80 


HoLzMÜLLEER (G.). Elemente der Btereometrie. Tell I: Die Lehrsátze 
und Konstruktionen. Leipzig, Góschen, 1899. Geo, 114-383 pp. 
(Sammlung Schubert, No. IV.) Cloth. M. 5.40 

KALLIUBS(A.). See BREMIKZER/(C.). 

KoPPE (K.). Geometrie zum Gebrauche an hóheren Unterrichteanstalten, 
=a bearbeitet von J. Diekmann.  19te Auflage (3te Auflage der 
neuen Bearbeitung). Mit zahlreichen Uebungen und Aufgaben. 
Teil 1 der Planimetrie, Stereometrie und Trigonometrie. Ausgabe 
für Reallehranstalten. Essen, Baedeker, 1899.  8vo. cU pp. 
Cloth. 2.40 


LiOHTBLAU (W.). See WiEsE (B.). 
Loney (8. L.). . Bee EUCLID. 


MILKE (W. J.). Grammar school algebra ; a course for mar schools 
and beginners in public and private schools, New ork, American 
Book Co. [1899]. 12mo. 154 pp. Half leather. $0.50 


——-. Plane geometry. New York, American Book Co. [1899]. 12mo. 
242 pp. Half leather. $0.76 
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——. Planeand solid geometry. New York, American Book Co. [1899]. 
12mo. 384 pp. Cloth. $1.25 


MÖLLER (H.) Die Elemente der Planimetrie, Ein Beitrag zur 
Methode des metrisohen Unterrichts. ` "te Auflage. Metz, 
Beriba, 1899. Geo, 4-} 84 pp. M. 1.20 


Nassd (MR Algebra elementare ad uso dei licei e degl istituti teoniol 
(1? biennio) secondo i programmi governativi. EOS copiose note 
Storiche, molti consigli pratiol per indirizzare l'alunno alla risoluzione 
degli esercizi, pid di 2000 esercizi e problemi graduati da risolvere e 
circa 400 esercizi e problemi minutamente risolti. Torino, Libreria 
Sslesiana, 1898. Geo, 426 pp. Cloth. 


NEUMANN (K. W.) Lehrbuch der allgemeinen Arithmetik und 
Algebra. "te Auflage. Leipzig, 1809. 8vo. 8 4-210 pp. M. 2.80 


PAHL (F.) Die Entwickelung des mathematischen Unterrichta an 
unseren höheren Schulen. Teil II. Charlottenburg, 1809.  4to. 


31 pp. i M. 1.50 
Prioto (G.). Tavole complete dei valori dei segmenti circolari. Sciacca, 
1898. 8yo. 22 pp. Fr. 2.00 


PUND (0.). ‘Algebra, mit Einsohluss der elementaren Zahlentheorie. 
Leipzig, Góschen, 1899. 8vo. 8 4-345 pp. (Sammlung Schubert, 
No. VI.) Cloth. M. 4.40 


RAYDT(H.). Lehrbuoh der Elementar-Mathematik. Planimetrie, Arith- 
metik, Trigonometrie und Stereometrie.  Léipzig, 1899.  8vo. 
8 + 253 pp. M. 2.70 


SoHoTrTEN (H.). Mathematischer Unterricht. Halle, 1899. 4to. 19 pp. 
M. 1.20 


Bop nov (L.). Seven-place logarithmic tables. Hungarian edition, by 
J.Sztoozek. Sthedition. Braunschweig, 1899. 8vo. 588 pp. M. 6.00 


SoHUBERT (H.).  Beispiel-Bammlung zur Arithmetik und Algebra. 
2765 Aufgaben, systematisoh geordnet. 2te Auflage. Leipzig, Gó- 
schen 1899. 12mo. 13ipp. (Sammlung Góschen, No. 48.) M. 0.80 


—--. Elementare Arithmetik und Algebra. Leipzig, Göschen, 1899. 8vo 
6-+ 230 pp. (Sammlung Sohubert, No. I.) Cloth. M. 9.80 


SomwaArT (L J.). See FISHER (G. E.). 


SCHWERING (K.). Arithmetik und Algebra für höhere Lehranstalten. 
2te Auflage. Freiburg, Herder, 1899. 8vo. 7-+80 pp. M. 1.00 


—. 100 Aufgaben aus der niederen Geometrie nebst vollständigen Lös- 
ungen. 2te Auflage. Freiburg, Herder, 1899. 8vo. 11-+ 168 pp. 

M. 2.00 

——. Raumlehre für seohsstufige Schulen und Lehrerseminare, nach den 
neuen Lehrplünen bearbeitet. 2te Auflage. Freiburg, Herder, 1809. 
8vo. 16 pp. R M. 0.25 


SIOKENBEBGEB (À.). Uebungsbuch zur Algebra. Ite Abteilung. 1te 
und 2te Stufe der Reobnungsarten, einschliesslich der line&ren 
Gleichungen mit einer und mehreren Unbekannten. 3te Auflage. 
Münohen, Ackermann, 1899. 8vo. 5-+ 108 pp. M. 1.20 


Sara (C.). See EvoLID. 
SurTH (D. E.). See BEMAN (W. W.). 
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„STEVENS (F. H.). See HALL (H. 8.). 
BZTOOZEK (J.). See SOHRÜN (L.). 
TPE (W.). Mathematische Aufgaben. Berlin, 1899. 4to. 39 pp. 


TODHUNTER (I.). See EUCLID. 
TREUTLEIN (P.). See HkNRIOI (J.). ud 


ULRICH (G.). Ausführliohes Lehrbuch der Geometrie sowie der ebenen 
und sphürischen Trigonometrie für den Selbstunterricht. Mit zahl- 
reichen Aufgaben zur Konstruktion und Berechnung, nebat Anleit- 
ung zu deren Lösung. Berlin, Schultze, 1898.22 8vo. 6 -+ 520 pp. 


M. 4.00 

WENTWORTH (OG, A.). Plane geometry. New revised edition. Boston, 
Ginn & Co., 1899. 12m. 8+ 256 pp. Hal leather. $0.85 
WELLS (W.). The essentials of geometry. Boston, Heath & Co., 1899. 
- 12mo. 6+ 299 pp. Half leather. $1.25 


Wiese (B.), LiogTBLAU (W.) und BAOKHAUS (K.). Raumlehre für 
` Lehrerseminare. Teil I: Die Flüochenlehre (Planimetrie). 3te Auf- 


lage. Breslau, Hirt, 1899. 8vo. 190 pp. Cloth. . M. 2.25 
WrrrING (A.). Geometrische Constructionen, insbesondere in begrenz- 
ter Ebene. Dresden, 1899. 4to. 18 pp. M. 1.20 


WooLwick mathematical papers, forjadmiesion into.the Royal Military 
Academy, 1889-99, edited by E. J. Brooksmith. London, Maomil- 
lan, 1899. 12mo. 68. 


“Zeiszia (E.). Algebraische Aufgaben für die Volksschule. Für die 
Hand des Lehrers bearbeitet. 2te Auflage. Leipzig, Wunderlich, 
` 1899. 8vo. 5-446 pp. M. 0.60 


III. APPLIED MATHEMATICS. 


ALBRECHT (T.) . Bericht über den Stand der Erforschung der Breiten- 
variation am Schlusse des Jahres 1898. Herausgegeben vom Cen- 
tralbureau der internationalen Erdmessung. Berlin, Reimer, 1899. 
4to. 22 Pp., 1 plate. M. 3.00 


D'ALEMBERT. Abhandlung über Dynamik, in welcher die Gesetze des 
Gleiohgewiohtes und der Bewegung der Körper auf die kleinméglich- 
ste Zahl zuriickgeftihrt und in neuer Weise abgeleitet werden, und 
in der ein allgemeines Princip zur Auffindung der Bewegung mehrerer 
Kórper, die in beliebiger Weise auf einander wirken, gegeben wird. 
(1743.) Uebersetzt und herausgegeben von A. Korn. Leipzig, En- 
gelmann, 1899. 12mo. 210 pp., 4 plates. (Ostwald's Klassiker 
der exakten Wiseensohaften, No. 106.) , M. 3.60 


AUBUSSON DE CAVARBLAY (E.). Cours d’électricité, professé à l'Ecole 
d'application du génie maritime. Vol. I and Vol. II, fascicule 1: 
Lois et théories usuelles ; unités et mesures électriques ` dynamoa à 
-courant continu. Dynamos à courant alternatif: transformateurs ; 
commutstrices ; piles et accumulateurs. Paris, 1899. 8vo. 

" Fr. 22.00 


AUERBAOH (F.). Kanon der Physik. Die Begriffe, Principien, Báíze, 
Formeln, Dimensionsfornelu und Konstanten der Physik, nach 
dem neuesten Stande der Wissenschaft systematisch dargestellt." 
Leipzig, Veit, 1899. 8vo. 12-]-522 pp. ; M. 11.00 
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BATTERMANN (H.). Resultate aus den Polhóhenbestiminungen in Ber- 
lin, ausgeführt in den Jahren 1891 und 1892 am Universal-Transit 
der Kónigl. Sternwarte. Herausgegeben vom Centralbureau der 
internationalen Erdmessung. Berlin, Reimer, 1899. 4to. x PP. 


BELKNAP (C.). See Corrin (J. H. C.). 
BERGET (A.). SeeCHAPPUIS (J.). 


BERTIN (L. E.). ° Position d' équilibre des navires sur la houle. Paris 
Gauthier-Villars, 1898. 8vo. Fr. 3.00 


BLUDAN (A.). See ZüPPEITZ (K.). 


BOÓRNER (H.). Leitfaden der Experimental-Physik für Realschulen, 
sowie für den Anfanysunterricht in Oberrealschulen. Ate Auflage. 
Berlin, 1899. 8vo. 12-4-183pp. Cloth. M. 2.90 


Boure (F.). Neues Handbuch der Schiffahriskunde. Mit einer 
Vorrede von Neumayer. Hamburg, Eckardt & Meastorff, 1899. 
4to. 20+274 pp. Cloth. M. 11.00 


——— Nautische Tafelaammlang. Nebst 4 magnetischen Karten, ontwor- 
fen von Neumayer. Hamburg, Eokardt& & Mesetorff, 1899. 4to. 
34-162 pp. Cloth. e M. 7.00 


BovuoHÉ-LEOLERQ (A.). L'astrologie greoque. Paris, .1899. . 8vo. 
20 + 663 pp. Fr. 20.00 


BOURLET (C.). Nouveau traité des bicycles et bioyolettes. 2e édition. 
De partie: Le travail. Paris, Gauthier-Villars, 1898. (Encyolo- 


pédie scientifique des aide-mémoire. ) Fr. 2.50 
BOUSSINESQ(J.). Aperçu sur la théorie dela bioyolette. Paris, Gauthier- 
Villars, 1899. 4to. Fr. 1.00 


——. Complément à une étude rócente concernant la théorie de la bioy- 
clette. Influence, Bur l'équilibre, des mouvementa latéraux gpontanéa 
du cavalier. Paris, Gauthier-Villars, 1899. Fr. 1.00 


Boury. See JAMIN (J.). 


BURBURY (S. HI. A treatise on the kinetio theory of gases. London 
Clay, 1898. Geo, 8-167 pp. (Cambridge University Press series. 
loth. Bg. 


BRAUER (E. A.). Grundriss der Turbinen-Theorie. Leipzig, Hirzel, 
1899. 8vo. 4+ 124 pp. Cloth. M. 4.00 


BBOUGE (B.). Treatise on mine-surveying. 7th edition, revised. 
London, Griffin, 1899. 12mo. 378 pp. (Mining series.) 78. 6d. 


Bruno (K.). Der Stoss elastischer Kugeln. (Progr.) Klagenfurt, 
Kleinmayr, 1899. 8vo. 22 pp., 1 plate. M. 1.00 


CEDERBOM (J. E.). Problemer till mekaniska vürmelüran jämte deres - 
uträkning. Stockholm, 1899. 8vo. 243 pp. M. 6.00 


CHAPPUIS (J.) et BERGET (À.). Legona de physique générale. Cours 
professó à l'Eoole centrale des arta et manufactures et complété- 
suivant le programme de la licence ès sciences physiques. (En 3 vo- 
lumes.) Vol. Il: Électricité et magnétisme. 20 édition, entidre- 
ment refondue. Paris, Gauthier-Villare, 1899. Geo. Fr. 13.00 
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OHowÉ (F.). Cours de géométrie descriptive de l’ Ecole militaire, Ire 
partie, livre I, àl'usage des candidats à l’ Ecole militaire et aux 
Ecoles spéciales des Universités. 3e édition, conforme la 2e édition, 
entièrement revue, corrigée et augmentée, contenant les prescriptions 
à observer pour l'exéoution des ópures. Paris, Gauthier-Villars, 
1898. 4to, aveo atlas de 37 planches. Fr. 10.00 


——. Ire partie, livre IT, à l'usagedes éléves de l’enseignegient supéri- 
eur. Paris, Gauthier-Villars, 1899. 4to, avec atlas de 48 planchea. 
$ Fr. 15.00 


Corrin (J. H. C.). Navigation and nautical astronomy. 7th edition, 
revised by C: Belknap. New York, Van Nostrand Co., 1890. 12mo. 
221 pp. Cloth. . $3.50 


ORANZ'(C.) und Koon (K. R.). Untersuchungen über Vibration des 
Gewehrlaufs. I. Schwingungen in verticaler Ebene bei horizontal 
gehaltenem Gewehr. “A. Gewehre vom Typus des Mausergewehra 
Modell 71. München, Franz, 1899. 4to. 31 pp., 6 plates. M. 2.00 


DARS (G.). Calcul des canaux et aqueducs. Paria, Gauthier-Villars 
[1899]. 16mo. 180 pp. (Enoyclopédie soientiflque des aide-mó- 
moire, Beotion de Wee No. 235 B.) Fr. 2.50 


DérREZ (G.). Applications de mathématiques. ` Lille, Détrez, 1898. 
8vo. 32pp. 

——. Distributions d'eau. Paris, Dunod, 1899. 16mo. 12- 587 pp. 
(Bibliothéque du conducteur des travaux publiques.) 


Doatogaror (A.). Elements of mechanics. Part2: Kinematics. (Rus- 
sian.) St. Petersburg, 1899. 8vo. 212 pp. 


Donati (L.). Lezioni sulla fisica matematica, dettate nella R. Universita 
di Bologna. Parte II. Bologna, 1899. 8vo. 92 pp. Er. 6.50 


Dounem (P.). Traité élémentaire de mécanique chimique fondée sur la 
thermodynamique. Vol. 4: Les mélanges doubles ; statique chimique 
générale des systèmes hétérogènes. Paris, Hermann, 1899. 8vo. 
387 pp. 


ERNST(AÀ.)..Die Hebezeuge. Theorie und Kritik ausgeführter Kon- 
struktionen mit besonderer Berücksichtigung der elektrischer 
Anlagen. 3te Auflage, unter Mitwirkung von W. Maier und R. Rau. 
Berlin, Springer, 1899. Vol. I: 264808 pp.; Vol. II: 164-783 pp.; 
Vol. III, 7 pp., 85 Plates. Cloth. M. 60.00 


Frauen (O.). Der Gang des Menschen. Teil II: Die Bewegung des 
Gesammtschwerpunktes und die äusseren Kräfte. Leipzig, Teubner, 
1899. 8vo. 24-130 pp , 12 plates. (Abhandlungen der mathematisch- 
portae ene der K. Süchsischen Gesellschaft der Wissenschaften, 

ol. 25, No, I. 


FIsoHER-HINWEN (J.). Die Wirkungsweise, Berechnung und Konstruk- 
tion elektrischer Gleichstrom-Maschinen. 4te, vollständig umgear- 
beitete und stark vermehrte Auflage. Zürich, Raustein, 1899. 8vo, 
104-410 pp., 3 plates. Cloth. M. 13.20 


FüPPL(A.). Vorlesungen über technische Mechanik, (In 4 Bänden.) 
Vol IV: Dynamik. Leipzig, Teubner, 1809. 8vo.' 144-466 pp. 
Cloth. M. 12.00 


FREYBERGER (H.). Perspektive, nebst einem Anhang über Schatten- 
konstruktion und Parallelperspektive. 2te Auflage. Leipzig, Gö- 
schen, 1899. 12mo. 127 pp. (Sammlung Géschen, No. T} (dh 
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FRrrSOH (H.). Die Newtonsohe Gravitation abgeleitet von Aetherstós- 


sen. EKonigsberg, 1899. 4to. 22 pp. M. 1.50 
FüngLE (H.). Zar Theorie des Reohensohieber. Berlin, 1899. 4to. 
22 pp. M. 1.00 


FUHRMANN (4.). Bauwissenschaftliche Anwendungen der Differential- 
rechnung. Lehrbuch und Aufgabensammlung 2te Halfte. Berlin, 
Ernst, 1o. 8vo.- Pp. 181-348. (Teil IHI der Auwendungen der 
Infinitesimalrechnung in den Naturwissensohaften, im Hochbau und 
in der Technik: ) M. 5.50 


GÉRARD (ERIO). Leçons sur l'óleotricitó, professóes à l'Institut électro- 
technique 6e édition, refondue et complétée. (En 2 volumes.) 
Vol. I: Théorie de l'éleotricité et du magnétisme ; électrométrie ; 
théorie et construction des générateurs et des transformateurs élec- 


triques. Paris, Gauthier-Villars, 1899. 8yo. Fr. 12.00 
GOLDSOHEIDER (F.). Ueber die Gauss'sche Osterformel. Teil II. Ber“ 
lin, 1899. 4to. 30 pp. M. 1.00 


GossiN (H.). See JUDE (R. H). 


'"GouLIER (C.-M.). Etudes sur les méthodes et les instruments des nivel. 
lements de précision, revues, annotées et accompagnées d'une étude 
sur les variations de longueur des mires, d’après les expériences du 
colonel Goulier, par C. Lallemand. Paris, Gauthier-Villars, 1898. 
4to., avec 8 planches et un portrait. Fr. 20.00 


Greene (C. E.). The action of materials under stress or structural me- 
chanios, comprising the strength and resistance of materials and ele- 
ments of structural design. With examples and problems. Ann 
Arbor, Greene, 1897. 8vo. 6-]-271 pp., 3 plates. $3.00 


GuiLLET (A.). See Pornoars (H.). 


Haase (H.). Theorie der parabolischen Brüokengewóülbe, oder das 
Grundgesetz des Horizontalsehubs in seiner Anwendung auf Brüok- 
engewülbe unter der aussehliessliohen Wirkung vertikaler Aussen- 
krüfte, entwickelt an dem Beispiel einer gewólbten Bahnüber- 
brückung. Regensburg, Nationale Verlagsanstalt, 1899. Svo. "E 
110 pp., 5 plates. M. 4.00 

HAEDER(H.). Konstruieren und Rechnen, für Schule und Praxis bear- 
heitet. Duisburg und Düsseldorf, Schwann, 1899. Vol. I: Text. 
8vo. 84-191 pp. Vol. IL: 4to. 4 pp., 115 plates. Oloth. 

M. 10.00 

Haveuron (8.). Manual of optics. New edition, enlarged by J. War- 
ren. London, 1899. 8vo. 116 pp. Cloth. 2s. 6d. 


HELMERT (F. R.). Beiträge zur Theorie des Reversionspendels. Leip- 
zig, Teubner, 1899. 4to. 92 pp. (Verdffentlichung des K. Preus- 
sischen Geoditischen Institutes und Centralbureaus der interna- 


tionalen Erdmessung. ) M. 7.60 
HrimsoH (K.). Urkunden zur Geschichte der Mechanik, BSohwübisch- 
Hal, 1888. 4to. 41 pp. M. 2.00 


HOoLMAN (8. W.). Matter, energy, force, and work. A plain presenta- 
tion of fundamental physical concepts and of the vortex-atom and 
other theories. New York, The Macmillan Company, 1899. 12mo. 
144-257 pp. Cloth.* $2.50 

ISAAOHSEN (J.). Die Bedingungen für eine gute Regulirung.. Eine 
Untersuchung der Regulirungsvorgange bei Dampfmaschinen und 
Turbinen. Berlin, Springer, 1899. Geo, 3-76 pp. M. 2.09 
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JAOQUEMART (P.). Bee PÉcHEUX (H.). 


Jamin (J.). Cours de physique de l'Ecole polytechnique. Deuxième ^ 
supplément par M. Bouty : Progrès de l'électricité: oscillations hertz- ` 
iennes, rayons cathodiques E: rayons X. Paris, Gauthier-Villars, 
1899. 8vo. 217 pp. Fr. 3.50 

JANET (P.). Premiers principes d’élestricité industrielle Piles; act 
cumulateurs; dynamos ` transformateurs. 3e édition, entiéremen- 
refondue. (Ow e couronné par l'Académie des sciences.) Paris, 


Gauthier-Villars, 1889. Geo 10+ 280 pp. Fr. 6.00 
JENSEN (J. A. D.). Grundrids af laeren om ebbe og flod. Kjébenhavn, 
1899. 8vo. 48 pp. M. 1.20 


JouBERT (J.). Cours élémentaire d'électricité. 3e édition, revue et 
augmentée. Paris, 1899. Geo, 201 pp. 


JUDE(R. H.). Elementary treatise on physics, experimental and the- 
oretical. Partly from the French of H. Gossin. Vol. I: Mechanics, 
hydrostatics, pneumatics, heat, and acoustics. London, 1899. 8vo. 


926 pp. Cloth. 128. 6d. 
KERBER (A.). Beiträge zur Dioptrik. Heft5. Leipzig, 1899. 8vo. 
16pp. - M. 0.50 


KESSLER (J.). Berechnung und Konstruktion der Turbinen. Eine 
kurzgefasste Theorie in elementarer Darstellung mit erlünternden 
ees beispielen. 2te Auflage. Hildburghausen, Pezoldt, 1899. 
8vo. 50 pp. (Technische Lehrhefte, Maschinenbau, No. Ser 

M. 1.40 


Kuvorson (O. D.) Text-book of physics. Vol. III: Heat. (Rus- 
sian.) St. Petersburg, 1899. 8vo. 682 pp. M. 15.00 

Koos (K. R.). See CRANZ (C.). 

Korrer (F.). Bemerkungen zu F. Kleins und A. Sommerfelds Buch 
über die Theorie des sels. Berlin, Mayer & Müller, 1899. 8vo. 
26 pp. M. 0.80 


Korps (M.). Die Ausbreitung der Ersehütterung an der Wellenma- 
schine, darstellbar durch einen neuen Grenzfall der Bessel’schen 
Funktionen. Berlin, 1899. 4to. 28 pp., 1 plate. M. 1.00 


KORN (A.). Lehrbuch der Potentlaltheorie. Allgemeine Theorie des 
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ROBINSON (J. L.). First book in dynamics. London, Longmans, 1899. 
' j2mo. 98 pp. 28. 


—— First book in statics. London, Longmans, 1899. 12mo. 124 pp. 2s. 


——— First book in statics, with examples. London, Longmans, 1899. 
12mo. Ze, . 
SALAZAR (A. Ei Kalkulos sobre las kafieriag de ae. Ensayo de 
unifikacion de las formulas usuales i de simplifikacion de los kalku- 
- los basada en la nozion de zirkuito idrauliko ; kbndukoion de 1 
kalkulos sobre la potenzia. Santiago de Chile, 1898. 4to. 17-+ 246 pp. 
Cloth. Fr. 16.00 


SoHEIBNER (W.). Ueber die Differentialgleichungen der Mondbewe- 
gung. Leipzig, Teubner, 1899. Gen, 2-1-26 pp. (Abhandlungen 
der mathematisch-physischen Classe der K. Süchsischen Gesellschaft der 
Wissenschaften, Vol. 25, No. II.) M. 1.50 


‘Sommer (N.). Meaning of the ideas of force and mass in the theory 
of knowledge and in mechanics. (Russian.) Kief, University Pres, 
1898. 8vo.' 2-]-91 pp. 


SonokNTJES (H.). Cours de physique expérimentale de l'Université de 
Gand. 2e édition. Partie II: Chaleur, magnétisme, électricité, 
lumière et chaleur rayonnante. Paris, 1899. Geo, 480pp. Fr. 10. 00 


BScHUBERT (F.). Die darstellende Geometrie an maschinentechnischen 
Lehranstalten, Gewerbe- und Fachschulen. Als Wegweiser fiir 
Lehrende und Lernende nach den Formalstufen bearbeitet. In 3 
Teilen. Teil I: Das geometrische Zeichnen. Mittweida, Polytech- 
nische Buchhandlung, 1899. &vo. 3+176 pp. Cloth. M. 4.00 


PU (L.). Die Medial-Fernrohre. Eine neue Konstruktion 
astronomische Instrumente. Leipzig; Teubner, 1898. 
ec 6-+ 146 pp. M. 4.80 


SEYRIG (T.). Statique graphique des systèmes triangulés. (En 2 vol- 
mia) Vol. I: Exposés théoriques. Vol. II: Exemples d'applica- 
tions. ` Paris, Gauthier-Villars, 1898. 12mo. Geh soien- 
tifique des aide-mémoire. ) Fr, 2.50 


TrwsLEY (G. W.). The mechanics of a cyclone. Columbus, Ind., 1899. 
8vo. 23 pp. . $0.25 


WALTER (A.). Theorie der atmosphärischen Strahlenbrechung. Leip- 
zig, Teubner, 1898. 8vo. 4-+ 74 pp. (Veröffentlicht mit Unter- 
Btützung der K. Akademie der Wissenschaften in Wien.) M. 2.80 

WARREN (J.). See HAUGHTON (R.). 

WiLLSON (F. N.). Practical engineering drawing and third-angle pro- 
jeotion ; for students in. scientific, technical, and manual training 
schools, and for engineering and architectural draughtsmen,; sheet . 
metal workers, etc. New York, The Macmillan Company, 1899. 
4to. 178 pp. Cloth. 12.80 
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THE FORTY-EIGHTH ANNUAL MEETING OF 
THE AMERICAN ASSOCIATION FOR THE 
ADVANCEMENT OF SCIENCE. 


Tux forty-eighth annual meeting of the American As- 
sociation for the Advancement of Science*was held in 
Columbus, Ohio, August 21-26. There were 352 members 
and associates in attendance and 273 papers were presented 
before the sections. The members came from twenty-eight 
different states, the District of Columbia, and Canada. A 
considerable number of members of affiliated societies were 
also in attendance, many of whom took part in the pro- 
ceedings of the sections in which they were interested. 
Their presence increased the general scientific interest ; 
and in view of the desire of the various sections to have 
still closer relations with the respective affiliated societies, 
authority was given to the officers of the Association 
whereby any section may arrange for a joint meeting with 
societies of a similar scope. It is hoped that the AMERI- 
oan MATHEMATICAL SocrETY and the Society for the Pro- 
motion of Engineering Education may meet next year with 
Sections A:and D respectively. Probably several other so- 
cieties will hold joint meetings with the corresponding sec- 
tions of the Association. 

The next meeting of the Association will be held in New 
York City during the last week of June, 1900, under the 
presidency of Professor R. 8. Woodward, Columbia Univer- 
sity. Professor Asaph Hall, Jr., Michigan University, will 
be vice-president of Section A, and Dr. W. M. Strong, Yale 
University, will be secretary. It is hoped that the change 
in the time of these meetings from the latter part of August 
to the last week in June will tend to increase the attend- 
ance. This change seemed especially desirable for next 
year since it will enable many to attend the meetings of the 
Association on their way to the Paris exposition. 

The meetings of the section of mathematics and astronomy 
were well attended. The officers of this section were! 


ad 


vice-president, Alexander Macfarlane; secretary, J. F. , 


Hayford ; councilor, C. L. Doolittle ; sectional committee, 


Alexander Macfarlane, J. F. Hayford, G. B. Halsted, R. ` 


D. Bohannan, W. M. Strong. . The Council elected the 
following mathematicians and astronomers to fellowship in 
the Association: 8. M. Barton, W. P. Burfee, O. L. Fassig, 
R. A. Fessenden, C. E. Furness, R. A. Harris, G. A. Hill, 
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J. E. Keeler, W. H. Metzler, G. W. Meyers, D. À. Murray, 
"WW. M. Strong, J. H. Tanner, A. G. Webster. 
The opening address of the Vice-President of Section A. 
' was on ‘‘ The fundamental principles of algebra." It has 
been published in Science, September 15, 1899. The follow- 
ing paperg were presented at the meetings of this section : 

(1) Professor G. B. HarsrEp: ‘‘ Report on progress in 
non-euclidear geometry." 

(2) Professor L. E., Droxson: ‘‘ Report on progress in 
the theory of linear groups." 

(3) Professor Asapn HALL, Jr.: ‘The aberration con- 
stant from observations of Polaris.’’. 

(4) Professor R. W. MoFARLANE: ‘ Ancient eclipses and 
chronology.”’ 

(5) Professor H. C. Logp: ‘‘Some points in the.design 
of a spectroscope.’’ 

(6) Professor J. V. Gottes: “ Note on Grassmann’s 
proof that there can be but two kinds of lineal multiplica- 
tion of two factors." 

(7) Professor G. J. Sroxzs: ‘‘ The theory of mathemat- 
ical inference.’’ 

(8) Mr. J. W. Davis: ‘‘Internal forces that generate 
stellar atmospheres.’’ : 

(9) Professor R. A, FEssENDEN : ‘‘ The determination of 
the nature of electricity and magnetism, including a deter- 
mination of the density of the ether." 

(10) Dr. G. A. Miniter: “On the commutators of a 

up. 22 

(11) Dr. 8. Kruvuza : ‘ Linear vector functions." 

Three of the titles that appeared on the programme are 
not reproduced here on account of the fact that these papers 
did not reach the secretary in time to be presented at the 
meeting. In the absence of the authors the papers by Pro- 
fessor Stokes and Dr. Kimura were presented by Professors 
Macfarlane and Shaw respectively. The paper by Professor 
Fessenden was read before a joint session of Sections A and 
B and will be reviewed in connection with the papers of 
Section B. Professor Dickson’s report has already appeared 
in the October number of the Dour, Dr. Miller's 

_ paper will appear in &later number. Abstracts of the other 
papers are given below. 


Professor Halsted contrasted the neglect of Lobachévski 
and Bolyai with the present interest in non-euclidean 
geometry as exhibited by the appearance in the Monist of a 
long article on this subject by Poincaré. The investigations 
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. of Sophus Lie and the contributions of Gérard were dis- 
cussed.  Burnside's articles in the Proceedings of the Lon- . 
don Mathematical Society were interpreted. 'The new book, 
Universal algebra, by Whitehead, and the important 
discoveries freeing us from the misleading cgnceptions 
of curvature of space in non-euclidean geometry were 
elucidated. The philosophic bearings of the new space 
ideas were illustrated with special reference to B. A. W. 
Russell’s book. Killing and Clifford spaces were noted. 
The reproduction of the non-enclidean classics, especially by 
Engel and Stackel, was described, also the work of the 
Hungarian academy of sciences. The history of the sub- 
ject (Loria) and finally the bibliography closed the report, 
which has recently appeared in Science, October 20, 1899. 


Professor Hall stated that observations of the zenith dis- 
tances of Polaris for the determination of the aberration 
constant have been made with the meridian circle of the 
Detroit Observatory since about May 1, 1898. The direct 
observations made during the interval from May, 1898 to 
July, 1899, have been roughly reduced and give the values 
20.60 and 20.68, from pointings above and below the pole 
respectively. These seem rather large, the correct value 
being supposed to be about 20."50. By observing above 
and below the pole the latitude variation is eliminated, but 
the effect of temperature on the instrumental readings 
needs to be followed very carefully. It is to be hoped that 
this work can be kept up through the year 1900. It has 
been suggested by several astronomers and physicists 
that a correct theoretical treatment of aberration has not yet 
been obtained. The values of the aberration constant re- 
cently found vary a great deal, ranging from about 20."31 
to 20.766. An increase in the value of this constant would 
indicate, of course, a decrease in the usually adopted value 
of the solar parallax. 


The burden of.the argument in Professor McFarlane's 
paper was that eclipses have not aided in fixing any his- 
torical event in its proper place in history ; that the diffi- 
culty is not mathematical, but arises from want of exactness 
in historical records ; and that this want of exactness arose 
from the want of a fixed time from which to reckon, 
because the writers of ancient histories, so-called, gave, 
in general, no dates at all. Moreower, all references 
to eclipses are vague in the extreme. Taking the most 
' celebrated of all the cases—the eclipse of Thales—it was 
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shown that Sir George Airy and Mr. Baily differed about 

. 26 years in the date of the eclipse, and that other astron- 
omers, and celebrated scholars, in England, France, Ger- 
many, and elsewhere, have set the time in nine different 
years scatjered over a period of more than forty-six years. 
If the most celebrated case thus falls, there is. no standing 
for the others." 


At one place in the demonstration given on page 28 of the 
Ausdehwungalehre of 1862, an equation can be derived from 
the preceding in a somewhat different manner than that 
given. As this theorem is fundamental in Grassman’s sys- 
teni, Dr. Collins worked out the following alternative proof: 

In the derivation of equation (c) from 


(5) Ie, atn kd T NEA + m Ld Les) ) = 0 


by successive substitution of 2z,. and z. instead of + 1 and 
— 1 as values of a particular e — we get 


DA BOCH D [¢,¢,] + 4, Joel ) F SCH de Joel = 0, 
in which the summation does not extend to s = a, v= c ab 
the same time. Inserting the missing term, 

Xa, EC Lee] T ur [e,¢,]) + Ze, fa ALAA = 0. 
By putting a particular z,,, as v, , first equal to 2 and 
then equal to 1, we have finally 
(e) a, MCA + 4, Jee = 0. 

The derivation, by symmetry, of equation (6) from the 
equation which precedes it 
Ze, «T, s, D EEN ed 0 


is very interesting on account of its simplicity, but suggests 
logical doubts. Mr. Collins points out that the terms of : 


CC 


PW oe na 


which have the same coefficients (products of z's) are of 
two types, viz., 


T, «T, Li a, a EN + a, T KA| A e. wn xd, EK [eue] H 
whose combinationgin view of 


Ze Bn in [66] = 0, 


LO KO) 
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gives (b) at once. Thus the direct derivation gives the 
same result as symmetry. 


'The paper of Professor Stokes, who occupies the chair of 
logic in Queens College, Cork, compared the fundamental 
equations z!— v and (1 — z) = 0 of Boole’s calgulus with 
the fundamental equations l = 0 and 11, = — LL of Grass- 
mann’s calculus of extension, and stated :-*-//Whereas the 
first get of equations belong to an algebra of self-identical 
unrelated units, the second set belong to an algebra in which 
relations, synthesis, reference beyond self, is essential.’’ 

In a paper on the ‘‘ Imaginary of logic’’ before the British 
Association in 1898 the author put forward the view that as 
the square root of a positive quantity is + or —, the square 
root of a negative quantity may be expected to be + and 
—, in view of the logical relation between and and or pointed 
out originally by DeMorgan, and subsequently by Schroeder. 
He considers that this view receives support from the paper 
of Kempe on the theory of mathematical form. He con- 
cludes as follows:—‘‘ the fertile proportions of mathematics 
from which its wealth of content and the treasures of 
mathematical knowledge are drawn, are not synthetical in 
the sense in which Kant and the empiricists alike maintain 
them to be, viz : that the truths preexist and are then seen 
to be synthetical, the synthetical character being as it were 
something subsequent to the content of the proportions and 
attached to it as it were adjectively; but in this sense 
that those proportions are themselves the product of pure 
synthesis, that the very possibility of advance frofn entity 
to entity, unit to unit, or relation to correlate, determines all 
those laws which mathematics is employed in exploring and 
tracing into all their consequences, and which are infinitely 
more fruitful than the analytical laws of formal logic or the 
calculus of classes and statements. Pure synthesis gener- 
ally is that ‘ necessity of matter’ of which Hamilton spoke; 
the principle of material consequences which characterizes 
every genuine department of mathematics and defies further 
logical analysis." 


The conclusion reached in the paper by Mr. Davis is 
that every celestial body wholly gaseous, large or small, 
composed of a mixture in which the proportion of heavier 
gases is considerable, necessarily generates an outrushing 
atmosphere, and that this atmosphere ceases to exist only 
upon the exhaustion of the lighter gates or the liquefaction 
of the central core. The atmosphere is exceedingly tenuous. 
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In ease of the sun the yearly shrinkage of the nucleus is 
known to be only a few hundred feet. The consequent ex- 
-trusion of the lighter gases annually adds to the atmosphere 
a few thousand feet, and this in the course of the year is. 
spread throughout the solar system. 


* 

Dr. Kimura’s paper is a development of many formule 
for the application of the nonion operator » and its differ- 
ential nabla , to mathematical physics. Expressions 
were given for the moduli of the characteristic equations of 
powers of e; expressions for powers of e in terms of any 
three other powers of e; expressions for the reduction of 
products such as pg! or g'g, where ei is the conjugate of 
9; expressions involving the self-conjugate part of e, and 
the rotation-vector of e ; and finally a considerable study of 
the operator i 


a a d 
Ba, 35, Be, 
8002 ( 4,5,¢, ) 
+ = 8a, 8b, de, p, whereg = a,b, 
Ə əə EL 
8a, 3b, da, | 


8 
, Itis'proper to add that the formule in the main are ap- 
plicable only to linear vector operators which have: (a) 
distinct roots. (b) two equal roots, but reducible to the 
form ; 


a L DPP) — PrP BP) — posteo. 
AG 
o) three equal roots, but reducible to the form ¢ = g. 
g 
G. A. MILLER. 
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THE THEORY OF FUNCTIONS. 


Introduction to the Theory of Analytic Functions. By J. HARK- 
ness and F. Montes, London, Macmillan and €o., 1898. 
8vo, xv + 336 pp. 


Ei 


Tux authors, already well known through their Treatise 
on the theory of functions, have laid the mathematical 
publie under a new obligation by their ‘‘ Introduction to 
the theory of analytic functions." The name which the 
authors have chosen,for their new book gives only an In. 
adequate idea of its scope and object; on the one hand it 
is not an introduction in the sense of a first introduction to 
the theory of functions; on the other hand it is much more 
than an introduction ; i6 may be shortly described as à very 
complete treatise om Weierstrass’s general theory of functions 
with applications to elliptic and algebraic functions (Chap- 
ters VI., XIX., XXI.), preceded by an introduction devoted 
to the number "concept and the geometric interpretation of 
complex quantities (Chapters I.-V.), and followed by a 
short account of some of the leading ideas of Riemann and 
Cauchy (Chapters XX., X XII.). 


I. The Introductory and Concluding Chapters. 


The book begins with a sketch of the system of real 
numbers considered as ordinal numbers (ChapterI.). A row 
of objects is considered with regard to their order, say from 
left to right. To count the objects means to label -them, 
not primarily to say how many there are; and the integers 
are, primarily, mere labels. The object after which we be- 
gin to count, is labelled 0; if there are also objects to.the 
left of it, they are labelled — 1, — 2, etc. Fractions are 
introduced by & process of relabelling: Pick out of the orig- 
inal row the objects p, 2p, 3p ---, and relabel them 1, 2, 8, =; 
if & is not divisible by p, the object originally labelled 4 is 


relabelled ^. At the same time rules are given to decide 


whether two rational numbers are equal, and if not, which 
is the greater. A different kind of relabelling, viz., a 
change of origin, is used to define- addition without refer- 
ence to quantity. Also special irrationals like “2 can be 
introduced by à similar process of relabelling ; but for the 
general definition of irrationals Dedekind’s idea of a cut in 
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the totality of rational numbers is adopted and it is shown 
how every decimal, finite or infinite, defines a cut. 

Chapter IL. gives the geometric representation of complex ` 
numbers and of the elementary algebraic operations with them, 
with numerous applications to geometrical problems. Along 
with the*usual representation of a complex number by a 
point or by a stroke, the interpretation as an operator is 
emphasized, and, as in quaternions, the consideration of the ' 
quotient precedes that.of the product. 

Chapter III. contains a detailed study of the bilinear trans- 
formation interpreted as a one-to-one correspondence between 
two planes. The starting point is the geometric interpre- 
tation of the two equations 


€ — m 
ami —-- |} = 
( T— Si 

the former represents an aro of a circle through z,, x, the 
latter a complete circle ‘‘ about z,, z,’ that is a circle with 
respect to which z,, z, are inverse points ; the two circles are 
orthogonal. 

By this means a very elegant treatment of the general 
bilinear transformation is obtained; and at the same time a 

simple geometric interpretation of two harmonic pairs. ` 

Further the anharmonic ratio of four points and the isogon- 
ality of the transformation are considered and finally the sub- 
ject is connected with the theory of absolute inversion in 
space. An interesting—apparently new—theorem is given, 
viz., that every bilinear transformation between two planes is 
equivalent to two inversions in 

In Chapter IV. “‘ Geometric theory of the logarithm and 
exponential ” the authors intend to give an elementary geo- 
metric treatment of log Ẹ, analogous to the way in which 
sin E is treated in trigonometry. For this purpose, the ex- 
istence of the equiangular spiral is assumed, ` "7 which may 
be constructed by placing aright cone with axis vertical 
and attaching & thread AP to a point P of it. The point D 
is held in the horizontal plane through the vertex O; the 
thread is then wound round the cone, without being allowed 
to slip. The curve described by the point P in its plane 
is the spiral in question, and it can be proved in an elemen- 
tary way that it cuts all rays from O at a constant angle. 
Choose this angle to be 7/4 ; and then measuring the angle # 
from the point wheye OP = p has the value 1, define 


| 
=r; - 





D 


0 — log p." 
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It follows then easily that 


D log p= 5 
log v = log p, — log p. e 


The logarithm of a complex quantity z, is defined by 


ee 


and the mapping by means of log z is discussed with applica- 
tion to Mercator's projection. 

'The exponential i8 defined as the inverse of the logarithm. 
'The mapping by means of z — exp y leads in à natural way 
to the ‘‘ Napierian motion ” defined by z, = z, exp bt, which 
plays an important part in the following Chapter V., in 
which the bilinear transformation is taken up again and inter- 
preted as a transformation of a plane into itself, produced by a 
motion of all the points of the plane. 

The same Chapter V. deals also with periodic transform- 
ations, in particular those of period 2 and 3. I call special 
attention to the elegant construction of the double points 
of an involution which is given: by two of its pairs. 

These are some of the principal features of the introduc- 
tory chapters. The presentation is elegant, suggestive, and 
original, excellently adapted for an intelligent student who 
has already gone through a first introductory course in the 
theory of functions, such as given, for instance, in Durége, or 
Burkhardt, or in the function theoretical chapters of 
Chrystal. 

But these chapters would be open to serious objections if 
they should be intended—as some passages in the Preface 
seem to indicate—for a beginner, that is a student who is 
introduced for the first time to the theory of functions. To 
such a student the many new ideas and new methods of 
reasoning of the theory of functions, together with the 
mystery still surrounding the conception of imaginaries, 
with which he has made only an occasional and mostly 
very unsatisfactory acquaintance in algebra and calculus, 
all these things combined usually offer considerable diffi- 
culties, and a book intended for the use of beginners ought 
to make the entrance as easy as possible. 

A beginner will hardly be benefited by the delicate and 
half-philosophical developments of Chapter I. on ordinal 
numbers ; the more so, as they do not give a complete ac- 
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count of the matter. In Chapter Il. a more systematic, 
even dry and school-like treatment would better meet his 
needs, and, for a beginner, the elegant treatment of the 
bilinear transformation in Chapters III. and V. should be 
preceded & more elementary chapter preparing by a 
study of the simplest special cases: z+ b, ax, Lise for the 
most general case. 
_ In Chapter IV. the highly original construction of log & 
by means of the cone'and the thread will puzzle most 
readers, unless a further explanation be added of what is 
meant by ‘‘ winding the thread round the cone without al- 
lowing it to slip." But there is a more serious objection 
to this chapter: Its proofs have only a preliminary char- 
acter and lay no claim to rigor; and yet some-of its re- 
sults are presupposed in Chapter XIII., where a rigorous 
analytical theory of the exponential and logarithm is given ; 
so in particular in § 96 where the tacit assumption is made 
that the function exp z defined in § 95 is identical with the 
function exp z defined in § 32. 
We now turn to the concluding chapters : 
Chapter X X. illustrates the construction of Riemann sur- 
faces for algebraic functions by & number of simple exam- 
ples, which furnish at the same time an opportunity for the 
distinction between simply and multiply connected surfaces. 
One paragraph gives an elementary explanation of the fun- 
damental concepts of the theory of groups of linear trans- 
formations. 
The final Chapter XXII. is devoted to Cauchy's definition 
of a monogenic function. The necessary and sufficient condi- 
tions for the existence of a derivative of ẹ function u + iv of 
z + ty are given, one of the necessary conditions (which had 
been overlooked until very recently) being that w and v 
must have total differentials. A special paragraph gives an 
excellent critical discussion of the difficulties underlying 
Cauchy’s definition. Oneof theseis of particular interest : 
the question is raised whether the continuity of the deriva- 
tive is a necessary consequence of its existence, a question 
which has in the meantime been settled by Goursat’s dis- 
covery that Cauchy’s theorem can be proved without pre- 
supposing the continuity of the derivative. 
. In connection with the conditions for monogeneity, the 

potential is introduced, the equipotential problem is ex- 
plained and solved for some simple cases, and the solution 
applied to the problem of the conform representation of a 
Straight line upon & polygon. Finally Green's theorem is 
given and applied to Cauchy’s theorem. 
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The authors say in the preface: ‘‘ We had to make a 
choice between the methods of Cauchy and.those of Weier- , 
strass.” I must confess that I cannot see the necessity of 
such exclusiveness. On the contrary, I believe the authors 
could materially increase the usefulness of theip book by 
working over, in a new edition, the Chapters IT.-V., XX., 
XXII., into an introductory part, adapted in the first place 
to the needs of the beginner, giving an elementary exposi- 
tion of Cauchy’s theory with emphasis upon conform repre- 
sentation, accepting to a certain extent intuitional proofs. 
Such an introduction would be the best preparation 
for Weierstrass’s theory; it would culminate in Cauchy’s 
theorem on Taylor’s series, and here the point of janction 
with Weierstrass would be gained. A critical chapter &how- 
ing the hidden, difficulties of Cauchy’s theory and the insuf- 
ficiency of geometrical proofs would be an excellent link 
and would prepare for the standpoint of absolute rigor to 
be adhered to afterwards. For a student will only properly 
appreciate the stern beauty of Weierstrass’s theory, if it 
has come to him as a salvation out of the doubts and diffi- 
culties of the geometrical methods. : 


II. Weierstrass’s Theory. 


The rest. of the book gives a systematic exposition of 
Weierstrass’s theory of functions, excellent in its general 
arrangement, clear and rigorous in the details, with the ex- 
ception of some minor flaws,* too few in number and too in- 
significant to mar the general impression of excellency. 
We make the following subdivisions : 

A. The Preparatory Chapters (VI.-IX.). 

B. The General Theory of Analytic Functions (X.—XIL., 
XIV., XVI.). 


* For the benefit of the readers of the ‘‘ Introduction " I call atten- 
tion to the following corrigenda and omissions : 

(1) P. 91, the quantity y must be assumed to be some value actually 
taken by | fi z) |. 

(2) P. 173, the condition for the edges should be 





f=+51780; §=— E 
(3) P. 179, Pilar x Iy “the maximum value of | f(x)| in the closed 
region (RED 
(4) P. 253, line 2 Z must not bea period. 


5) P. 270, line 6, 4o,, 4o» are not primitive. ° 
fe 6) P. 295, line 14, a, ig an purs function of a, E 8, d. —; and 
of the ca’s with real positive coefficients 
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C. Applications to Special -Classes of Functions (XIII, 
XV., XVIL-XIX., XXI). 


A. The Preparatory Chapters. 


They lay the foundation of the theory by an account of 
the general theory of limits and infinite series and a chap- 
ter on rational functions. 

In Chapter VI. the principal theorems concerning limits 
of infinite sequences and continuous functions of one or 
two real variables are given on the basis of Dedekind’s defi- 
nition of irrationals; the theorem on uniform continuity 
leads to a discussion of the general problem of uniform 
convergence to & limit. 

Tha following chapter (VII.) develops the fundamental 
properties of rational functions of a complex variable and 
gives the definitions of ‘‘limit, continuity, derivative, Zero, 
pole," for the special case of these functions, but in such & 
manner that they can at once be generalized. 

Chapter VIII. treats of the convergence of infinite series with 
complex terms. Simple tests of convergence are given and 
the question of association of terms, the distinction between 
absolutely and.conditionally convergent series, and the 
conversion of a single series into a double series and vice 
versa, are carefully discussed. 

Next follows (Chapter IX.) the subject of uniform con- 
vergence of real series, its connection with continuity and 
an application to real power series, including their beha- 
viour 1n the frontier points. 

Two desiderata must be mentioned with respect to these 
preparatory chapters: (1) An exhaustive theory of irration- 
als should be given, and (2) & scientific theory of complex 
numbers from the standpoint of linear associative algebra. 
They are two of the cornerstones of Weierstrass's theory 
and should not be omitted in an account of it otherwise 
so detailed and complete. 


B. The General Theory of Analytic Functions. 


The reader is now thoroughly prepared for the general 
theory of analytic functions which is developed in the fol- 
lowing chapters along the line of Weierstrass’s lectures, still 
with many minor deviations. 

Chapter X. treats of the fundamental properties of power- 
series, their domain,of convergence, the uniformity of their 
convergence and the-criteria of identity of two power series. 

The next Chapter XI. on operations with power series is 
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based upon Weierstrass's theorem on series of power series. 
From this theorem (for which in many cases Cauchy's, 
theorem on double sums may be substituted) follow easily 
the rules for the multiplication and division of power series, 
Taylor’s theorem for power series along with the rules for dif- 
ferentiation of power series and series of power series. 

The continuation of a power series (Chapter «XTII.) is only 
another aspect of Taylor’s theorem, and thus we have 
reached Weierstrass’s definition of an analytic function, viz. 
a power series together with the totality of its continuations, 
direct or indirect. Two theorems are necessary to com- 
plete the definition : (1) A power series P(z — z,) and any 
one of its direct continuations P(x — z,1z,) coincide through- 
out their common domain of convergence, (2) The series 
P(x — 2) is always a direct or indirect continuation of 
P(z—2z,|]2). From the latter theorem follows that, no 
matter what element of an analytic function we take as start- 
ing point, we always obtain the same totality of power series. 

Instead of this second theorem, Harkness and Morley 
use for the same purpose what they call ‘‘ standard chains "7 
for the continuation of a power series from a point a toa 
point b, that is, a series of points. 

0, yy 9, 2, b d 
such that each point is in the domain of the following as well 
as the preceding point. The same series of points may then 
be used for the continuation from b to a. But it should be 
stated and proved that if P(x — b) is a direct or indirect con- 
tinuation of P(z — a) reached by à non-reversible chain, the 
same continuation can also be reached by a reversible 
(“ standard”) chain. 

Frequently it is convenient to think of the continuation of 
a power series as taking place along a continuous path from 
atob. The path must be such that it is possible to choose 
on ita series of pointsz,, z,, --, z, between a and b such that 
each point z,,; together with the arc zz: of the curve is 
contained in the domain of the point x „ and it can be proved* 
that the value reached in b depends only on the path and 
not on the ehoice of the intermediate points. Thus a one 
valued function is defined along the path. 

The authors use Buch paths of continuation later on to 
prove the theorem that an analytic function is monodro- 
mic in a simply connected region which contains no sin- 
gular point. d 


* Bee C. Jordan, Cours d’ analyse, 2d ed., I., no. 343. 





70 THE THEORY OF FUNCTIONS. [Nov. 


But these geometrical considerations are rather out of 
harmony with their strictly Weierstrassian surroundings ; 
“to make them rigorous it would be necessary to give purely 
arithmetical definitions of a ‘‘continuous path,’’ "7 circuit" 
‘‘simply connected region.? 

The gerferal theory is completed in Chapter XIV., which 
is devoted to the singular points. The existence of at least 
one singular point on the circumference of the circle of con- 
vergence of a power series is proved and the characteristic 
difference between essential and non-essential singular points 

- of one valued functions discussed and it is shown how cer- 
tain classes of one valued functions are characterized by the 

' nature of their singularities: the rational integral, the ra- 
tional fractional, the transcendental integral, and the tran- 
scendental fractional functions. 

Tt is to be regretted that the authors have helped further 
to increase the lamentable confusion which already exists 
in our terminology by the introduction of a new term for the 
concept which occurs most frequently in the theory of func- 
tions, viz., the aggregate of properties of a function, neces- 
sary and sufficient for its expansion into a power series. It 
seemed for a while that the term holomorphic, introduced by 
Briot and Bouquet, had gained general recognition ; it was 
adopted by C. Jordan (1st ed.), by Forsyth, and by Hark- 
ness and Morley (Treatise). And now the latest three 
text-books on the theory of functions abandon it again: 
Jordan (2d ed.) returns to Cauchy’s original ‘‘ synectic,”’ 

` Burkhardt uses the term ''regular, occasionally used by 
Weierstrass, and Harkness and Morley introduce the term 
“ analytic about a point, which moreover has the disadvan- 
tage that the word analytic is already in use— aside from 
its general meaning—in a different technical sense in 
Weierstrass’s theory. 

Chapter X VI. represents a new departure from the ordi- 
nary linss of Weierstrass’s theory; it develops Cauchy’s 
theorems on definite integrals on the basis of Weierstrass’s concept 
of an analytic function. For this purpose it is first shown* 
that the definite integral—considered as a limit of a sum— 


si difficulty of uniform convergence is overlooked in the proof: It is 
tacitly assumed that for every e a ô exista such that 


zx + h "lor LES , 
(zx A -——À .— (nF 1r tj <e 
ha 
as soon as All [Ia] « 4, nognaiter iphere x, is taken on the path; thatis, uni- 


form differentiability of z* along the path is assumed. It could easily be 
proved that this condition is always satisfied. 
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of the function a^, taken from z, to x, along any path L of 
finite length, has the value 


n+l 4i 
Ti Zo 
n+1 


e. 
Next it is proved that for the integration of a power series 
P(x) = Xa g" integration by terms is allowed, provided the 
path lies wholly within the circle of convergence. For 
such a path we have therefore the result 


T1, 4,51 
To 


wi x," 5 | D 
f (Za a") dz = Za, = Fea) — P (e), 


n+1 
if we denote by P(x) the indefinite integral of the series 
P(z). But this difference is Weierstrass’s definition of a 
definite integral for a power series, and thus the two defini- 
tions are reconciled. 

To extend the result to the case where the path of in- 
tegration is not wholly contained in the domain of one ele- 
ment, but still a ** path of continuation ' for the analytic 
function under consideration, interpolate on the path a 
' finite number of points chosen, as explained above, and 
apply the previous theorem to each pair of successive points. 
The element P(z) continued along L furnishes, along L, a 
one valued function f(x); the indefinite integral P(z) can 
be continued along the same path and furnishes another 


“one valued function F(x), and all along L: SE = f(x). 
The final result is then i 


Sif(@)da= F(s) x F(z,). 


From this point of view, Cauchy’s theorem dwindles 
down almost to a triviality : it is self-evident if the region 
around which we integrate is contained in the domain of an 
element of the integrand, and in the general case itis an 
immediate consequence of the theorem of Article 107.. 
But we must remember that Cauchy’s original theorem 
states much more than in the present connection, since it 
does not presuppose the expansibility of the function into a 
power series. 

Cauchy’s integral and the theorems on residues follow 
now easily, and a collection of interesting applications to 
the computation of real ‘definite integrals concludes the 
chapter. 
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C. Special Classes of Functions. 


~ The principles of the preceding general theory are illus- 
trated by & series of applications to special classes of func- 
tions, which occupy the remaining chapters of the book. 

Chapters XIII. gives an analytic theory of the Exponen- 
tial and Logarithm. ‘The exponential is defined by the series, 
and the logarithm as its inverse. Special attention is paid 
to the ‘‘ chief values’? of the logarithm and the allied many 
valued functions; they are distinguished by capital initials 
from the general values, and defined as follows: 


—r < Amen 
Logz = Log |z| + tdAmz. 


The trigonometric functions cos z, sin z are defined by the 
Series.and their properties are derived from those of the ex- 
ponential. The corresponding conform representation 
problems are studied, and utilized for the investigation of 
the chief values of the inverse function. 

In Chapter XV., after a succinct account of the theory of 
infinite products based upon the theorem that 


lim exp, - ops expz,— exp (lim (a, +#,+4,)), 


Weierstrass’s construction of the most general transcendental inte- 
gral function with given zerosis developed, with applications to 
the trigonometric functions and to the I-functions. 

In Chapter XVII. Laurent’s theorem is proved by means . 
of Cauchy’s integral, and applied to a discussion of the iso- 
lated singularities of one valued functions, to the expansion 
of a periodic function into a Fourier series, and to a succinct 
and elegant treatment of the 8-functions : ‘If g(x) denotes 
the infinite product 


g(z) = (1—2)(1 — rz)(1— re) ([ri «12, 
then Ke) =9@) 9(=) 
is a one valued analytic function with the zeros 
an a = l, n, gn 


and the only singular points z = 0 and z= œ. It can be 
expanded into a Laprent series, and the substitution r = g', 
— g= q exp2w transforms f(z) into the fundamental 
$-funetion, and the principal properties of the $-functions 
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flow easily from the double representation of f(z) by an in- 
finite product and by an infinite series. 

The following two chapters (XVIIL, XIX.) develop” 
the theory of elliptie functions, on the whole along the lines 
of Weierstrass’s lectures but with many deviations and 
simplifications in the detail arrangements. Thts instead 
of Weierstrass’s half-period w, = w, + «e, ifs negative is 
used so that 

w +4, +4, = 0. 


This change which, it seems, has been simultaneously and 
independently introduced by Harkness and Morley,* by 
Study, and by C. Jordan, is an important improvement, 
since it leads to & complete symmetry with respect to a . 
cyclic permutation of the indices 1, 2, 3. 

Considerable simplifications are obtained by an extensive 
use of integration round a period parallelogram ; I mention 
in particular the proof of the theorem that for every elliptic 
function f(u) the sum of the zeros is congruent to the sum 
_ of the poles, by means o: the integral 


uf'Qu) 
wer ER 


taken round the period parallelogram. 

In Chapter X XI. a sketch of the elementary properties of 
algebraic functions from the standpoint of Weierstrass is 
given. Itis proved that an irreducible algebraic equation 
F(a, y) = 0 defines a single analytic function y of x; its 
singular points are determined, the Puiseux expansions in 
the vicinity of ordinary branch points are derived and the 
problems of multiple points of the curve F = 0 is solved for 
the simplest case of ordinary double points. 

The presentation is throughout clear, and numerous and 
well selected examples and exercises illustrate the general 
theorems. 

The authors have adopted, for their exposition of the 
theory of functions, Weierstrass’s standard of absolute 
arithmetical rigor. They insist that the intuitional me- 
thod is not in itself sufficient for the superstructure of the 
theory ; and systematically exclude it from all proofs. At the 
same time a happy conciseness of expression prevents the 
clumsiness which so frequently accompanies rigorous de- 
ductions. 

* Treatise (1893), p. 301; Study, Sphaeriache Trigonometrie and Elli 


tische Functionen (1693), p. 190; C. Jordan, Cours d’Analyse (1894), 
IL.. p. 337. 
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A wise moderation has been exercised in the selection of 


topics, and the arrangement of the rich material is peda- 


"pogical as well as logical. The concept of the analytic 


function takes the central place, everything else is subser- 


vient to it, either by preparing for it or by illustrating it. 
By this means, a harmony and equilibrium between the 
different parts is attained, which impart to the whole in a 
remarkable degree the character of an organic unity. 

Thus the authors have succeeded in producing not only a 
work of high scientific and pedagogical value but at the 
same time of a singular beauty and elegance. But there 
aré numerous beauties of detail as well, for which, however, 
the reader must be referred to the book itself. A certain 
freshness and originality pervade the whole, even in places 
where the authors follow along beaten tracks, and, give at 
every turn evidence of the complete mastery of the subject 
with which the book is written. 

Oskar BoLza. 


UNIVERSITY OF CHIOAGO, 
June 30, 1899. 


MoAULAY’S OCTONIONS. 


Octonions. By A. MoAuLAY, M.A. Cambridge, The Uni- 
versity Press, 1898. 8vo, 253 pp. 


Tus treatise is a development of Clifford’s biquaternions - 


with applications to ordinary space. The starting point of 
the analysis is quaternions, combined later with methods 
from Grassman’s Ausdehnungslehre. 

The development is open to criticism, as a work for be- 
ginners, because of its extremely refined formal character. 
This is perhaps unavoidable because the book was first com- 
piled as a scientific paper, and, as the author says, he did 
not feel justified in recasting the whole appropriately. Dis- 
cussions of formal laws and expert reasoning upon terms 
that are imperfectly defined, relying upon subsequent devel- 
opments to bring out their full meaning, are not conducive 
to clearness of apprehension on the part of a learner. Per- 
haps as- good a review, therefore, as can be made of the 
book, which is indeed an extensive and thorough develop- 
ment of what must prove to be a valuable analysis, is to 
give a brief and clear exposition of the octonion system. 

The octonion isaqpantity defined by four numbers called 
its tensor, scalar, convert, and pitch, and an axis having a fixed 
position in space. This makes in all eight numbers, upon 


1899.] OCTONIONS. . "b 


which the octonion depends, and hence its name. Let gq, r 
be two quaternions, and Oagiven point. Then q, 7, O de- 
termine the octonion as follows: the four numbers, as” 
named above, are Tq, Sq, Sr, and S-r/q; the axis is a line 
parallel to Vg, whose vector ‘distance from O is V-Vr/ Vq. 
MeAulay expresses this octonion by Q = q + r9? where H 
is a unit of separation; but it is better, because different 
points may be employed inthe definition of the same octo- 
nion, to exhibit the point of reference, say Q — qO -- 709; 
and we shall presently see that we may write O9 = Q. 

If instead of O, we employ another point P, at a vector 
' distance o from O, certain changes must be made in r to 
give the same octonion ; q evidently will remain unchanged 
since the numbers Tq, Sg, and the direction of the axis 
(parallel to Vq), completely determine g. Since Sr remains 
unchanged, r can change only by a vector e, and since S-r/q 
remains unchanged, therefore -s/q = 0, or « is a vector per- 
pendicular to Vg. Finally, ol Vq = increase of perpendicular 
distance of the axis — component of PO perpendicular to 
Fq = — VeVq-/Vq, and hence c = — VpVq. Thus, 


Q — 70 +708 = qP + (r— Vo Yq)P2. 


When Ro = 0, the axis is either at infinity ( Vr 4+0) or in- 
determinate (Vr = 0); in either case the quateruion com- 
ponents of Q are independent of the reference point, so that 
it may be omitted. In particular, rOQ = rP9 = r9 gay; 
so that in effect OQ = DU = H. 

Addition is defined by adding coefficients of correspond- 
ing units, viz., if 


Q — 90 + r8 — qP 4 (r — VoYq)9, Q = g O ++ 72 == ete., 


then, Q+ Q'— (q-- g)0 4 (r4 7)9 = (q 4 9)P 
+ [r +r —VoY(a  2)]9. 


Here we add Q and Q'as to the reference point O, and 
also, as to the reference point P, and find the two sums to 
beequal. Addition is thus seen to be independent of the 
reference point O or P, and this means, of. course, that the 
sum is determined wholly by the numbers and axis that 
define each term of the sum. Addition is also, from qua- 
ternion laws, associative and commutative. 

Multiplication is defined by making it distributive and 
the units O, 2 commutative with everything, with the table ` 
Q! = 0, & = 0, and OR = 20 = 2 as fqund above. It fol- 
lows that multiplication is also independent of thereference 
point, viz. 
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QQ =O + (qr rg) 8 = P+ (qr + rg — Eu Paerd, 
à — qq P + (gr + vg —gVe Vg — Ve Vq- 4), 
since F- pVqq! =q Ve Vg + Ve Vg q'. 


Multiplication is also associative, but not in general com- 
mutative. An octonion scalar « + y9 is commutative with 
everything ; honaxised octonions are commutative with 
each other; a nonaxised and an axised octonion are com- 
mutative only when the (secondary) direction ( Vr) of the 
first is parallel to the axis of the second ; axised octonions 
are commutative only when their axes coincide. : 

Any octonion may be resolved into four commutative fac- 
tors in one and only one way. viz.: 

"A tensor Tq, an additor 1+ aQ, a versor Ug-A, and & 
translator 1+ bVq.2. The product of these four is, Q 
— qÀ +r, where Ais a point of the axis, since Hello, 
The above factors are denoted by DO. 7,9, U,Q, U,Q, re 
spectively ; algo 


TQ = T,QT,Q = augmentor of Q = octonion tensor, 
UQ = U,Q- U,Q = twister of Q = unit octonion.. 
In terms of q, r, A, we have Y 
TQ = Tq(1+ S/q-0), UQ = Uq- AC + Y-r/q-9). 


The above names are derived from the effects of these 
factors on & vector octonion or motor, whose axis intersects 
the axis of the multiplier at right angles. Any motor 
aA + PQ is characterized by a tensor (Ta), pitch (S-B/[a), 
and axis (Vf/a from A); of these Tq affects only Ta (the 
tensor of a product = product of the tensors of the factors) ; 
1 + a affects only the pitch, adding to it a, the pitch of the 
multiplier (pitch of product = sum of pitches of the fac- 
tors); 1+ V-r/q-2 translates the axis of the motor the dis- 
tance V-r/q; Uq-A turns the axis of the motor róund the 
axis of Q through the angle of q. Conversely, any octonion 
is the ratio of two motors, and in fact, octonion and motor 
stand in very much the relationship of quaternion and vec-' 
tor. 

The symbols S, HK have application as invariant opera- 
lions, viz.: 


SQ = Sq + I2, VQ — Vq-O 4- Vr- 9, KQ— Kq-0+ Er. 2 


A complex scalar (BQ) is self-conjugate, and its square is 
a positive scalar (if the first term (Sq) determines the sign). 
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A complex vector, 7. e., & motor, is conjugate to its nega- 
"tive, and its square is & negative scalar. McAulay changes 
YQ do MQ because V does not connote with motor, but such” 
. change is unnecessary, and is not given weight in the 
equally important cases of T for augmentor, U foy twister, 
8 for convert, t for pitch, etc. ; 

We have Q = SQ + VQ, KQ = SQ — YQ, QKQ = KQ- 
Q-—(5QY—(VQ)'— (TQ K-QQ'— EW Ku. etc. D 
QQ'— 0, then either Q = 0 or Q'— 0 or Q = rQ, Q'—»'9., 

AL results not depending upon divisions by a nil octonion 
r2, are therefore identical in form with quaternion results, ` 
but with wider geometrical and physical meanings. For 
example, a motor eO + B9 == «P + f’2, may be represented 
by the velocity system of a rigid body in which a is the vec- 
tor angular velocity and f, # the linear velocities at O, P. 
The axis is the instantaneous axis of rotation. This is what 
Ball calls a twist about a screw ; the pitch of the motor is the 
pitch of the screw, which is right or left handed according 
as the pitch is positive or negative. If A bea point of the 
axis the motor takes the form aA + ca2 where c is the pitch 

. and ca the translation vector. The motor is also represented ` 
by a system of forces acting on a rigid body, which reduces to 
what Ball calls a wrench about a screw; «is the resultant 
force, and £, & the moments of the system about O, P. It 
is also represented by a system of impulses, whose momentum 
` ig a, and moments of momentum about O, P are £, f. 

It wil now be seen in what respect this analysis can. 
prove valuable, and McAulay has not only developed this 
_ analysis very thoroughly in respect to linear functions of 
octonions, differentiations, nabla, and McAulayan differ- 
entiators, but he has applied it to develop and extend the 
results of Ball’s.theory of screws. It would seem that the 
‘A process’’ which was presented by the reviewer before 
' the Indiana academy of science in 1897, would prove a 
valuable addition to this theory. Ib is also possible that 
like quaternions (BurLETIN, November, 1897) the system 
may be extended to fourfold space with complete repre- 
gentation of the octonion. 

ARTHUR B. HATHAWAY. 

RosE POLYTEOHNIO INSTITUTE. 
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.IHESES IN MATHEMATICS AT THE UNIVERSITY 
| OF PARIS. 


1. Sur quglques points de la théorie des fonctions, par M. L. 
Desarst. Paris, Gauthier-Villars, 1897. 4to, 74 pp. 

2. Sur une classe particulière de groupes hyperabéliens, par M. 
Heney Bourcer. Ibid., 1898. 4to, 90 pp. 

3. Sur Dintégration des équations de la chaleur, par M. Enovarp 
LeRoy. Ibid., 1898. 4to, 258 pp. 

4, Les équations différentielles linéaires et la théorie des groupes, 
par M. F. Marorte. Ibid., 1898.. 4to, 92 pp. 

5. Essai sur une théorie générale de l'intégration et sur la classi- 
fication des transcendantes, par M. Jona Draon. Ibid., 
1898. 4to, 144 pp.* 

Tursz five theses were presented to the faculty of sciences 
of the University of Paris for the degree of doctor in mathe- 
matieal science; they were sustained in order of time as 
placed above during the academic year from November, 
1897, to June, 1898, inclusive. 

Before proceeding to a brief review of each it may be in- 
teresting to observe that the creation of the faculties of 
mathematical and physical science in France dates from 
March 17, 1808.+ The first degree of this kind conferred 
by the faculty of sciences at Paris was given to Pierre- 
Louise-Marie Bourdon in 1811; his two theses: maintained 
: respectively on the 19th and 23d of March of that year were 

1° the motion of a solid body solicited by any accelerative 
forces and turning about a fixed point, and 2° the theory of 
the elliptic movement of the planets according to the prin- 
ciple of universal gravitation and its application to the de- 
termination of the masses of some planets. 

From 1811 to 1890 inclusive there were conferred one 
hundred and eighty-four such degrees at Paris, and forty- ' 
four by the other universities of France. f The : average age 

_ of the candidates is thirty years and a fraction ; the majority 

lie in the range from twenty-three to thirty- -four years, the 
&verage for each of these years being twelve; there were 
thirteen at twenty- -three, eighteen (the maximum) at twenty- 


* The memoirs of f Desaint, LeRoy, and Drach are also published in the 
Annales de Ee. norm. sup., for the respective years 1897, 1897-8, 1898 ; 
those of Bourget and Marotte appeared in the Annales de la Faculté des 
Sciences de Toulouse tor 1898. 

T See Maire's Catalogwe des thèses de sciences soutenues in France de 
1810 à 1890 inolusivement, Paris, H. Welter, 1892. 

$ For the same period the respective numbers in the physical sciences 
were 281 and 61; in the natural sciences, 236 and 67. 
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eight, and ten at thirty-four ; the ages range from seventeen 
years to fifty-five; Joseph Bertrand was the youngest can- 
didate ; the next age is twenty, and with but four exceptions, 
every age from twenty to fifty-five is represented ; five can- 
didates attained the degree at twenty-one and it was con- 
ferred on five who had passed the fifty-year mark; the 
average age of the first ten of this period (1810-1890) was 
twenty-six years, that of the last ten is also twenty-six, the 
fraction being slightly larger for the former. 

1. In the first part of his memoir Desaint studies the dis- 
tribution of the zeros of a function. This problem is one 
way of approaching the general problem of the resolution of 
equations; he does not propose to solve the very difficult 
problem of determining their roots point by point, but to 
limit the regions of the plane of the complex variable within 
which a function can vanish. The case of a polynomial 
with real roots is one of the rare examples in which the 
zeros of a function can be found point by point; if certain 
roots of a polynomial are commensurable these are obtained 
immediately ; as to incommensurable roots the author pro- 
ceeds thus: the value of the root sought is placed between 
two commensurable numbers, one, a, greater, and the other, 
b, less ; consider the segment ab of the axis of reals and to 
each zero make correspond an.analogous segment; the en- 
semble & of these segments represents the precision with 
which the equation has been resolved; from the author’s 
point of view .E limits the region of the plane where the 
roots of the polynomial are found. $ 

The first chapter presents the geometric method of which 
Desaint makes use ; it rests upon the following simple prin- 
ciple: consider an ensemblo of segments F starting from a 
point z; if all these segments are situated below a straight 
line D, their resultant is essentially different from zero and 
situated below D. Applying this to rational fractions the 
author is led to a fundamental theorem which he applies to 
the roots of a polynomial, to algebraic functions, and to the 
zeros of uniform functions with polar discontinuities. Cer- 
tain propositions found complete the investigations of 

"Lucas, Berloty; and Cesàro. 

Desaint is occupied in the second chapter with definite 
integrals studied by Hermite. Theorems on uniform func- 
tions are arrived at relative to the distribution of the values 
of the variable which make these functions assume a given 
value u. A theorem is presented which is applied to elliptic 
and hyperelliptic integrals, and especially to hypergeometric 
integrals. 
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In the second part of the memoir the theorem of Cauchy 
is used to turn the preceding theorems to a solution of the 
problem of the distribution of the values of the variable 
which assign a given value to a uniform function. The 
problem of finding the value of a function at any point 
when its values on a contour are given has received & great 
deal of abtentign ` the author proposes the inver.e problem 
of finding the values of the variable which assign the value 
u to & function, when the function is given by its values 
along a contour. He calls particular attention to this propo- 
sition: Let F(z) be a uniform function for which infinity 
ig an ordinary point; trace a circle C enclosing all the dis- 
continuities of F(z) and as near as we wish to the convex 
contour of a minimal gurface enclosing these points ; desig- 
nate by M the maximum modulus of F(z) upon the circle C 
of radius E; the values of z for which F(z) takes the value 
u are on the interior of the circle F concentric with C and 
having as radius R v2 H + ua From this theorem 
we deduce with facility & general theorem on the continuity 
of functions. The second part closes with a study of Inte. 
gral functions and of integrals of differential equations. 

M. Desaint’s second thesis consisted of general theorems 
of Galois upon algebraic equations ; application to resolution 
by radicals of equations of first degree and to the construc- 
tion of regular polygons. 

2. M. Bourget, at the suggestion of Professor Picard, stud- 
jes the particular hyperabelian group pointed out by the 
latter geometer in his memoir in the first volume of the 
fourth series of Inowville’s Journal and previously in the 
Comptes Rendus for 17 March, 1884. 

This particular group has a double origin. We can de- 
rive it from the transformation of the first order of the 
abelian functions of the second kind ;* or it can be con- 
sidered as isomorphic to the group of transformations similar 
arithmetically of the quaternary form 


2 a 
us) — Du? + uu, 


' The thesis falls into three parts. In the first of these, after 
generalities on similar substitutions of quaternary quadratic 
forms and on the arithmetic study of such forms, Bourget 
shows how the group which he studies is situated relative 
to the analogous groups considered by Goursat and Bianchi. 


* Hermite, ‘‘ Sur la transformation des fonctions abéliennes,’’ Comptes 
rendus, vol. 40 (1855). 
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The second part is devoted to the study of the group. 
Seeking first the explicit form of the subatitutions, the dis- | 
continuity for the imaginary values $ = 4, + i£, 7 =% + [ 
appertaining to the domain 2 (£, 7 0, 7, > 0) is then demon- 
strated ; the substitutions of the group are reduced to five 
of them, which fundamental substitutions present a remark- 
able analogy to the fundamental substitutions*of the modu- 
lar group ; the author also brings to light an infinite number 
of subgroups analogous to the congruence subgroups of the 
modular group. 

Bourget inquires in the third part how the ten functions 


8(0,0/7,, Ti a) 


even with zero arguments, are affected by the transforma- 
tions of the group, and from this study deduces a process 
which, by the aid of the theta functions, constructs an in- 
finitude of functions which are reproduced by all the substi- 
tutions of the group. The moduli of Borchardt and Richelot 
are invariant under certain subgroups. In conclusion the 
general: properties, according to Picard, of the fonctions of 
the group are given, and it is shown that, notwithstanding 
the cusp situated on the limit of the domain d (whose exist- 
ence was established in the second part), any three of these 
functions are connected by ‘an algebraic relation. 

M. Bourget’s second thesis was the exposition of the 
method of Gauss for the calculation of secular variations: 

3. The object of LeRoy’s memoir is the resolution of cer- 
` tain problems of the integral calculus which support’ the 
mathematical theory of heat. These problems are referred 
to certain partial differential equations, of which Laplace’s 
equation is the type. Each of them consistsin establishing 
& principle analogous to that of Dirichlet. 

: Theauthor proposes 1° to construct an integral V(x, y, z) 
of the equation 


4V+aV,+ 6V,+c¢V,=f(z, Y, z, Vit em z), 


which shall be definite and continuous in every point of a 
closed domain, on the boundary of which the function 
sought will be constrained to take values given in advance ; 

2? to design an integral V(x, y, 2, t) of the more general 
equation which he calla the equation of Fourier 


AV + a(z, y, 2) V, + b(o, y, 2) V, + e(z, y, 2) V, 
m f(m y zs V) + e(z, y, z, t) t$, y, 2)V,, 
where adz + bdy + cdz is an exact integral, which integral ` 
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shall be definite and continuous for every point of a closed 
„domain and for every positive value of the time, reducing 
“for t= 0 to a function (2, y, 2) given in even and taking 
at the surface of the body values assigned a pri 

The plan followed in the paper may be briefly sketched 
thus: A remark made by M. Paraf* permits the author to 
extend the principal propositions relative to Laplace’s equa- 
tion to equations of a general type whatever be the number 
of variables; then having reduced the method called by 
Poincaré the méthode du balayage to a canonical form, he 
deduces by a uniform process the complete resolution of the 
problems of the theory of heat, at least so far as existence 
theorems are concerned. 

The equations-of thermic equilibrium are considered 
from the point of view of the generalization of Dirichlet’s 
principle; a point of view taken by Picard in several well- 
known memoirs.| The calculations are made in three 
point variables. The méthode du balayage employed is in- 
dependent of any preliminary theory of Laplace’s equa- 
tion; for linear equations the author demonstrates the 
principles of Dirichlet and its generalization at one stroke 
applicable alike to plane and space; as to non-linear equa- 
tions a new method is proposed, which succeeds for all such 
equations as are suggested by the theory of heat. 

In the second part the author studies the properties of 
functions which he calls the fundamental harmonic func- 
tions attached to a closed surface; his guide here i8 a me- 
moir of Poincaré.{ The existence theorems demonstrated 
lead to developments in series by which, after Lamé, the 
construction of the solution of Dirichlet’s problem would be 
sought. The author is limited here to Laplace’s equation. 

He arrives finally at the equations of cooling of solid 
bodies and to Fourier’s problem. For the case of a homo- 
geneous body an imitation of the méthode du balayage is 
employed. The author shows that it is again possible to 
find, a posteriori, solutions under the form of series to which 
he gives the name of Lamé; the process throws new light 
on several questions of physics ;. for example, the problem 
of vibrating membranes. In conclusion LeRoy considers 
the possibility of applying to the general equations of & 
variable régime the process imagined by Picard for the 
equations of pormanoni régime. 





* A. Paraf, ‘Sur leproblème de Dirichlet et son extension au cas de 
l'équation linéaire générale,” Toulouse Annals, vol. 6 (1892). 

T Picard,, Acta Math., vol. 12; Liouvilles Journal, 1890, 1896; 
Jour. de P Ee. poly., cahier 60. 

I Poincaré, end. del ciro. mat. di Palermo, 1804; Acta Math., 1898. 
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M. LeRoy’s second thesis was on the integrals of total 
differentials and on the double integrals of the first kind in, 
the theory of algebraic surfaces. 

4. Marotte’s memoir has to do with the question of ex- 
tending to linear differential equations the ideas igtroduced 
by Galois into the theory of algebraic equations. The point 
of view was discovered by Picard* in the following theorem : 
'To every nth order linear differential equation there cor- 
responds an'algebraic group of linear transformations in n 
variables, which possesses properties analogous to those of 
the Galois group of an algebraic equation. 

Vessiot} demonstrated completely the double property of 
this group of rationality and made evident its close relation 
to the problem of integration. Drach { extended the theory 
of Galois to partial differential equations of the first order. 

The first part of Marotte’s paper is occupied with an 
analytical study of the singularities of linear differential 
equations having rational coefficients and the classification 

-of the transcendents which integrate them. The author 
shows that to each singular point a of such an equation 
there is attached a group of linear transformations which 
plays the same róle in the study of a singularity as does the 
group of Galois in the resolution of an algebraic equation, 
or the group of rationality in the integration of a linear dif- 
ferential equation. This group ‘is called the group of 
meromorphism, because its differential invariants are ex- 
pressed by functions of x meromorphic at pointa; the group 
characterizes the nature of the singular point. For an nth 
order equation there are as many classes of singular points 
as there are subgroups in the linear group of n variables. 

After having established the relations which exist between 
the group of rationality, the group of mohodromism and 
the groups of meromorphism, the author enlarges the field 
of application of the methods of Galois and shows how they 
lead to the notion of group of monodromism. The group of 
rationality gives the position of the integrals with respect 
to the ensemble of rational functions exactly as the group 
of monodromism gives their position relative to the en- 
semble of uniform functions. The preceding results are 
then applied to the classification of the transcendents which 
integrate linear differential equations with rational coeffi- 
cients ; the notion species of Riemann is the ultimate classi- 
fying element. A method is presented by which it can be 
recognized when two o given equations : areof the same species. 


* Comptes rendus, 1883; Toul.use se Annals, 1887. 
"F Ann. de P Ec. norm., 1892. 
$ Comptes rendus, 1893, 1885. - 
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'The second part of the memoir is devoted to the deter- 
ination of the group of rationality of a differential equa- 
"tion with rational (or algebraic) coefficients. A new classifi- 
cation of homogeneous linear groups enables the author to 
refer the determination of the group of rationality to the 
resolution of the problem of determining whether a linear dif- 
ferential equation with rational coefficients admits of an in- 
tegral whose logarithmic derivative is rational or algebraic ; 
hence the conclüsion that we can always determine the 
group of rationality of a linear equation of order two, three 
or four, or refer the determination to the study of an abelian 
integral. The author thus finds all the possible cases of 
reduction .of a linear equation of the fourth order. He 
refers the integration problem to its canonic form. The 
method used extends itself immediately to EE of 
higher order. 

In the concluding chapter the work of von Koch * is ap- 
plied to the study of the question of finding whether a 
linear equation with rational coefficients admite of an in- 
tegral whose logarithmic derivative is meromorphic (normal 
integral), to which problem Marotte refers the determina- 
tion of the group of monodromism attached to a singular 
point of a linear equation. 

M. Marotte’s second thesis was on the general Bundes 
of dynamics. 

5. The remarkable thesis of Drach calls for more extended 
notice than can be given to it in the space at command for 
this article. A suitable review of the memoir will appear 
in a subsequent number of the BULLETIN. 

E. O. Lovzrr. 

PRINCETON UNIVERSITY. 


NOTES. 


At the annual meeting of the Society, December 28, 
1899, President R. 8. Woopwarp will deliver a presiden- 
tial address on ‘‘ The century's progress in applied mathe- 
matics." 


Tax president (Lord Kevin), the vice-presidents and 
the secretaries of the London mathematical society have 
been renominated,to serve in the same capacity on the 
council for the ensuing year. Professor W. BURNSIDE, 





* Acta Math., vol. 18 ; Comptes rendus, 1893. 
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Mr. H. M. Macponatp and Mr. E. T. WurrrAKER, have 
been nominated to fill the vacancies on the council. At 
the annual meeting which was held on November 9th, the” 
DeMorgan medal was presented to the sixth medalist, Pro- 
fessor Burnsipe. ‘The Council have sanctioned the issue 
by the secretaries of an index to the first thirty volumes of 
the Proceedings, which will be drawn up on the same lines. 
as that of the first fifty volumes of. the Mathematische An- 
nalen. They have also authorized Mr. R. Tuoxer to draw 
up a list of all the members elected since-the foundation of 
the society in 1865. 


Tux American physical society held its first regular 
meeting at Columbia University, October 28th. It is pro- 
posed to hold four meetings annually, simultaneously with 
the AMERIOAN MATHENATIOAL Soorery. The present offi- 
cers are Professors H. A. RowLAND, president; A. A. 
MioxELsow, vice-president; E. Murgirr, secretary; W. 

OK, treasurer. $ 


Tue recently organized Astronomical and astrophysical 
society of America has elected the following officers: presi- 
dent, Professor Srmon Newooms, of Johns Hopkins Uni- 
versity ` first vice-president, Professor CHARLES A. YOUNG, 
of Princeton University ; second vice-president, Professor 
Gzonax E; Harz, of Yerkes Observatory ; secretary, Pro- 

_fessor GxoncE C. Coxsrook, of Washburn Observatory ; 
treasurer, Professor C. L. DoorrrTLE, of the University of 
Pennsylvania. 


The Festschrift prepared in honor of the seventieth birth- 
day, August 23, 1899, of Professor Morirz Cantor, of 
Heidelberg, the well-known historian of mathematical sci- 
ence, has just appeared as & supplement to the forty-fourth 
volume of the Zeitschrift fur Mathematik und Physik, from the’ 
press of Teubner, under the editorship of Professors M. 
CunrTzE, of Thorn, and S. GUNTHER, of Munich. The vol- 
ume of more than six hundred pages contains a helio- 
gravure portrait of Professor Cantor, a catalogue of his 
scientific work, and the following thirty-two memoirs de- 
voted to historical subjects : 

‘í Développement des procédés servants à décomposer le 
quotient en quantiómes," by V. V. BoBYNEN, of Moscow ; 
** Zur Geschichte der prosthaphaeretischen Methode in der 
Trigonometrie,” by A. v. BREAuNMÜHL, af Munich ; * Notes 
on the history of logarithms," by FLORIAN Casort, of Colo- 
rado Springs; ''Der Tractatus Quadrantis des Robertus 
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Anglicus in deutscher Uebersetzung ‘aus dem Jahre 1477," 
by M. Currzz, of Thorn; ‘ Zur Geschichte der Prinzipien 
"der Infinitesimalrechnung. Die Kritiker der ‘ Théorie des 
fonctions analytiques’ von Lagrange," by S. DioxsrErN, of 
Warsaw; “P. W. Wargentin und die sogenannte Hal- 
ley'sche ktethode. Ein Beitrag zur Geschicbte der mathe- 
matischen Statistik," by G. XNxsrHOM, of Stockholm ; 
“Intorno ad un inedito e sconosciuto Trattato di Me- 
chaniche di Galileo-Galilei nell’ Archivo di S. A. il Principe 
di Thurn-Taxis in Ratisbona," by A. Favaro, of Padua’; 
‘t Zur Geschichte der Làngenbestimmung zur 8ee," by E. 
GzLcrcH, of Triest; * Die Geometrie von Le Clere und 
Ozanam, ein interessantes mathematisches Plagiat aus dem 
Ende des XVII. Jabrhunderts,’’ by J. H. Grar, of Bern ; 
* Nikolaus von Cusa und seine Beziehungen zur mathe- 
matischen und physikalischen Geographie," by 8. GÜNTHER, 
of Munich ; “On an allusion in Aristotle to a construction 
for parallels," by T. 8. Haru, of Cambridge, England ; 
“ Byzantinische Ànalekten," by J. L. Herere, of Copen- 
hagen ; ‘‘ Ueber die Aufgaben einer Geschichte der Physik," 
by A. Heen, of Budapest `" Winkelmessungen durch die 
Hipparchische Dioptra," by F. HoursoH, of Dresden; 
“ Des Rheticus Canon doctrine triangulorum und Vieta’s 
Canon mathematicus," by K. Hunnars, of Rendsburg; 
“í [1 ‘Giornale de Letterati d'Italia? di Venezia e la * Rac- 
cotta Calogerd’ come fonti per Ja storia delle matematiche 
nel secolo XVIIL,” by G. Lorra, of Genoa ; '‘ Notes gur le 
caractére géométrique de l'ancienne astronomie,” by P. 
Mansion, of Gand; “ Ueber die Encyclopadie der mathe- . 
matischen Wissenchaften," by W. F. Mxvxm, of Königs- 
berg; ''Zur Terminologie der ältesten mathematischen 
Schriften in deutscher Sprache," by F. MULLER, of Losch- 
witz ; “Die Rechenmethoden auf dem griechischen Abakus,’’ 
by A. Naat, of Vienna ; ‘‘ Die Geschichte der exakten Wis- 
senschaften und der Nutzen ihres Studiums," by F. Rosen- 
BERGER, of Frankfort; *'Die Unverzagt’schen Linien- 
koordinaten. Ein Beitrag zur Geschichte der analytischen 
Geometrie," by F. Rupio, of Zurich; ^ Franz Adolph 
Taurinus. Ein Beitrag 'zur Vorgeschichte der nichten- 
klidischen Geometrie,” by Pa, SricxgL, of Kiel; 
Johann Scheubel, ein deutscher Algebraiker des XVI. 
Jahrhunderts, by H. STAIGMULLER, of Stuttgart; ‘ Mathe- 
matik bei den Juden (1501—1050)," by M. STEINBOHNKIDER, 
of Berlin; ‘‘ Bemerkungen zur Geschichte der altgriech- 
ischen Mathematik," by A. Sturm, of Seitenstetten ; ‘‘ Der 
Loculus Árchimedius oder das Syntemachion des Arch- 
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imedes. Zum ersten Male nach zwei Manuscripten der 
Kgl. Bibliothek zu Berlin herausgegeben und übersetzt," 
by H. Surer, of Zurich; ‘‘ Les ‘Excerpta ex M. RS. R. Des- 
Cartes," by PAuL TANNERY, of Pantin; '' Einige Addi- 
tionsmaschinen,’’ by F. A. UwczB, of Leipzig; '' Pur Ge- 
schichte der deutschen Algebra," by E. WaPPLER, of 
Zwickau; ''Pierre Fermat’s Streit mit J ohn "Wallis. Ein 
Beitrag zur Geschichte der Zahlentheorie" by G. WER- 
ener, of Frankfort ; “Die Entdeckung der "Parabeltorm der 
Wurflinie," by E. WOHLWILL, of Hamburg. 


s 


Tus following recently issued catalogues of new and sec- ` 


ond hand scientific publications are more or less rich in 
mathematical works :—catalogue 40, Karl Krebs, Giessen, 
Germany; catalogue 276, Macmillan and Bowes, Cambridge, 
England ; catalogue 173, Mayer and Miller, Berlin, Ger- 
many ; catalogue 92, Oswald Weigél, Leipsic, Germany. 
M. A. Hermann, of Paris, will issue a new catalogue this 
month (November). 


Oxrorp University. The courses of lectures announced 
for the fall term of 1899 include the following on mathe- 
matical subjects:—By Professor W. Esson: Analytic 
theory of place curves; Synthetic theory of place curves.— 
By Professor H. Turner: Mathematical astronomy.—By 
Professor A. E. H. Love: Electricity and magnetism.—By 
Professor E. Extiorr: Theory of numbers. 


CamBripGe University. Mathematical courses are an- 
nounced as follows for the current academic year: Mich- 
aelmas term, 1899 :—By Professor G. G. Broges: Hy- 
drodynamies, three hours.—By Professor A. R. FORSYTHE : 
Theory of differential equations, three hours: Calculus 
of variations, two hours.—By Professor G. H. Dar- 
win: Lunar theory, three hours.—By Mr. R. PENDLE- 
BURY: Theory of equations, three hours; Spherical as- 
tronomy, three hours.—By Dr. E. W. Hosson : Spherical 
and cylindrical harmonics, three hours.—By Mr. J. Lar- 
MOR: Electricity and magnetism, three hours.—By Mr. H. 
F. BAxER » Theory of functions, three hours.—By Mr. H. 
M. MaopoNALD: Waves (especially waves of light), three 
hours —By Mr. H. W. Ricumonp: Plane analytical geom- 
etry, three hours.—By Mr. G. T. Warxzen: The electromag- 
netic field, three hours.—By Mr, E. T. WurrrAkxzn: The 
problem of three bodies, three hours. —By.Mr. J. H. Grace: 
Invariants and geometrical applications, three hours.—Lent 
term, 1900 :—By Professor G. Q. Sroxxs: Physical optics. 
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—JBy Professor A. R. Forsyru : ‘The differential equations 
of theoretical dynamics.—By Professor R. B. Bani: Plane- 
“tary theory.—By Mr. R. PENDLEBURY: Theory of num- 
bers.—By Dr. E. W. Hosson: Vibrations and sound.— 
By Mr..J. Larmor: Electricity and magnetism (con- 
tinuation) —By Mr. H. F. Boxen. Theory of functions 
(continuation).—By Mr. H. M. Macponaxp: Elasticity.— 
By Dr. J. W. L. Graser: Elliptic functions.—By Mr. 
R. A. HERMAN: Hydrodynamics.—By Mr. A. N. Wms- 
HEAD: Universal algebra.—By Mr. A. Berry: Elliptic 
functions.—By Mr. G. T. WALKER: Physical optics.—By 
Mr. GQ. T. Bennerr: Linear and quadratic complexes.— 
Easter term, 1900 :—By Mr. W. L. Morison: Theory of 
potential and electrostatics.—By Mr. E. T. WHITTAKER : 
Analysis.—JLong vacation, 1900 :—By Professor G. H. Dar- 
win: Attraction and potential. 


During the winter semester 1899-1900 the several uni- 
versities mentioned below offer the following mathematical 
Courses : 


UNIVERSITY op Giessen. By Professor M. Pason: Func- 
tions of complex variables, four hours ; Seminar, two hours. 
—By Professor E. Nerro : Analytical mechanics, four hours; 

. Seminar, two hours.—By Professor R. HausBsNER: Differ- 
ential and integral calculus, four hours; Perspective, two 
hours; Theory of probabilities, one hour ; Exercises in the 
elements of higher mathematics, one hour. 


University op MazBunG. By Professor F. Somorrxy: 
Integral calculus, four hours; General theory of functions, 
five hours ; Seminar, two hours.—By Professor A. E. Huss : 
Geometry of space, synthetic and analytic, four hours; 
Theory of algebraic equations and determinants, four hours ; 
Seminar, two hours.—By Dr. F. Datwiex: Introduction 
to higher mathematics and exercises, for hours; Selected 
subjects of the theory of functions, two hours ; Exercises in 
the construction of mathematical models, one hour. 


Untversiry op PRAGUE. By Professor F. Lippich: Theo- 
retical mechanics, three hours; Theory of capillarity, two 
hours; Seminar, two hours, —By Professor Q. Prcx: Dif- 
ferential and integral calculus, three hours; Algebraic 
` analysis, two hours ; Seminar, two hours.—By Professor K. 
BosEk: Curves and surfaces in space, two hours ; Descrip- 
tive geometry and constructions, four hours. 
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UNIVERSITY oF Srrasspurc. By Professor T. Reve: 
Analytical geometry of space (new methods), three hours ; 
Mathematical theory of elasticity of solid bodies, two hours ;^ 
Seminar, two hours.—By Professor H. WxsxE: Integra- 
. tion of the partial differential equations of mathpmatical 

physies, four hours; Introduction to higher mathematics, 
. two hours; Exercises in mathematical seminar, three hours. 
—By Professor G. Borg: Algebraic analysis and determi- 
nants, three hours; Analytical geometry of space, two 
hours; Ordinary differential equations, two hours.—By 
Professor A. KRAZER: Differential and integral calculus, 
four hours; Analytical geometry of the plane, three hours ; 
Exercises in infinitesimal calculus, two hours.—By Dr. E. 
Timerpine: Vector analysis, two hours.—By Dr. J. WELL- 
STEIN: Descriptive geometry and exercises, four hours; 
Seminar in coöperation with Professor WEBER, two hours. 


Unrverstry op Tunrxaen. By Professor A. von BRILL: 
Introduction to higher mathematics, four hours; Theory of 
algebraic curves, three hours; Seminar, two hours.—By 
Professor H. Sram: Higher analysis, three hours ; Partial 
differential equations, three hours ; Seminar, two hours.—By 
Professor L. Maurer: Descriptive geometry and exercises, 
three hours ; Elements.of differential and integral calculus, 
two hours ; Exercises in algebra and geometry for students 
of natural science, two hours. 


Univursrry op Vienna. By Professor G. von ESOHERIOH : 
Elements of differential and integral calculus, five hours; 
Exercises on the preceding course, two hours ; Proseminar, 
one hour; Seminar, two hours.—By Professor L. GEGEN- 
BAUER: Algebra, four hours; Spherical and cylindrical 
harmonics, one hour ; Proseminar, one hour ; Seminar, two 
hours.—By Professor F. Mertens: On the laws of reci- 
procity, five hours; Seminar, two hours ; Proseminar, one 
hour.—By Professor. G. Koun: Analytical geometry and 
exercises, four hours.—By Dr. V. Smrsawy: The mathe- 
matics of life insurance, two parts, of three and four hours, 
respectively.—By Dr. A. TAUBER: Insurance mathematics 
and exercises, six hours.—By Dr. K. ZinpLer: Differ- 
ential equations, two hours.—By Dr. E. BrAsOHKE: Intro- 
duction to mathematical statistics, three hours. 


University oF Wunrzpura. By Professor F. PRYM : 
Differential calculus, four hours; Higher theory of func- ' 
tions, four hours; Seminar in differential calculus, two 
hours ; Seminar in selected sections of higher mathematica, 
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two hours.—By Professor A. Voss: Analytical mechanics, 
four hours; Exercises in analytical mechanics, two hours ; 
“Algebra, three hours; Seminar in synthetic and analytic 
geometry, one hour. 


Umrvfnsrrv or ZuRrcH. By Professor H. BURKHARDT : 
Differential and integral calculus, four hours ; mechanics, 
four hours ; Seminar, two, hours.—By Dr. A. Wues: De- 
scriptive geometry and exercises, four hours; Analytical 
geometry and exercises, four hours.—By Dr. F. KRAFT: 
Differential equations, three hours; Analytical geometry, 
three hours; Theory of probabilities, two hours ; Seminar, 
two hours.—By Dr. E. Guster, algebra, three hours; 
spherical trigonometry, one hour; methods: of mathematical 
instruction, two hours. 


Anprew Gray, F.R.S., professor of physics in the Uni- 
versity of North Wales since 1884, has been appointed pro- 
fessor of natural philosophy in Glasgow University, to suc- 
ceed Lord Kee, who recently resigned. 


A starus erected in memory of the late Professor F. 
TISSERAND was unveiled at Nuits-Saint-Georges on the 15th 
of October. 


Mr. Linpsay Dunoan has been appointed instructor in 
mathematics at Union College, and Mr. Epwin HAVILAND 
has been made assistant in mathematics in Swarthmore 
College. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 
BURKHARDT (H.). See ENOYKLOPADIB. 


BURNSIDE ( W.S.) and Panton (A. W.). Introduction to determinants; 
being & ohapter from the theory of equations. London, Longmans, 


1899. 8vo. 28. 6d. 
——-. Theory of equations. 4th edition. Vol. I. ` London, Longmans, 
` 1899. 8vo. - 98.-6d. 


CAPELLI (A.). Lézioni di SH complementare, ad uso degli aspiranti 
alla licenza universitaria in scienze flsiche e matematiche. 2a edi-. 
zione, con aggiunte. Napoli, Pellerano, 1898. Gen, 16 + 680 pp. 

£ a Fr. 8.50 


CORDARA (S.). Nota sulla impossibilità della quadratura del cerchio. 
Bologna, Azzoguidi, 1899. 8vo. 1l pp. 
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DETER(J.). Repetitorium der Differential- und Integralrechnung. 3te 
Auflage. Berlin, Rockenstein, 1899. 8vo. 119 pp. M. 1.60 


DICKSTEIN (8.). See KLEIN (F.). 


ENOYKLOPADIE der mathematischen Wissenschaften mit Einschluss ihrer 
Anwendungen. Mit Unterstützung der Akademien der Wissen- 
sohaften zu München und Wien und der Gesellschaft de Wissen- 
sohaften zu Góttingen, sowie unter Mitwirkung zahlreicher Fach- 
genossen. [In2 Teilen.] Teill. Reine Mathematik, herausgegeben 
von D Burkhardt und W. F. Meyer Vol. I. Arithmetik und 
Algebra, redigiert von W. F. Meyer. Heft 3, enthaltend : E. Netto, 
Rationale Funktionen einer Veründerlichen ; ibre Nullstellen —E. 

` Netto, Rationale Funktionen mehrerer Veründerlichen.—G. Lands- 
berg, Algebraische Gebilde; arithmetische Theorie algebraischer 
Grossen.—W.F. Meyer, Invariantentheorie.—Leipzig, Teubner, 1899. 
8vo. Pp. 225-352. _ M. 3.80 


GRAHAM (J.). Elementary treatise on practical mathematics for tech- 
nical colleges and schools. London, Arnold, 1899. Geo, 284 pp. 
(Mathematical series. ) 3s. 6d. 


GULDBERG (A.). Sur la théorie des solutions singulières des équations 
aux différentielles totales du premier ordre. Christiania, Dybwad, 
1899. Geo 26 pp. ( Videnskabaselskabets Skrifter, I. Math.-naturv. 
Klasse, 1899, No. 4). 


HxssENBERG (G.). Ueber die Invarianten linearer und quadratischer 
binürer Differentialformen und ihre Anwendung. auf die Deformation 
der Flächen. Berlin, 1899. 4to. 60 pp. M. 2.50 


HuvaENS (C.). Oeuvres complètes, publiées par la Socióté hollandaise 
des sciences. Vol. VII: Correspondance 1676-84. La Haye. 1899. 
4to. 631 pp, 7 plates, 1 portrait. Fr. 30.00 

KLEIN (F.). Odezyty o matematyce miane w Evanston od 28 sierpnia 
do 9 wrzesnia 1893 r. dla ezlonków kongresu matematycznego odby- 
tego w czasie wystawy wazeohswiatowej w Chicago. Spisane przez A. 
Ziweta, Przelozyl za upowaznieniem autora S. Dickstein. War- 
szawa, 1899. 8vo. 6-+ 111 pp, with Klein’s portrait. 

KRAUBS (E.). See Daer (H.). 


LANDAU (E.). Neuer Beweis der Gleichung $ KD 0. Berlin, 1899. 
k 


8vo. 16 pp. M. 1.00 
LANDSBERG (G.). See ENOYKLOPADIE. 


LINDELÖF (E.). Remarques sur un principe général de la théorie dea 
fonctions analytiques. Helsingfors, 1893. 4to. 39 pp. M. 2.00 


——-. Recherches sur les polyédres maxima. Helsingfors, 1898. 4to. 
47 pp. M. 2.00 


MEYER (W. F.). See ENCYKLOPÀADIE. 


MILLER (G. A.) Memoir on the substitution-groups whose degree does 
not exceed eight. 4to. (American Journal of Mathematica, Vol. 21, 
pp. 2297-338.) 


MÜLLER (H.). Die Lehre von den Coordinaten und Kegelschnitten, fir 
den Unterricht dargestellt. Berlin, Moeser, 1899. 8vo. [From 
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Müller, Die Mathematik auf den Gymnasien und Realschulen.] Pp. 
165-216. Boards. M. 1.00 


«NETTO (E.). See ENCYKLOPADIE. 
PANTON (A. W.). See BURNSIDE (W. 8.). 


PASOAL(E.). Repertorium der hóheren Mathematik (Definitionen, For- 
mein, Theoreme, Literaturnachweise). Autorisierte deutsche Aus- 
gabe von A. "Sohepp. (In 2 Teilen.) Teil I: Die Analysis. Leip- 
zig, Teubner, 1899. Geo, Cloth. 


PrNET(H.) Mémoire sur une nouvelle méthode pour Ja résolution des 
équations numériques. Suivi d'un appendice donnant le détail des 
opérations, par E. Krauss. Paris, Nony, 1899. dto. Pp. 47. 


RAZZABONI(À.). Le formole di Frenet in geometria iperbolica e loro 
principali applicazioni. Bologna, Gamberini e Parmeggiani, 1899. 
Ato. 22 pp. Fr. 2.50 


ScmHxPP (A). See PASCAL (E.). 


SEVERINI (C.). Sull’integrazione approssimata delle equazioni diffe- 
renziali ordinarie. Bologna, Zanichelli, 1899. 4to. 27 pp. 
Fr. 3.00 
' Zianaco (I). Osservazioni sulla convergenza delle serie. Genova, 
Instituto Sordomuti, 1899. 16mo. 10 pp. 


ZIWET (A.) See KLEIN (F.). 


IL ELEMENTARY MATHEMATICS. 


BELLACCHI (G.). Lezioni ed esercizi di algebra complementare. Fa- 
scicolo 2. Firenze, Barbéra, 1899. 16mo. 143 pp. Fr. 2.00 


DETER (J.). Mathematisches Formelbuch für höhere Unterrichtsan- 
stalten. Neu herausgegeben von E. Arndt. Ate Auflage. Berlin, 
Rookenstein, 1899. 8vo. 5+ 58 pp. M. 0.90 


FAIFOFER (A.). Trattato di geometria intuitiva, dd uso delle souole 
tecniche e normali. 3la edizione. Venezia, Tipografia Emiliana, 
1899. 16mo. 165 pp. Fr. 2.00 


—-. Elementi di trigonometria pinna e tavole logaritmico-trigono- 
metriche ad uso dei licei. 118 edizione. Venezia, Tipografia Emi- 
liana, 1898. 16mo. 92--69pp. . Fr. 2.00. 


Gauss (F. G.). Fünfstellige vollständige logarithmische und trigonome- 
trische Tafeln. 58ste Auflage. Halle, Strien, 1899. 8vo. 106-]-35 
pP. Half leather. M. 2.50 


——. Vierstellige logarithmisch-trigonometrisohe Handtafel. Stereotyp., 
Druck. 3te Auflage. Halle, Strien, 1889. Folio. M. 0 


——. Dieselbe, für Decimalteilung des Quadranten. ee 


Sie Auflage. Halle, Strien, 1899. Folio. M. 0.80 
GoszErTI (L.). Corso di aritmetica e di algebra. Parte I. Venezia, 
Ferrari, 1899. 8vo. 201 pp. Fr, 2.00 


Hvo (E.). Algèbre, à usage des candidats à la première partie des 
baccalauréats. Bar-le-Duc, Comte-Jacquet, 1899. 16mo. 104 pp. 


LEONARDI (O.) Elementi di algebra. Foligno, Salvati, 1899. 16mo. 
7 pp. 


‘ 
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MAOKAY (J. S.). Arithmetic theoretical and practical. ` London and 
Edinburgh, W. and R. Chambers, 1899. Geo 11+ 472 pp. 


MÜLLER (H.). Die Mathematik auf den Gymnasien und Realschulen, 
(In 2 Teilen.) , Tei] I: Die Unterstufe: Lehraufgabe der Klassen 
Quarta bis Unter-Sekunda. 8 +152 pp.—Teil II: Die Oberstufe : 
Lehraufgabe der Klassen Ober-Sekunda und Prima. 10 0+ 216 pp. 
Berlin, Moeser, 1899. 8vo. Cloth. M. 5.70 


Nerovius (L.). Elementarkurs i algebra. Del I: Rationella expres- 


sioner. Helsingfors, 1808. Geo, 10--111 pp. M. 2.00 
———. Lärobok i plan-trigonometri. Helsingfors, 1899. 8vo. 10+ 119 
pp. M. 2.00 


Papoa (A.)  Noteoritiche agli Elementi di geometria, di G. Veronese. 
Pinerolo, Chiantore-Mascarelli, 1899. Geo, 22 pp. 


—. Note oritiche al Libro di aritmetica e di algebra elementare, di 
P. Cazzaniga. Pinerolo, Chiantore-Mascarelli, 1899. 8vo. 17 pp. 


PucHETYII (N.). Aritmetica e geometria per la quarta classe elementare. 


Torino, Paravia, 1899. 16mo. 78 pp. Fr. 0.60 
———. Aritmetica e geometria per la quinta classe elementare. Torino, 
Paravia, 1899. 16mo. 84 pp. Fr. 0.60 


RIDDKL (J.). Practical plane and solid geometry. With exercises and 
oan questions. Edinburgh, Oliver & Boyd, 1899. SC 
pp. . 


BoHLÜMILOR (O.). Fünfstellige logarithmische und trigonometrische 
"Tafeln.  Wohlfeile Schulausgabe. 15te Auflage. icc. 
1899. Geo 151 pp. 1.00 


BonusrEB (M.). Geometrisohe Aufgaben. Ein Lehr- und DEA 
zum Gebrauch beim Unterricht an hóheren Schulen. Ausgabe SC 
tür Vollanstalten. Leipzig, Teubner, 1899. Geo 8-147 SC 
plates. Cloth. M. 2.00 


STEREOSCOPIO VIEWS of solid geometry figures ; with references to Wells 
“ Essentials of solid geometry." Boston, Heath, 1898. 93 cards in 
a pasteboard box. $0.60 


VALLE (G.). Funzioni ad una variabile e loro limiti ; un capitolo di 
algebra elementare. Noto, Zammit, 1899. 8vo. 38 pp. 


WELLS (W.). New higher algebra. Boston, Heath, 1899. 12mo. 8 
-+ 446 pp. Half-leather. $1.25 


———. See STEREOSCOPIO VIEWS. 


IIL APPLIED MATHEMATICS. 


Bryan (G. H.) and RosEeNEERG (F.). First stage mechanica of fluids. 
For elementary examination of Science and art department. 2d 
edition. London, Clive, 1899. 12mo. 224 pp. (Organio science 
series, ) ER 


CrERIOI (V.). Considerazioni intorno alle formole per la misura delle 
acque correnti. Firenze, Ricci, 1899. 8vo. 18 pp. 


Crew (H.). The elements of physics, for us8 in high schools. New 
York, The Macmillan Company, 1899. 12mo. 14 1-347 pp. $1.10 
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Eppy (H. T.) The graphical treatment of alternating currents in 

` branching circuits. With special reference to the case of variable 
frequency. 8vo. (A paper to be presented at the fifteerth general 
meeting of the American Institute of éleotrical engineers, Omaha, 
June 30, 1808.) Pp. 611-554. 


Eppy (H. T.), MoRLEY (E. W.), and MER (D. C.). The velocity 
of ligh& in the magnetic field. Ben. (Physical Review, Vol. VIL, 
December, 1898. Pp. 283-295.) 


Guipr (C.). Lezioni sulla soienza delle costruzioni. Parte II: Teoria 
dell’ elastioità e resistenza dei materiali. 3a edizione. Torino, 
Bertolero, 1899. Geo, 7 + 240 pp., 7 plates. Fr. 6.00 


Hurrow (F. R.). Heat and heat engines ; a study of the principles whioh 
underlie the mechanical engineering of a power plant. New York, 
Wiley, 1899. 8vo. 21-7553 pp. Cloth. $5.00 


JoRBDAN (W.). Hülfstafelu für Taohymetrie. 2te Auflage. Stuttgart, 
Metzler, 1899. 8vo. 15-246 pp. M. 8.00 


MADAXMET (AL Tiroirs et distributeurs de vapeur; appareils de mise 
en marche et de changement de marche. 2me édition. Paris, Gau- 
thier-Villara, 1899. 16mo. 151 pp. (Encyclopédie des aide-mé- 
moire, section de l'ingónieur.) 


MazzoTTO (D.). Sugli armonici delle vibrazioni elettriche ; nota. Pisa, 
Pieraccini, 1899. 8vo. 8 pp. 


MEBRIMAN (M.). Elements of precise surveying and geodesy. New 
York, Wiley, 1899. 8vo. 961 pp. Cloth. $2.50 


MILLER (D. C). See Eppy (H.T.). 
MonL&Y (E. W.). See Eppy (H. T.). 
PORTUGAL DE FARIA (A. DE). See SOARES DE BARROS. 


R&EtNHEBRTZ (C.). Geodäsie. Einführung in die wesentlichsten Aufgaben 
der Erdmessung und Landesvermessuog. Leipzig, 1899.  12mo. 


181pp. Cloth. M. 0.80 
REUTER (J.). Geometriska uppgifter fran det praktiska. omrade Helt- 
singfors, 1898. 4to: 65 pp M. 2.00 


REY-PAILHADE (J. DE). Extension du système métrique à la mesure 
du temps et des angles ` conférence faite sous les auspices de la cham- 
bre syndicale d'horlogerie, le 23 juin 1893, à 1’ Ecole d'horlogerie de 

.Paris. Montdidier, Carpentier, 1899. Geo, 40 pp. 5 plates. 


ROSENBERG (F.). See BRYAN (G. H.). . 


BAVANDEER (O.). Détermination relative de la pesanteur à Helsingfors 
précédée d'un aperçu sur les formules de róduotion. Helsingfors, 
1898. Geo 34-195 pp. 2 plates. M. 4.00 


SoARES DE BARROS e VASCONCELLOS (J. J.). Oeuvres, reproduites par 
A. de Portugal de Faria. I: Nouvelles équations pour la perfeo- 
tion de la théorie des satellites de Jupiter et pour la correction des 
longitudes terrestres dóterminées par les observations des mêmes 
Batellites.—II: Observations et explications de quelques phéno- 
ménes vus dans le passage de Mercure au devant du disque du soleil, 
observé à hotel de Clagny à Paris le 6 may 1753, et leur applica- 
tion pour la perfeot&on de l'astronomie. Livourne, Giusti, 1899. 
8vo. 73 pp. 





` 1899.] THE OCTOBER MEETING OF THE SOCIETY. 95 


THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


A REGULAR meeting of the AMERICAN MATHEMATICAL So- 
OrETY was held in New York City on Saturday, OctOber 28, 
1899. Thirty persons were in attendance at the two ses- 
sions, including the following members of the Society : 

Professor Maxime Bócher, Proféssor E. W. Brown, Pro- 
fessor F. N. Colé, Professor T. W. Edmondson, Professor 
A. M. Ely, Professor T. S. Fiske, Mr. A. S. Gale, Dr. Q. 
B. Germann, Miss Carrie Hammerslough, Mr. S. A. Joffe, 
Mr. C. J. Keyser, Dr. G. H. Ling, Professor F. H. Loud, 
Dr. Emory McClintock, Dr. James Maclay, Dr. G. A. 
Miller, Professor E. H. Moore, Professor F. Morley, Pro- 
fessor B. O. Peirce, Professor A. W. Phillips, Professor 
James Pierpont, Professor M. I. Pupin, Miss Amy Rayson, 
Professor C. A. Scott, Professor H. D. Thompson, Professor 
E. B. Van Vleck, Professor A. G. Webster, Miss E. C. 
Williams, Professor R. S. Woodward. 

The President of the Society, Professor R. 8. Woodward, 
occupied the chair. At the opening of the morning session 
a recess was taken to enable the members to attend the pres- 
idential address of Professor H. A. Rowland before the 
American Physical Society, which was in session in the same 
building. The simultaneous meeting of the two Societies, 
which is intended to be a permanent feature, naturally 
added to the interest and activity on both sides. The two 
organizations are modelled on & common plan; they have 
many members in common; and their hearty codperation, 
which seems assured, cannot fail to be an important factor 
in the advancement of science. 

'The Council announced the election of the following per- 
sons to membership in the Society: Professor M. E. Bo- 
garte, Northern Indiana Normal School, Valparaiso, Ind.; 
Mr. A. 8. Gale, Yale University, New Haven, Conn.; Mr. 
B. F. Groat, University of Minnesota, Minneapolis, Minn.; 
Dr. Edward Kasner, Columbia University, New York, 
N. Y.; Professor J. A. Miller, University of Indiana, Bloom- 
ington, Ind.; Professor A. M. Sawin, Clark University, At- 
lanta, Ga.; Professor S. A. Singer, Capital University, Co- 
- lumbus, Ohio; Dr. H. E. Slaught, University of Chicago, 
Chicago, Ill.; Professor E. P. Thompson, Miami Univer- 
sity, Oxford, Ohio. Seven applications for membership 
were received. 

With & view to economy of time, the Council voted that 
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hereafter the morning.session of the meetings of the Society 
should open at 11 a. m. and the afternoon session at 2 p. 
~m. The Council will meet at 10.15 a. m. 

The next meeting of the Society, Thursday, December 
28th, will be the annual meeting for the election of officers 
and thfbe other members of the Council. At this meeting 
President R. 8. Woodward will deliver a presidential ad- 
dress on ‘‘ The century’s progress in applied mathematics." 


The following papers were presented at this meeting : 

(1) Professor PauL Gorpan: '' Formentheoretische Ent- 
wickelung der in Herrn White's Abhandlung über Curven 
dritter Ordnung enthaltenen Sätze.” . 

(2) Professor E. O. Loverr: ''The transformation of 
straight lines into spheres.’’ , 

(3) Dr. G. A. Minter: ‘On the simply transitive primi- 
tive groups." ` 
' (4) Professor C. A. Scorr: ‘The conditions imposed on 
& curve by assigned multiple points." . 

(5) Professor E. H. Moonz: "On the generational de- 
termination of abstract groups" (preliminary communica- 
tion). 

(6) Professor C. A. Scorr: ‘The status of imaginaries 
in pure geometry." 

(7) Professor Maxie BóomER: ‘‘On Sturm’s theorem 
of comparison"! (preliminary communication). 

(8) Professor F. MonrEv: ‘‘ On a fundamental geometric 
construction.” 

(9) Mr. E. B. Wrrson: ‘‘The decomposition of the 
general collineation of space into three skew reflections." 

(10) Dr. Q. A. Mme: On the order of the product of 
two substitutions." 

(11) Mr. J. K. WurrrEMORE: ‘‘On a generalization of 
the fundamental problem of the calculus of variations."' 

(12) Mr. J. L. Coorrpez: ‘A projective representation 
of the imaginary points of a plano." 


Professor Gordan's paper was presented to the Society 
through Professor H. 8. White, and Mr. Coolidge’s through : 
Professor Bócher. Mr. Wilson was introduced by Profes- 
Sor Pierpont. In the absence of the authors the paper of 
Professor Gordan was read by Professor Moore, that of Pro- 
fessor Lovett was read by title, and those of Mr. Whitte- 
more and Mr. Coolidge were read by Professor Bócher. 

Dr. Miller's first paper appears in the present number of 
the BunLETIN. Miss Scott's second paper will appear in a 
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subsequent number. Abstracts of the other papers are 
given below. 


Professor Gordan’s paper will appear in the Transactions. 
The following is a summary of its content: The theorems 
proven by Professor H. S. White in a paper read athe Co- 
lumbus meeting of this Society in August, 1899, were estab- 
lished by the use of a canonical form of the ternary cubic. 
These theorems can-be obtained quite as readily without using 
acanonical form. For this purposethe Hessian and Cayleyan 


. are written for the linear combinations xf + 2A and xz +a, 


where f denotes a nonsingular ternary cubic, A its Hessian, 
x its conjugate cubic in contragredient variables, and a its 


'Cayleyan, the Hessian of z. The forms so found are cubics 


in x, 4; hence are determined the parameters of curves hav- 
ing the same Hessian or the same Cayleyan as either f or z. 
These parameters contain a square root of an invariant of 
f, but no other irrationality. From explicit formule so 
found it is easy to calculate the simplest invariants of each 
of the eight forms called A, B, F, G, e, 9, a, Pin the paper of 
Professor White, and to show that for certain pairs of them a 
simultaneous covariant resembling 6, must be identical with 
one of the pair multiplied into an invariant factor. These 
invariant factors are explicitly determined ; and the conju- 
gate property of A and a, B and f, F and oe Gand ¢ is ex- 
hibited. Finally it is shown that a set of three invariantive 
equations is sufficient to characterize completely such a 
triple system as f, A, B. The processis in general the con- 
verse of that employed in the earlier paper cited above, and 
confirms its results, with the addition of important details. 


Professor Lovett’s paper, which will appear in the Ameri- 
can Journal of Mathematics, is in abstract as follows: The 
transformations of the point space (2, y,z) into the point 
space (X, Y, Z) which are determined by the two equationes 
directrices ` 

zp, + yp, + 29, + 9, = 0, ze, + yo, + 29, + 9, = 0, (1) 
where g,-—aX 4 b,Y 4 cZ-- d, (a, b, c d constants), 


define a family of œ” transformations which change the 
straight line 


ytke+m=0, zc liz p-0, (2) 
into the quadrie 
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This quadric reduces to a sphere, without k, l, m,n entering 
the equations of condition, in the following cases and in no 
other: 1° when any determinant of the matrix 














d d " d E Ss 
dà d ^ Hs (9, a,X + b, Y + eZ gu d,), (4) 
reduces to the form Const. (X° -+ Y' 4- Z°), : (5) 


and at the same time the functions p, corresponding to the 
4, remaining in the matrix reduce to constants; for ex- 
ample, Py Gu Pa P, constants and the determinant ¢,¢, — d, 
of the form (5); 2? when all six determinants of the ma- 
trix (4) are' of the form (5). 

The first case gives six families each of œ™ line-gphere 
contact transformations determined by two linear equations 
of the form 


(4 X+b,Y+¢2+ di)g + dy + de+ aX 
WE e 82 td; 9j (5 
(a, -- b,Y -- «Z 4- dg 4- dy -- dg d- aX. 
s Pi eZ + dy 0, ' 
where the constants are Subject to the conditions 
; 0,0, — 90, — bb, p bb, = 6,0, — C65 
a,b, + b,a, T a,b, d ba, = 0, b.e, =F 0,5; — bue, MEX 0,5, =0, (7) 
6,0, + 4,0, — Cty — 2,0, = 0. 


Assigning the following particular values to the above con- 
stants 7 


8 H ` 
oy ee ed (8) 
jit a ee GA 





we have the celebrated correspondence of Lie determined 
by the equations , 3 


Zetoet+X+iY¥=0, (X—-iYz+y—Z=0. (9) 
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The above transformations change right lines to points if 
d,: d,: d: d, = dy: dy: dy: d, (10) « 


The second class of conditions demands that the functions 
4, have the forms- 


$,= aX + ia, Y + oZ, 
QS eX — ig Y — aZ 


the corresponding equations (1) define a fifteen-parameter 
family of line-sphere contact transformations whose trans- 
formations may be derived by operating on the transforma- 
tions of the ordinary projective group with the transforma- 
tion (9) of Lie. 

In conclusion the note points out the corresponding 
generalizations for spaces of higher dimensions which have 
been incorporated in another paper ; sets up a six-parameter 
family of line-sphere contact transformations by generaliz- 
ing the form given by Darboux* to Lie’s transformation ; 
and finally calls attention to the fact that infinite families f 
of line-sphere contact transformations have been constructed. 


(j= 1,2,3,4); (11) 


Tf the nominal conditions imposed on a curve by points of 
assigned order are in number N, and the actual conditions 
are in number D, the m-ic excess e, is N—.D. The variation in 
€, for different values of m has been studied in detail by Dr. 
Macaulay (Proceedings of the London Mathematical Society) for 
the case where all given points are simple. The object of 
Professor Scott/s paper was to give independent proofs for the 
case of multiple points. The theorems proved are: (1) ifm 
be sufüéiently great, e, — 0; (2) e,— Gei =M, where the 
sign of equality can occur only in & particular case; th 
ĉa — 6441220, where the sign of equality occurs only if 
€, = 0. 


On the basis of the current definition of abstract groups 
(discontinuous or continuous, of order finite or infinite) 
Professor Moore’s paper investigates under what conditions 
and in what sense a set of generator symbols subject to cer- 
tain generational relations serves to determine a definite 
abstract group. This paper will be published in the Trans- 
actions. 





*Darboux, Théorie des surfaces, vol. 1, 3167. 
t+ Comptes rendus, August 21, 1899. 
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' It was the object of Professor Bécher’s communication to 
show how some of Sturm’s theorems concerning linear dif- 
“ferential equations of the second order can be proved rigor- 
ously and at the same time simply. The analogy of a part 
of the method here used with a method suggested by Mr. 
. Porter (Of. Dour, March, 1897, p. 210) should be 
noticed. Rigorous but complicated proofs had previously 
been given by the author in the Butietin for April, 1898. 
Sturm’s first ‘‘ theorem of comparison ’’* will evidently 
be proved if it can be shown that y, has at least one root in 
each of the intervals a«Cz« zx, z,«r«Cz, :-. By combining 
equations numbered (1) and (2) we readily get 


qs n)y Gi) = f = e, Jl, 


' Tf y, had no root in the interval a«2x«z,, y, and y, would 
have the same sign throughout this interval. The right 
Bide of the above equation would therefore be greater 
than zero. The left side is, however, obviously either 
negative or zero. In either case we have & contradiction, 
and we thus see that y, has at least one root in the interval 
a<a<z, Consider now the solution y, of (2) which van- 
ishes at x, and whose derivative there has the same value as 
the derivative of y, at that point. By a proof exactly like 
the one just given we see that y, has at least one root in 
the interval ae en and, therefore, by a well known and 
easily proved theorem of Sturm,* the same is true of y,. 
In the same way each of the other intervals 2,<¢<z,, 
a,<a<a,, + is treated. The second theorem of comparison 
(loc, cit., p. 300) admits an analogous treatment; and the 
same is true of certain generalized forms of these theorems. 


Professor Morley proved the following theorem: Given 
three points and four planes, take the polar of any two 
planes as to the points, and let this polar point be joined to 
the intersection of the other two planes. We thus have six 
planes. These meet in a point; and the third polar of this 
point as to the four planes is the polar of the original three 
points as to the original four planes. A precisely similar 
theorem holds for n + 1 spaces S, , and n points in a space 
S, of n dimensions. That is, the polar of any n — 1 spaces 





* Loo. oit., p. 298. The notation there explained is used here without 
change. 
SO, BULLETIN, March, 1897, p. 209. 
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Sa aS to the points is joined to the intersection of the other 

two S,./s. We have thus n(n + 1)/2 spaces S, , which 

meet in a point; the n™ polar of this point as to all the 

S, ;8is the polar of the n given pointe as to all the S,_,’s.° 
This yields, for points and lines lying in a plane, the proof 

of some statements made by Caporali (Works, Pejlerano, 

Naples, 1888 ; pp. 262-269). 


Mr. Wilson's paper showed that the collineation in three 
dimensional space can, in general, be resolved into three 
skew reflections. The method pursued was to give a geo- 
metrical construction for three skew reflections whose 
product was the given collineation. The paper is offered 
for publication in the Transactions. 


Dr. Miller showed that if any three arbitrary numbers 
larger than unity are given we can always find three sub- 
stitutions 3,,3,,8, whose orders are these three numbers 
respectively, in the given order, and which satisfy the equa- 
tion s,8,— &. These substitutions can always be so selected 
that the number of the different elements involved in all of 
them does not exceed the order of the largest of the given 
numbers increased by two. In the proof of this theorem 
the following lemma was frequently used: If two circular 
substitutions have an odd number of consecutive elements 
in common their product is & circular substitution that in- 
volves all the elements of both. 


Mr. Whittemore’s paper is in abstract as follows: The 
fundamental problem of the calculus of variations may be 
said to be: To determine y, a function of z, whose values 
for z= a and «= b are given, such that 


u= f FG ie (1) 


shall be a maximum ora minimum. In (1) F is a given 
function, supposed analytic, of z,y, and y = dy/dz. This 
problem is identical with the following: To determine y, a 
function of z, whose values for z = a and «= b are given, 
such that a solution of the differential equation 


w = F(2,4,¥) (2) 
which vanishes for z = a, shall have a maximum or amini- 
mum forz-— b. The second statement leads naturally to 
the posing of the same problem for the more general differ- 
ential equation 
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ui = F(z,u yy). (3) 


If we denote by 7 tlie variation of y and by = the corre- 
‘sponding ‘' first variation ” of u, andif we suppose 7 to be a 
‘regular’? variation, that is such a variation that 7’? may 
be neglected as well as 7°, it follows from (3) that is de- 
termined by the linear differential equation of the first 
order 


ar OF Ə, uu 





where we have further the initial condition z(a) — 0. A 
necessary condition that a shall have for z — b a maximum 
or & minimum is z(b)-— 0 for all regular variations 7 
where 7(a) =.7(b) — 0. If now in (4) we regard u, y, and 
o as known functions of v, we can find x by quadratures, 
&nd we may then see by the usual method of the calculus 
of variations that we must necessarily have 


ap, ap OF dF) o. 
By pu oy ` dz (ay) 7? 

This condition corresponds to Lagrange's necessary condi- 
tion for a maximum or & minimum in the calculus of varia- 


(5) 


tions, and reduces to it when A = D. 
If now we consider the differential equation 


" = F(z,u,u' y, y) (6) 


we have for z, the “first variation ’’ of u, a linear differen- 
‘tial equation of the second order 


OF, ap ap ab, ` 
But” "oi éi Sich D. 


which cannot be solved by quadratures. A method is 
therefore necessary which does not depend upon the integra- 
tion of (7). Such a method is discussed in the present 
paper, and. applied to the equation (3) leads again to (5). 
Applied to (6) the method leads to the proposition: There 
is in general no function y, having given values for v = a 
and z = b such that u, determined by (6) and the two initial 
conditions u(a) = Aa w'(a) = u,’, shall have a maximum or 
& minimum for z — b. ` 

It seems probabit that the same method would lead to a 
similar statement for all differential equations of an order 


z^ 
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greater than one in wu. The presence in the differential 
equations of derivatives of y of order greater than one does 
not affect the result in the latter case, while in the case of 
equation (3), as in the calculus of variations, we are led to 
& resulting differential equation more complicated than (5). 


Mr. Coolidge’s paper began with a definition of imaginary 
geometrical elements after von Staudt and August. The 
usual method of representing imaginary points in a real line 
by real points in a plane was then mentioned, with an ex- 

. planation why this proceeding could not be so extended 
as to include all imaginary points in a plane. It was then 
shown that every imaginary point in a real plane might be 
represented by the real base of its projection from a real 
point on an imaginary plane, and the necessary construc- 
tion was explained. The assemblages of lines representing 
points on real and imaginary lines were discussed, as well 
as the relations of those lines which represented chains of 
imaginary points. The paper closed with a brief reference 
to the congruences of lines representing points lying on 
coinc sections, and a discussion of the advisability of find- 
ing a method of representing all the imaginary points in 
space, f 

F. N. Corr. 

COLUMBIA UNIVERSITY. 


NOTE ON THE SIMPLY TRANSITIVE PRIMITIVE 
GROUPS. 


BY DE. G. A. MILLER. 
(Read before the American Mathematical Society, October 28, 1899.) 


THE simply transitive primitive groups present many dif- 
ficulties which have not yet been solved. In his ‘‘ Traité 
des substitutions" Jordan proved some fundamental theo- 
rems in regard to these groups.* Several additional theo- 
' rems appeared in the ‘‘ Proceedings of the London Mathemat- 
ical Society," 1897, pp. 034-536. The following theorems 
and corollaries are closely connected with the results of this 
article. 

Every primitive group G of degree n contains a maximal 
subgroup G, of degree n— 1. When Gis simply transitive 





* P. 284. 
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G, is intransitive and the order of each of its transitive con- 
stituents is divisible by the same prime numbers.} 
-'TuzogEM I. When G, is of order p^, p being any prime 
number, it cannot contain as a transitive constituent any regular 
group whose order is less than the order of G, 

The subgroup of G, which would correspond to identity 
in this transitive constituent would be self-conjugate and it 
would have to occur in each of the conjugates of G, which 
do not involve all the elements of the given transitive con- 
stituent. In each of these conjugates it would be trans- 
formed into itself by substitutions that are not found in G, 
since each subgroup of any group of order p" is transformed 
into itself by substitutions that sre not contained in it. 
These conditions are impossible, since G, is a maximal 
subgroup of G. 

ConorLLARY I. When Gt, is of order p" d cannot contain any 
self-conjugate subgroup of degree less than n — 1 "and of order’ 
greater than pt, m> 2. 

CononLnLARY II. When one of the transitive constituents of G, 
is of order p, G, must be of this order and G must be of class 
n —1. l ' 

TuxonEM IL Jf the order of G, is p* and if G, contains a 
transitive constituent of order p*, then any two of the p° conjugates 
of G, which do not involve all the elements of the given transitive 
constituent contain a common abelian group of order p*. 


It follows from theorem I that the given transitive con- 
stituent must be of degree p’. Each of the given p* conju- 
gates contains a subgroup of order p whose substitutions are 
commutative to every substitution of the group and whose 
degree does not exceed n — 1 — p°’. This subgroup must 
occur in G, since the self-conjugate subgroup S of G 
which corresponds to identity in.the given constituent of 
order p” cannot be transformed into itself by any substitu- 
‘tion of G except those that are contained in G,. It cannot 
occur in S since each subgroup of S is transformed into 
itself by at least p‘ substitutions of G,. The given subgroup 
of order p and S must therefore generate an abelian group 
of order p' which includes all the substitutions of G, that 
are common to it and the corresponding conjugate to G. 


CORNELL UNIVERSITY, 
July, 1899. 





t Jordan, loc. cit. 
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ON THE COMMUTATORS OF A GIVEN GROUP. 


BY DR. G. A. MILLER. e 


LET 8, $,8,...,5, represent all the operators of a given 


` group G, and let ¢ represent any operator whatsoever. From 


ihe identities 


Sg B, 6 RV = (8,98) E aapt E 35 (e, (2,8 Cg +1) 
85 L8, 08,88 = (185) 8, 88, - 8, 88 "8,8, 


we observe that the transform, with respect to any operator 
of G, of the commutators formed with ¢ and the operators 
of G is the product of two such commutators. All of these 
commutators must, therefore, form a group which is trans- 
formed into itself by G. When t transforms G into itself 
the given commutators generate the smallest self-conjugate 
subgroup of G which has the property that allof the opera- 


‘tors of the corresponding quotient group are commutative 


tot; i. e., t transforms each of the divisions of G with re- 
spect to this self-conjugate subgroup into itself. By letting 
t represent, in succession, all the operators of G we arrive 
at the known theorem that the commutator subgroup of & 
group is the smallest self-conjugate subgroup with respect 


- to which the group is isomorphic to an abelian group.* 


From the fact that the commutator subgroup of G is a 
characteristic subgroup it follows that it is self-conjugate in 
every group that contains G self-conjugately. In particu- 
lar, if G is of order p* and is not the abelian group of the 


type (1, 1, 1, ..., 1), then every group that contains G 


self-conjugately must also contain a self-conjugate sub- 
group of order p®,a>f>0. When @ is the abelian 
group of the type (1, I, 1,...,1), it is clearly always 
possible to construct a group which contains @ self-conju- 
gately and which transforms none of the subgroups of G 
besides identity into itself. 

If t remains fixed in the commutator C=s—1t— "et while 
s is multiplied on the left by all the operators of G we ob- 
serve that C remains unchanged when this multiplier is 
commutative to ¢ and that it is changed for every other mul- 
tiplier. Arranging all the operators of G in the following 





* Quar. Jour. of Math., vol. 28 (1896), p. 268. 
t Moore, BULLETIN, vol. 2 (1898), p. 33. 
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manner, the first row being composed of the operators that 
are commutative to t, : 


lj 4 Zu 77 8s 

* Ta Bu au cU 8/0 
Ty kd 875 ZER "an 
Du 8$ Bä "Bäi: 


Chas the same value when «is multiplied on the left by 
each one of the y operators of a row, and if s is multiplied 
by two operators from different rows the corresponding 
values of C must evidently be different. Hence C has just 
l= g +y distinct values when s is multiplied be. all the 
operators of G and each value of C corresponds to the same 
number of operators of G. This result is independent: of 
whether s or t belong to G or not. When s belongs to G we 
' may say that C has 4 distinct values when s is successively 
replaced by all the operators of G aud that each value of C 
corresponds to the same number of the operators of G. 
While C has the same number of different values as t has 

conjugates when it is transformed by all the operators of G, 

yet these different values of Cneed not include any of these 
conjugates of ¢ nor is it necessary that these form a complete 
system of conjugates with respect to the operators of G, e. g. 
when t is one of the operators of order three in the alternat- 
ing group of order twelve while s assumes successively all 
the values of the operators of this group, the four values of 
C are the operators of order two and identity. If s had as- 
sümed all the values of the operators of the symmetric 
group of order twenty-four, C would have assumed the 
values of four operators of order three in addition to the 
‘given four values. 

The following two equations 


ad, bb, Geer: ll mm, x a,b, bue c Um 
= bo Del": Get 
ae, Abee iE, LX ab + bye, os Ee 
= gabe, e k,lmi,k, — ¢,b,a, 
show that every substitution is the product of two substitu- 


tions of order two that do not involve any element except 
those involved in the given substitution.* The given sub- 


* I6 may be observed that each of these substitutions transforms the 
given product into its inverse. 





D 
i 
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stitutions of order two are similar when the given cyclical 
product involves an odd number of letters; when this pro- 
ductinvolves an even number of letters, one of the given sube 
stitutions of order two contains one more transposition than 
the other. Hence every positive substitution is thegproduct 
of two similar substitutions of order two. Since these two 
' similar substitutions can be transformed into each other by 
some substitution we have the theorem : 

Every positive substitution is the commutator of two substitutions 
involving only elements that are contained in the given positive 
substitution. 

From the following examples we see that any circular 
substitution of an odd order is the product of two similar 
circular substitutions which may have either one or three 
common elements, 


0,0, ` Qa, = Duef, 
Dutt ` Q,0, 0, = 00,0, 
0,040, - 40,0, = G,0,0,0,0, 


4, 0,040, E D Daftatle P3 a, haay 


Uhuy Oy 1 ` lAn 4 fia A3 "` Dan A3 
== 0,0304 '** On 20530, sy 14 "7" Dän 3 

l G,0405 >> By gg ` 0,404030, 304 477 Gans 
= 0,030, *** An A. st la OR A4 "7" Dän A1 


' Hence we observe that any cycle of an odd order greater 
than three.is the product of two gmaller similar cycles each 
of which is of an odd order. It is evident that the two 
given similar cycles can always be transformed into the 
inverse of each other by some even substitution; 4. e., 
every positive cycle whose degree exceeds three is a commutator of 
two positive substitutions which do not involve any elements except 
those which are contained in the given cycle. 

From the following equations, in which 0 < 2a <n-+1, 


Qis Anga On Anta Anpa "7" Das sayı 
= 0.0, "` Oya ` Daa A3 ra 277 fa? n1 

aa Onpa 0,0, 0,0, ps Gaya’ Daa Arata 
= 04040, t Ora pic (la ia pe pan Gn 43 Gey A8 77 Dän? (n > 2), 
we observe that two negative cycles of degrees 2a and 
2(n — a) are always the product of two positive cycles in- 


D 
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volving the same elements and of degree n + 1 if nis even 
but of degree n + 2 if nis odd. Since not all the elements 
of these positive cycles are common, one of them may always 
be transformed into the inverse of the other by some posi- 
tive substitution involving the same elements.* We have 
now proved that every positive substitution which does not 
include cycle of order three is the commutator of two posi- 
tive substitutions that do not involve any element except 
those of the given positive substitution. If a positive sub- 
stitution consists of a cycle of order three it is evidently a 
commutator of positive substitutions with five but no smaller 
number of elements. If it contains a cycle of order three 
&nd soine other elements it can clearly be expressed as the 
produet of two positive substitutions such that the one can 
be transformed into the inverse of the other by a positive 
substitution in the same elements. Hence 

THEOREM I. Every substitution of the alternating group of 
degree n (n> 4) is a commutator of two substitutions of the same 
group. 

The inverse of each of the two similar cycles having one 
common element whose product may be made any desired 
odd cycle can evidently be transformed into the other by a 
substitution of any arbitrary order. Hence any odd cycle 
is the product of two similar substitutions whose order is 
entirely arbitrary. Similarly we observe that any two neg- 
ative cycles are the product of two similar substitutions 
whose order is arbitrary. In particular, any given operator 
is the product of two operators of the same arbitrary order. 
Hence the commutators of two operators may be employed 
to give a very simple proof of this special case of the gen- 
eral theorem. If /, m, n are any integers greater than unity 
it is always possible to find three operators L, M, N whose 
orders are J, m, n and which satisfy the relation L = MN. 

"The holomorph of a cyclical group is evidently isomorphic 
to an abelian group with respect to this cyclical subgroup. t 
When the order of the given cyclical group is odd the given 
holomorph must contain systems of conjugate operators each 
of which includes as many operators as the order of the 
given cyclical subgroup.. When this order is even the num- 
ber of conjugates in a system must be half as large. Hence 

THEOREM IT. If the order of a cyclical group is odd, it is the 
commutator subgroup of its holomorph and all its operatora are 





* Since ab - ed and abed - ef are the commutators of abe, ad - be and bfdec, 
ac - ef respectively, we*do not need to consider the cases ‘when n== 2 or 3. 
In fact, the general method is not directly applicable to these cases. 

TOt. ’ Burnside, Theory of Groups, 1897, p. 24! 
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commutators of this holomorph. When this order is even, the 
commutator subgroup of the holomorph includes half of the 
operators of this cyclical group and all of these operators are cone- 
mutators of this holomorph. 

Since stia similar to ts and this is similar to sie we ob- 
serve that the commutator of two operators is similar to the 
commutator formed by means of one of these operators and 
the inverse of the other. The preceding results are, in part, 
supplementary to those contained in the paper ‘‘On the 
commutator groups," Dote, Vol. IV., pp. 135—189. 

CoRNELL UNIVERSITY. 


THE CALCULUS OF GENERALIZATION. 


Calcul de Généralisation. Par G. OLTRAMARS, Doyen de la 
Faculté des Sciences de l’ Université de Genóve. Paris, A. 
Hermann, 1899. 8vo, viii + 191 pp. 


Tus work is the magnum opus of the venerable dean of 
the faculty of sciences, of Geneva, who is probably the old- 
est living pupil of Cauchy. The volume recapitulates and 
completes the works of the author published during the last 
twenty years. ` ` 

Oltramare regards every function as developable in a series 
of exponentials; thus, a designating an independent variable, 
he puts 

g(a) = A,e** + Age? + Ayer? + +,- 


where a, f, y, =- are any constants real or imaginary, in num- 

ber finite or infinite. He adopts the shorter notation Ge™ 

for the series XA er, u taking successively the values a, B, y, +, 

and the equation 
l - g(a) = Ge 

then expresses that the function g(a) is generated from er 

by generalization. 

This is in fact an extension of Liouville’s generalized de- 
rivatives ; the latter defined the derivative of index of the 
function ¢(a) as given by the equation - 

dt 

Te = Asor + Age*BB + Aye H 3 
and Oltramáre proposed to construct a more general calcu- 
lus* by considering expressions of the form 





* See Laisant/s introduction to Oltramare’s lithographed essay on the 
caloulus of generalization published previously. 


t 
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Aner (a) + Age e (8) + AYTA) nj 
the functions ¢ not containing a; this expression he repre- 
sents by the symbol Ge™¢(u), which is clearly the result of 
an operation effected on e(a) ifGe™ represents (a). Thus, 
for exaMple, Ge**u* is the „th differential coefficient of the 
function g(a). Since e“?(u) is any function of a and u, 
Ge™$(u) is equivalent to Gf(«), and this last is the result 
of a certain operation on g(a); this operation is the object: 
of the calculus of generalization ; the inverse operation is. 
called degeneralization. 
These notions and their usefulness will perhaps be made 
clearer by a few examples taken from the treatise. 


1° Assuming the identity 
let us define e by means of the equation 
. Gen — (x + a); 
from this equation we deduce the following 
G1 = e(2), Gu eeh, Gu'— g" (a), =, Gu" e (x), 
hence we have 


p(z +a) = p(x) + e) + oe) B 4 


ate yes 


+ eg (a) 5 dide 


Taylor’s series. . 

Conversely, putting e(x) equal to e" we obtain 
g(z-a)-—679' p(z) = u^, =, e (2) = u", 
which, put in Taylor's series, give the development of e™ in 
"o "Let it be proposed to determine the function V(z, y) 

which satisfies the equation of finite differences 


F(a, y) — aP(z —1, y +1) — 0. 


We admit that this relation has been obtained by the 
generalization (using this word always in the technical sense 
ascribed to it above) of an identity which it is easy to de- 
termine. . 

As every function of two variables can be expressed by 
the generalizing function Ge"**7 let us put 
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Wa, y) = Ge*r. 
This value substituted in the proposed equation gives 
Ge**"(1—2ae-***) = 0; 

whence, suppressing the factor ein and degeneralizifig, we 
have 

1—2ae-*t*—0 3 
from which relation we deduce 

e" = ae’; 

raising to the eth power and multiplying by e" we have 

gi ty — greet n», 
which generalized gives 

F(x,y) = a'e(z +y), 

the integral of the proposed equation, 9 being an arbitrary 
function. 


3° As another example take the integration of the linear 
. equation 


dz dz - 
ES + "Ae = bz 
Writing | z= Qtr, 


which is permissible since every function of two variables 
can be put in this form, and substituting this value for s in 
the given eqüation, the latter becomes 


Qet (u + ay — b) — 0, 


whence, degeneralizing this expression and SES the 
factor e" Im, we have Í 


uta—b=0; 
and hence eg'te-h!-],ore*—e-"; 
which raised to «th power and multiplied by e" gives 
- gri — get uem, 
then the value of z will be expressed by generalizing the two 
members ; we shall have 
po Gen = ge guae — "Wy — az), 


where ¥ is an arbitrary function. 
4° As a last example consider the generalizing füsiskton of 
the numbers of Bernouilli : 
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sone "=I+ But Bry st BZ i 
*by replacing u by hu we deduce 


` hue™ = e+ am — ef, . 
then putting Ge“ = F(s) as defining equation of the func- 
tion F(z) we have, by generalizing both members of this 
identity, 


Pre AAL Bh) — P(e + Bh) = AF (x +h), 


the fundamental formala of the theory of Bernouillian 
numbers. 

By multiplying both. numbers of the identity above by 
e" — 1 we have 


ue*(e"* — 1) 
e— i1 


generalizing both members and putting Ge = f(z), we find 
the summation formula of Maclaurin 


£'Q) +F) t +S) = KU + B) — SB). 


These examples show the part to be played by the calcu- 
lus of generalization when the operations are linear ; on the 
other hand, when the operations are non-linear the calculus 
is no longer applicable ; it may then be regarded as a theory 
of linear operations. 

Its general problem as regards its own -mechanism is to 
determine the value of the expression Ota, v, w, ...) repre- 
sented by the development of ` 


, V(D, D, D, ...) P(S, y, 2 ...), 
the function ¢ being defined by the relation 
e(z t a, y+b, zo, ...) = Gem 


The order followed in the’ construction of the various 
forms G&F and the applications to be made of these tools 
appear from the chapters of Oltramare’s work which are in 
order 1? calculus of generalization, 2? generalization (tech- 
nical use of word always) of functions of a single variable, 
3? generalization of functions of several variables, 4° of 
rational functions, 5° of exponential functions, 6° of 
logarithmic functions, 7? of circular functions, 8? of, vari-- 
ous forms of trahscendental functions, 9? expression of 
the integral "/p(z)dz" as a definite integral, 10? differen-. 


= gt tm go ue + eM 4+... em; 
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tiation and integration with fractional indices, 11° trans- 
formations of series into definite integrals and reciprocally, 
12° expression of the sums of certain general series as defi-, 
nite integrals, 13° integration of equations, 14° determina- 
tion of & particular integral of every linear differential, 
difference, or partial differential equation, having erger 
efficients and second member, 15° inverse calculus of definite 
integrals, 16° integration of linear differential or difference 
equations with constant coefficients, 17° integration of linear 
partial differential or difference equations with constant 
coefficients, 18° integration of certain partial differential 
equations with variable coefficients, 19? integration of equa- 
tions of mixed differences, 20? integration of simultaneous 
equations, 21? integration of certain equations which can be 
transformed into linear equations. 

One of the principal advantages which the author claims 
for the method is the application which can be made of it 
to the integration of differential equations. Its rôle in 
higher analysis he likens to that of logarithms in numerical 
reckoning. It makes the integration of equations, differ- 
ence and partial single or simultaneous, depend on the 
solution of algebraic equations ` moreover, it permits of de- 
termining in general the maximum to the number of arbi- 
trary functions entering an integral in order that it be com- 
plete, and in particular cases the process can determine the 
exact number of these arbitrary functions. 

The general process employed by this calculus for the in- 
tegration of equations consiste in representing the known 
and unknown functions under the generalized forms, sub- 
stituting these in the equations, and deducing the integrals 
by the aid of generalization. 

E. O. Loverr. 

PRINOETON 'UNIVERSITY. 


SHORTER NOTICES. 


Jacob Steiner’ s Vorlesungen über synthetische Geometrie. Zweiter 
Theil: Die Theorie der Kegelschnitie gestützt auf projective 
Eigenschaften. Auf Grund von Universitatsvortragen und 
mit Benutzung hinterlassener Manuscripte Jacob Stein- 
er's. Bearbeitet von HErNRIOK Sourdrer. Dritte Auflage, 
durchgesehen von Rupotr Srurm. Teubner, Leipzig, 
1898. xvii+537 pp. Price, 14 marks. 


Tux fact that this new edition of Steiner’s lectures, edited 
and published by Schróter in 1866, has been prepared by 
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Professor Sturm at the request of the publishers, shows 
that the demand which called for a second edition in 1876 
as not been satisfied by the appearance of more modern 
ooks ‘on the subject. It is a curious coincidence that 
Reye'g ' Geometrie der Lage’’ also made its first appear- 
ance in 1866 and went into a new edition in 1876. 

To those not familiar with the scope of the work a short 
sketch of the contents may be of interest. It was Steiner’s 
intention to publish his investigations in synthetic geometry 
in five parts, and the first, the important work: ‘‘Syste- 
matische Entwickelung der Abhängigkeit geometrischer 
Gestalten von einander’’ was published in 1832. The re- 
maining four parts never appeared, but much of the subject 
matter that was to have formed the fifth part was included 
in a course of lectures which Steiner delivered several times 
at the University of Berlin. In 1852 Schroter attended a 
course of lectures by Steiner ‘‘ Ueber die neueren Methoden 
der synthetischen Geometrie" and the notes he took of these 
lectures supplemented by manuscript notes left by Steiner 
form the basis of the presónt volume. In the ‘‘Syste- 
matische Entwickelung’’ (1832) Steiner, to avoid being 
thought too radical, had followed the old method, consider- 
ing 8 conic as a section of a right circular cone, although, 
as he says in 1836, he fully felt that this method was un- 
suitable for his purpose; in his later unwritten work, part 
5, he intended to recapitulate briefly the properties of pro- 
jective ranges and pencils and from these to deduce his 
definition of the conic and the theories of involution and 
reciprocal polars. This plan Schroter has carried out in the 
first two sections of the work under discussion, following 
Steiner’s arrangement almost exactly. Steiner had come 
to the conclusion that the use of trigonometry might be 
avoided in the development of the projective properties of 
lines and pencils and that this new geometry might, with 
great advantage, be incorporated with the most elementary 
geometry. ‘Trigonometrical expressions are used, therefore, 
only in so far as they are needed for the further develop- 
ment of the subject, but the use of metrical properties is not 
avoided nor is an endeavor made to build up a logical struc- 
ture on the ground work of fundamental geometrical axioms. 
Parallel lines and circles, are introduced without definition, 
algebra and trigonométry are used freely, the principle of 
duality is adopted without discussion, and the axes, area, 
curvature, and other metrical properties of conics are in- 
vestigated. - ; ` 

The third section, of 178 pages, is devoted to an elemen- ` 
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-tary treatment of pencils and ranges of conics; the different 
kinds of conics are discriminated for cases of real and im- 
aginary points and the pencil and range are investigated 
separately, little use being made of the principle of duality. 

In the fourth section, of 112 pages, the polar sytem of 
the plane and the net of conics are discussed in some de- 
tail. i 

The book, as a text book, has the defect so often found in 
books compiled from lecture notes—-namely, a lack of con- 
tinuity in notation. This is especially noticeable in the 
treatment of fundamental points, which are denoted by four 
or five different sets of letters in as many articles. Profes- 
sor Sturm has improved the edition greatly in this respect 
and has modernized the terminology. There are one or two 
misprints, for instance on page 132, and there is some slight 
confusion in the proof given on page 60, but the edition 
seems on the whole remarkably free from errors. 

ISABEL MADDISON. 


Compositions d'Analyse, Cinématique, Mécanique et Astronomie, 
données depuis 1889 à la Sorbonne pour la licence és 
sciences mathématiques. Par E. Vë Paris, Gau- 
thier- Villars, 1898. 8vo, x + 299 pp. 

‘An American reader will probably peruse this volume 
more for the insight it gives as to the standard required 
from French students just finishing their courses in mathe- 
matics, than for the matter it contains. The questions are 
those set in the final examinations for students who have 
finished the training which corresponds to a college course 
here, and who expect to go out immediately and teach. The 
candidate who can successfully grapple with such problems 
in a limited time must have had a good preparation and be 
well equipped, as far as knowledge goes, for the profession 
of teaching mathematics. . 

M. Villié has previously published two similar volumes 
of worked-out problems; the present one contains the so- 
lution of questions set since 1889. To American and Eng- 
lish students, these volumes will be perhaps superfluous, our 
text books generally doing what is needed in that direc- 
tion; in France, so far as may be gathered from their 
mathemaiieal-publications, this part is left to the instructor 
and. thé volume before us doubtless sarves a very useful 
purpose. In analysis we have chapters containing solved 
problems in integration, differential equations, orthogonal 


" 
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trajectories, radii and lines of curvature, asymptotic and 
geodesic lines, and imaginary variables. The last will be 
eof assistance to any instructor, consisting as it does, of 
various well chosen examples in integration round a circuit. 
In tle portions containing kinematics and mechanics we 
find problems similar to those given by, for example, Routh 
in his various books. The fourth section contains numer- 
ical problems in spherical astronomy. 

The admirable clearness of explanation and care of ie 
tails are to be highly commended. 

Ernst W. Brown. 


Keplers Traum vom Mond. Von Lupwie Gunrner. Leipzig, 

B. G. Teubner, 1898. ‘xxii + 185 pp. 

We should consider Herr Günther's edition of Kepler’s 
“í Dream! rather incommensurate with the importance of his 
text if it had not evidently been a labor of love on his part. 
The German translation (the Latin of Kepler is not given) 
occupies 19 pages, that of Kepler’s notes perhaps another 
50 pages, the editor being responsible for the rest. The 
work, or rather scientific romance, is little known and it 
cannot be said to be of importance except in so far as it 
shows what stage Kepler had reached in astronomical ideas. 
Its interest is, in fact, less historical than antiquarian. As 


: a romance it would hardly find many readers at the present 


day, being chiefly details of the appearance of the sky as 
seen from the moon. The editor is scarcely fair in compar- 
ing it with the well-known tale of “ Julius ” (1) Verne—the 
first inspiration of many a schoolboy—which he dismisses 
with a contemptuous remark. The fullness of the notes on 
astronomical and other matters will satisfy the most exact- 
ing of critics. 
i EnwNzsr W. Brown. 


A Short Table of Integrals. By B. O. PxigcE. Boston, Ginn 
and Co., 1899. 8vo, 134 pp. 

Tuas is a revised and much enlarged edition of the 
&uthor's well-known table of integrals, forming a very use- 
ful handbook of formule which in many cases are too long 
and complicated to remember. It constitutes a labor sav- 
ing volume of considerable value. There are 897 formule 
in all, These include the indefinite integrals of many ra- 
tional and irrationgl algebraic and transcendental functions, 
formule of reduction, and the more important definite in- 
tegrals. There are also numerous auxiliary formule, for 


te 
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example, those arising in trigonometry, the principal re- 

lations between the elliptic integrals (Jacobian notation), 

and series for frequently occurring functions. In the last 

the author hae been careful to state the limits within which’ 
- the expansions are valid. At the end of the book arg sev- 

eral. numerical tables which include, beside the“usual 

logarithmic and trigonometric ones, some four place tables 

of the elliptic integrals and of the gamma functions. In 

future editions a table of contents might be added. 

Ernest W. Brown. 


NOTES. 


ATTENTION is called to the changein the hours of meeting 
of the AMERIOAN MATHEMATICAL Boots, Hereafter the 
morning session will open at 11 o'clock and the afternoon 
session at 2 o'clock. The Council will meet at 10:15 a. m. 


A new list of members of the Society will be issued in 
January. Forms for furnishing necessary information have 
been sent to each member, and a prompt response will be of 
great assistance to the Secretary. 


A meeting of the National academy of sciences was held 
at Columbia University, November 14-16, pure and applied 
mathematics being represented by Professors Cleveland 
Abbe, C. H Hastings, E. S. Holden, A. E. Michelson, 
Simon- Newcomb, Mr. C. 8. Peirce, and Professor R. 8. 
"Woodward. The following mathematical papers were pre- 
sented atthe meeting: Professor R.S. Woopwarp: ‘The 
‘statical properties of the atmosphere,” ** A direct proof of 
the effect on the eulerian cycle of an inequality in the equa- 
torial moments of inertia of the earth ;" Mr. C. 8. PEIROE : 
“The definition of continuity," ‘‘ Topical geometry in 
general," “ The map-coloring problem.’’ 


. Tue preliminary programme for the November meeting 
of the London mathematical society announced the follow- 
ing mathematical papers): `“ Note on Clebsch’s second 
method for the integration of a Pfaffian equation,’’ by Mr. J. 
BRILL; ‘‘ On the forms of lines of force near a point of equi- ' 
librium’’; ‘‘ The reduction of conics and quadrics to their 
principal axes by the Weierstrassian method of reducing 
quadratic forms;’’ and ‘‘ On the reductidn of a linear substi- 
-tution to a canonical form, with applications to linear differ- 


118 ` l ' NOTES. [Dec., 


ential equations and quadratic forms, by Mr. T. J. I. 
BnoxwioH ; ''The abstract group isomorphic to the sym- 
„metric group of k letters," by Dr. L. E. Dickson; "On ` 
*Ampére's equation Rr- 28s 4- Tt -- U(ri—s) = y, by 
Proggsson A. C. Drxon; ''Certain correspondences be- 
tween spaces of n dimensions," by Professor E. O. LOVETT ; 
‘The fundamental solutions of the indeterminate relation 
Ax = uy," by Masor P. A. MaoManon. 


At the meeting of the Cambridge philosophical society 
held October 30th, 1899, a mathematical paper, "7 On semi- 
convergent series,” was presented by Mr. W. MoF. ORR. 


BEGINNING with the year 1900, the journal Bibliotheca 
Mathematica, devoted to the history of the mathematical. 
sciences, founded in 1887 by G. ExzsrROM, of the library of 
the University of Stockholm, will be published by B. G. 
Teubner, of Leipzig, under the editorial supervision of M. 
Enestrom. In the future the form of the journal will 
be that of the Mathematische Annalen, and each volume will 
contain about five hundred and fifty pages. The editor 
solicits not only historical articles, but also all items of in- 
terest relative to current mathematical activity. Manu- 
scripts may be written in German, French, English or 
Italian, and acceptable contributions will be accorded 
honoraria of twenty marks per sixteen printed pages, to- 
gether with from ten to twenty reprints. The editor’s ad- 
dress is. Brahegatan 43, Stockholm. 


Tux publishing house of B. Q. Teubner, Leipsic, an- 
nounces that Vorlesungen über die Geschichte der Trig- 
onometrie, by Dr. A. von BRAUNMÜHL; and Vielecke und 
Vielflache, Theorie und Geschichte, by Dr. M. BRÜOKNER, 
are in preparation. 


Messrs. Longmans, Green and Company, of New York, 
are issuing the fourth edition of BURNSIDE and Panron’s 
Theory of equations in two volumes; the first volume is 
ready and contains all that is usually given in elementary 
works on the theory of equations, together with a short 
chapter on complex numbers; the second volume is to in- 
clude those subjects which are more appropriately included 
under the title of modern higher algebra. 


Among the mathematical numbers of Harpef's Scientific 
Memoirs, published by Messrs. Harper and Brothers, of New 
York, are The setond law of thermodynamics, edited by 
Professor W. F. Macie; The law of gravitation, by Pro- 
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fessor A. B. MaoxxENziE; The wave-theory of light, by 
Professor Henry Crew. The first of these is already in 
print. ; d 


Panis FAcunLTY or Sorenczes. The following gfnathe- 
. matical courses are offered during the first semester of the 
‘current academic year, each course occupying two hours 
per week :—By Professor G. Darsovux: Fundamental 
principles of infinitesimal , geometry.—By Professor E. 
Goursat: Definite integrals and analytic functions.—By 
' Professor P. APPELL : General laws of equilibrium and of 
motion.—By Professor H. PorxcARÉ: The lunar theory.— 
By Professor V. J. Bousstnesq : Mechanical properties and 
motions of fluids.—By Professor Q. KozNias: Kinematics 
of rigid or deformable bodies, applications to the study of 
machines.—Unassigned : Elements of analysis and me- 
‘chanics.—By M. H. Anpoyrer: General theory of plane- 
tary perturbations. Conferences will be conducted by 
Messrs. Rarry, HADAMARD, PuiBEUX, ANDOYER, and 
BLUTEL. ` 

For the second semester the following courses are an- 
nounced :—By Professor É. Prcarp: Partial differential 
equations.—By Professor E. Goursat: Differential equa- 
Hong, De Professor P. APPELL: General laws of motion 
of systems; Analytic mechanics ; Hydrostatics and hydro- 
dynamies.—By Professor BoussiwEsQ: Theory of waves. 
—By Professor Kornics: Theory of machines.—By M. 
Rarrv: Differential equations and their applications to 
mechanics and physics. 


CAMBRIDGE University. Dr. E. J. Born and Mr. A. 
N. WurrgeHEAD are moderators and Messrs. E. G. GALLOP 
and P. C. Gur examiners for part I. of the mathematical 
tripos 1900 ; the examiners for part II. of the same year are 
Professor W. Burnsrpe and Messrs. H. F. BAKER, G. T. 
WALKER and H. M. Maopoxarp. At St. John's College, 
Mr. W. A. Houston, fifth wrangler 1896 and Smith's prize- 
man, 1898, has been elected to a fellowship in mathematics, 
and Mr. F. W. B. FRANKLAND, third wrangler in 1897, has 
received a similar appointment at Clare College. 


A LEGAOY left by one of its members, S. Town VAL- 
LAURI, has enabled the Turin academy of sciences to establish ` 
& prize of thirty thousand lire to be conferred on the Italian 
or foreign scientist who shall have published during the in- 
terval between January 1, 1899, and December 31, 1902, 
the most remarkable and celebrated work on any of the 
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physical sciences, interpreting the phrase ‘‘ physical sci- 
ences’’ in its largest sense. The prize will be awarded one 
year after the expiration of this interval. Neither resident 
nor non-resident national members of the Turin academy 
‘are elitble to the competition. No manuscripts will be re- 
ceived, nor will competing works be returned. The presi- 
dent of the academy is H GrusgePE CARLE and S. A. Nac- 
GARI is secretary of the section of the physical sciences, 


- mathematical and natural. 


Tue subject of Professor L. Fuons’s inaugural address as. 
rector of the University of Berlin for the current year was 
** The reciprocal relations of pure science and technology." 

Lorp RAYLEIGH, professor of natural philosophy in the 
Royal Institution of Great Britain, received the Copley 
medal at the anniversary meeting of the London Royal 
Society this year for his investigations in mathematical and 
physical science. 

Mr. R. F. Murruzap has been elected president of the 
Edinburgh mathematical society for the coming year. 

: Dr. J. B. FAuaur has been promoted from an instructor- 
ship to an assistant professorship at the University of Indi- 
ang. 

Ds. H. LrixBMANN has qualified as privat docent in math- 
ematies at the University of Koenigsberg. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


ANDRÉEV (K. A.). Elementary course in analytic geometry. 2nd edi- 
tion. (Russian.) Kharkov, 1898. R. 3.90 


BIANOHI (L.). Lezioni sulla teoria dei gruppi di sostituzioni e delle 
equazioni algebriche secondo Galois. Pisa, 1899. 8°. 283 pp. 
Fr. 10.00 


——. Vorlesungen über Differentialgeometrie. Autorisierte deutsche 
Uebersetzung von G. Lukat. 3te (Schluss-) Lieferung. Leipzig, 
Teubner, 1898. 8vo. Pp. 1-16 and 529-659. M. 4.00 


BLUMENTHAL (O.) Ueber die Entwicklung einer willkürlichen Funk- 


tion nach den Nennern des Kettenbruches für ZC ( Diss.) 
Göttingen, 1898. .8vo 57 pp. R 


BoBYNIN (V. V.). The section of mathematics, astronomy aud physios 
at the first nine meetings of the Association of Russian naturalista 


^ 
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and physicians ; its objects and activity. Part I: The first, second, 
third and fourth meetings. (Russian.) Moscow, 1896. 8vo. 169 pp. 


BOUSSINESQ (J.). Infinitesimal analysis, translated by A. P. Nenacheys. 
Vol. I: Differential calculus. Part 1: Elementary part. (Russian.) 
Moscow, 1899. 8vo. 312 pp. IS 


BREMIKER (H.). Sur la transformation des courbes algébriques en 
énéral et sur celle des courbes du troisitme ordre en particulier 
d'aprés des cours de M. Weierstrass et de M. Bruns). (Progr.) 

Berlin, 1899. 4to. 19 pp. 


CABEN (A.). Sur Ja formation explicite des équations différentielles du 
premier ordre dont l'intégrale gónérale est une fonction à un nombre 
fini de branches. (Thése.) Paris, Gauthier-Villars, 1899. 4to. 
89 pp. 

CAJORI(F.). Notes on the history of logarithms. (Sonderabdruck aus 

+ Abhandlungen zur Geschichte der Mathematik, IX, pp. 33-39.) Leip- 
zig, Teubner, 1899. 8vo. 


CHELPANOV (G.). The problem of space perception in its relation to the 
doctrine of à priori and innateideas. Part I: The idea of space from 
the point of view of psychology. (Russian.) Kiev, 1896. 8vo. 
16 4- 387 pp. R. 2.50 


Dx MORGAN (A.). Elementary illustrations of the differential and in- 
tegral calculus. New edition. Chicago, The Open Court Publishing 
Co., 1899. 12mo. 8-1-144 pp. Cloth. $1.00 


DOLBNIA (I.) Memoir on the theory of Abelian integrals, presented to 
the Council of the Mining Institute. (Russian.) Bt. Petersburg, 
1896. Geo, 155 pp. 


ENOYELOPADIE der mathematischen Wissenschaften mit Einschluss ihrer 
Anwendungen. Teil1, Band I, Heft 4: F. W. Meyer, Invarianten- 
theorie (Schluss) ; C. Rupge, Gleichungen, Separation und Approxi- 
mation der Wurzeln; K. T. Vahlen, Gleichungen, rationale Funk- 
tionen der Wurzeln, symmetrische und Affektfunktionen; O. 
Hólder, Gleichungen, Galois’sche Theorie mit Anwendungen. Leip- 
zig, Teubner, 1889. 8vo. 353-512 pp. M. 4.50 


EnRMAKOV (V. Pi Theory of Abelian functions. (Russian.) Kiev, 
1897. Geo, 120 pp. 

FrnrPPOV (M. M.). Elementary theory of probabilities. (Russian. } 
St. Petersburg, 1896. R. 0.40 


FLEURY (H.). Théorie rationnelle de l'infini mathématique et du calcul 
infinitésimal. 2e édition, augmentée d'une théorie nouvelle du pro- 
blème analytique des tangentes: Paris, 1899. Geo, Fr. 10.00 


FRANKENBACH (F. W.). Die Anwendung trimetrischer Punktkoordi- 
naten auf die merkwürdigen Punkte des Dreieoks. (Progr.) Lieg- 
nitz, 1899. 8vo. 39 pp. 


GERLACH (R.). Die Metrik in projektivischen Koordinaten. Zürich, 
1899. 8vo. 112 pp. ` M. 2.00 


GLaar (F.) Anwendung der Gruppentheorie auf die irreduzibeln 
Gleichungen vom sechsten Grade. (Diss) Königsberg, 1899. Gen, 
96 pp. e 

GOLDSCHEIDER (F.). Ueber die Gauss’sche Osterformel. Teil II. 
(Progr.). Berlin, 1899. 4to. 30 pp. 


D 
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GOoTTSOHALK (A.). Beiträge zur konformen Abbildung Pasoal'scher 
Schnecken. (Progr.) Burgsteinfurt, 1899. 4to. 16 pp.,1 plate. 


GRASSMANN (H.). Punktrechnung und projektive Geometrie. Teil 
III: Die linearen Verwandtschaften in der Ebene. Festachrift. 
Nalle, 1898. 4to. 54 pp. 


GUNDERMANN (G.). Die Zahlzeichen. Giessen, 1899. 4to. 60 pp. 
M. 2.00 


Haas (A.). Lehrbuch der Integralrechnung. Teil II: Anwendung der 
bestimmten Integrale auf Quadratur, Rektifikation, Komplanation 
und Kubatur, sowie auf Aufgaben aus der Mechanik und Technik. 
Mit 246 vollständig gelösten Aufgaben, 163 Figuren und 137 Erkla- 
rungen, nebst ausführliohem Formelverzeichnis. Zum Selbststudium 
und zum Gebrauch an Lehranstalten bearbeitet, Stuttgart, Maier, 
1899. 8vo. 8-1-284 pp. (Kleyers Enoyklopidie der gesammten 
mathematischen, technischen und exakten Naturwissenschaften. ) 


M. 9.00 
HENSOHEL (A.). Untersuchungen über Berührungskugeln.  (Progr.) 
Weimar, 1899. 4to. 16 pp. M. 1.50 


Hur (H.). South African arithmetic. London, 1899. 8vo. Cloth. 4s. 

HOoOHHEIM (E.). Ueber eine Art der Erzeugung der Kurven dritter 
Klasse mit einer Doppeltangente.  (Dise.) Halle, 18909.  8vo. 
50 pp. 

HOLDER (O.). See ENOYELOPADIE. 

JAHRBUOH über die Fortachritte der Mathematik, begründet von C. 


Ohrtmann: Unter besonderer Mitwirkung von F. Müller und A. 
Wangerin herausgegeben von E. Lampe. Vol. 98: 1897. Heft2: 


Pp. 417-608. Berlin, Reimer, 1899. Gen, - M. 6.00 
JuGA (G.). Dieoyklisehen Minimalflichen. (Diss.) Strassburg, 1898. 
8vo. 39 pp. 


KAPLAN (I. T.). On the distribution in the natural series of the num- 
bers prime to a given one. (Russian.) Odessa, 1897. -8vo. 56 pp. 


KOWALEWSKI (G.). Die primitiven Transformationsgruppen in fünf 
Veründerlichen. Habilitationssohrift. Leipzig, 1899. Geo, 76 pp. 


"LAMPE(E.). BeeJAHRBUOR. 


Lozwy (A.). Ueber bilineare Formen mit konjugirt imaginüren Vari- 
ablen. Habilitationssohrift. Freiburg, 1898. 4to. 68 pp. 


Loverr (E. O.). The theory of perturbations and Lie’s theory of contact 
transformations. (Dias.) Leipzig, 1898. Geo 193 pp. 


LuKAT(M.). See BIANOHI (L.). 


MANSION (P.). Einleitung in die Theorie der Determinanten für Gym- 
nasien und Realschulen. Aus der 3ten französischen Auflage über- 
setzt. Leipzig, Teubner, 1899. Geo, 40 pp. M. 1.00 


MEYER (F. W.). See ENOYKLOPADIE. 


MININ (A. P.). Collection of problems in the differential add integral 
caloulus. (Russian.) St. Petersburg, 1899. Geo 78 pp. 
i t e M. 2.00 


MóuniNG (E.). Ueber dis Abbildung der fünf platonischen Körper in 
centrierten Systemen sphürischer Flächen. (Dias.) Rostock, 1898. 
8vo. 36 pp., 2 plates. M. 1.80 
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MÜLLER (F.). See JAHRBUCH. 
Nau (F.). See Sapoxt (S.). 


NEKRASOV (P. A). ` Application of algebra to geometry. 2d edition? 
with the addition of a ohapter on a concrete interpretation of Lo- 
bachevaky’s geometry. (Russian. Moscow. 1898. 8vo. 1.50 


NENACHEV (4. PI. See BOUSSINESQ (J.). 


OBRÉIMOV (v. I.) Mathematical sophisms. 3d edition, corrected and 
augmented. (Russian.) St. Petersburg. 1898. 8vo. 92 pp. 
: R. 0.40 


OHRETMANN (C.). See JAHRBUCH. 
PaPPERITZ(E.) Die Mathematik an den deutschen technischen Hooh- 
schulen. Beitrag zur Beurteilung einer schwebenden Frage des 


höheren Unterrichtswesens. Leipzig, Veit, 1899. 8vo. 4+ 68pp., 
1 plate. ^ M. 1.50 


PASOAL(E.) Repertorio di matematiche superiori (definizioni, formole, 
teoremi, cenni bibliografici)’. Vol. I.: Analisi. Milano, Hoepli, 


1898. 16mo. 164-642 pp. (Manuali Hoepli.) Fr. 6.00 
PEIRCE (B. O.). A short table of integrals. Revised edition. Boston, 
Ginn & Company, 1899. .8vo. 134 pp. $1.00 


PocuiNSKY (N. 8). New and simple method for solving numerical 
algebraic equations of any integral degree. Part I. Solution of 
equations with one variable. (Russian.) St. Petersburg, 1896. 

es R. 1.50 


PonrrRIEV (N. I.). Syllabus of a course of publio lectures on the cal- 
oulus of probabilities. (Russian.) Kazan, 1896. 8vo. 23 pp. 


PongTSY (P. 8.). Modern science and the academician Tmshenetsky. 
( Russian.) Kovno, 1897. 8vo.: 19 pp. 


Rarry (L.). See ROBIN (G.). 


REINHARDT (N. V.). Non-Euclidean geometry and positivism. ee 
sian.) Kazan, 1897. 16mo. 56 pp. R. 0.35 


Rosin (G.). Oeuvres scientifiques, róunies et publiées, sous les aus- 
pices du ministère de l'instruction publique, par L. Raffy. (Phy- 
sique mathématique.) Paris, Gauthier-Villars, 1899. Geo, 6--150 
pP. 

RossEVICH (I. N.). See SERRET (J. A.). 


RupERT(E.). Grundlagen zu einer Geometrie der Kugel nach Grass- 
mann'sAusdehnungslehre. (Progr.) Leipzig, 1899. 4to. 44 pp 


Runes (C.). See ENOYKLOPÁDIE. 


SaBoEkT (BS.). Le traité sur l'astrolabe plan de Sévère Sabokt, éorit au 
Vis sidole, d’après des sources grecques, et publié pour la ' première 
fois, aveo traduction française, par F. Nau. Paris, Leroux, 1899. 
8vo. 116 pp. (Extrait du Journal Asiatique.) 


Soarris (N.). Primi elementi della teoria dei numeri. Milano, Hoepli, 
1897. 18mo. 8--152 pp. (Manuali Hoepli.) Fr. 1.50- 


BoHILLING (F.). Ueber neue kinematische Modelle, sowie eine neue 
Einführung in die Theorie der oyklischen Kurven. Halle, Schilling, 
1899. 8vo. 15 pp., 2 plates. M. 1.20 
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SoHULTZ(E.) Integrationsméglichkeiten der Hamiltonschen partiellen 
Differentialgleichung mit drei Variablen. (Progr.) Stettin, 1898. 
4to. 16 pp. 


SERRET (J. E Higher Algebra, translated by I. N. Rossevich. Part 
Genera! properties and numerical solution of equations. Part IT: 
Symmetric functions. Edited by M. O. Wolf. (Russian.) St. 
Petersburg, 1897. 8vo. 615 pp. . 8.00 


SERVANT (M.). Essai sur les séries divergentes. (Thése.) Paris, Gau- 
thier-Villars, 1899. 4to. 65 pp. 


SHAPOSHNIKOV(N.A.). Attempt at a mathematical presentation of the 
ideas and results of ethics. (Russian.) Moscow, 1898. Geo, 2+ 
30 pp. R. 0.20 


SHIDLOVsEY (V.). On the doctrine ‘of the differential and integral, 
(Russinn.) St. Petersburg, 1896. 


SPINDELER (K.). Ein Beitrag zur Einführung in das Gebeit der ràum- 
lichen Konfiguration. Fortsetzung. (Progr.) Diedenhofen, 1898. 
8vo. 28 pp. 


SrINER (G.). Die dreimal berührenden Ellipsen der Steinerschen Hypo- 
cykloide. (Progr.) St. Gallen, 1899. 4to. 17 pp., 5 plates. 


TIKHOMANDRITSKY (M.). Differential and integral calculus, with exer- 
cises. 2d edition. Part 2. (Russian.) St. Petersburg, 1899. Bea, 
Price of the complete work, in 2 vols. M. 8.00 


Tzrrzttoa (G.). Sur les congruences cycliques et sur les systèmes trip- 
lement conjugués. (Thóàse.) Paris, Gauthier-Villars, 1899.  4to. 
57 pp. 

VARLEN (K. T.). See ENCYKLOPÁDIE. 


VALLÉE Poussin (CH. I. DE LA). Cours d'analyse inflnitésimnle. 
Ie et IIe parties. Paris, 1899. 4to. 2-H 212 -H %22 pp. Fr. 19.00 


VAN VLEOK (E. B.). On the determination of a series of Sturm's funo- 
tions by thecaloulation of a single determinant. (Annals of Mathe- 
matics, 2nd series, Vol. L) Salem, 1899. 4to. 13 pp. 


—. On certain differential equations of the second order allied to Her- 
mite's equation. (American Journal of Mathematics, Vol. 21, pp. 
196-167.) 1899. 4to, 9 plates. 


VoRoNOI (G.). Onacertain generalization of the algorithm of continued 
fractions. (Russian) Warsaw, 1896. 8vo. 219 pp. R. 1.50 


WANGERIN (À.). See JAHRBUOR. 


Worr (M. 0.). Bee SERRET (J. À.). 
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ANDRE (J. LL See BUCHANAN (L. A.). 


ARBUZOV (V.), MININ (A.), MININ (V.), and Nazarov (D.). Colleo- 
tion of problems in algebra, for the use of pupila in the upper olasses 
of secondary institutions. With a collection of examination problems ~ 

roposed in various Russian educational districts. 4th edition. 
(Busan) 1896. 8vo. 4-+ 86 pp. R. 0.50 
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BERTRAND (J.). Theoretical arithmetic, adapted by N. Billbin. 4th 
edition. (Russian.) St. Petersburg, 1899. 8vo. 294 pp. M. 5.00 


Drun (N.). See BERTRAND (J.). e 


BEEITMANN. The theory of combinations and Newton’s We a 
ula, for pupils in the upper classes of secondary schools. (R&sinn.) 
Odessa, 1895. 8vo. 31 pp. R. 0.40 


BRiGds (W.). Second stage mathematics. 2nd edition. London, 
Clive, 1899. 12mo. 474 pp. (Organized science series.) 3a. 6d. 


BUOKANAN (L. A.) and ANDRÉ (J. L.). The algebraic solution of 
equations of any degree; a novel, simple, and direct method for the 
solution of equations of the nth degree. San Francisco, Cal., pub- 
lished for the authors by The Whitaker & Ray Co., 1899. 12mo. 
4+ 61 pp. Limp Cloth. 80.80 


Busou (F.). Vorbereitender Lehrgang in der Kórperlehre.  (Progr.) 
Arnsberg, 1899. 4to. 20 pp. 


CASTLE (F.). Elementary practical mathematics. New York, The Mac- 
millan Co., 1899. 16mo. 10-+-401 pp. Cloth. $0.80 


CHAILAN (E.). Géométrie, à l'usage des élèves des classes de lettres, 
conforme au programme de la première partie du baccalauréat de 
l'enseignement secondaire classique. Paris, Poussielgue, 1899. 
Lëmo, 8-+ 240 pp. (Alliance des maisons d'éducation chrétienne.) 


Davipov (A.). Geometry for grammar schools, based on Diesterweg. 
llth edition. (Russian.) Moscow, Dymnov, 1897. Geo, 63 pp. 
R. 0.35 


——. Elementary geometry, for use in the gymnasium. 18th edition. 
(Russian.) Moscow, Dymnov, 1897. 8vo. 348 pp. R. 1.35 


DoLANSEY (A.). Is it possible to square the circle by geometrical con- 
struction with greater precision than heretofore attained? 1896. 


EBERHAED. Ueber die im Pensum höherer Lehranstalten vorkom- 
menden sogenannten imaginüren Werte. (Progr.) Cassel, 1898. 
4to. 58 pp., 1 plate. 

EcoRov (F.). See MALININ (AÀ.).' 


EICHHORN (A.). Sammlung von mathematischen Formeln und Regeln 
zum Gebrauche an hóheren Lehranstalten. Lüneburg, Herold & 
Wahlstab, 1899. 12mo. 21 pp. M. 0.50 

EsrEL (V.). See SABOHINGER (E.). 


EVTUSHEVSKY (V.). Methodology of arithmetio, for the use of teachers’ 
institutes, seminaries, ete. 14th edition. (Russian.) St. Peters- 


burg, 1899. Geo “352 pp. M. 5.00 
FRENOK (C. H.) and OSBORN (G.). Elementary algebra (to quad- 
ratios). London, Churchill, 1898. 12mo. 318 pp. 3s. 6d. 


GÉRARD (L.). See NIEWENGLOWSKI (B.). 


GHERSI (I.). Metodi facili per risolvere i problemi di geometria ele- 
mentare. Milano, Hoepli, 1899. 16mo. 12-190 pp. (Manuali 
Hoepli.) 


GOLDENBERG (A. N.). Methodology of elementary arithmetic. 13th. 
edition. (Russian.) St. Petersburg, 1899. 8vo. 192 pp. M. 2.00 
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HARRISON (J.) and BAXANDALL (G. A.). Practical plane and solid. 
geometry for advanced students, inoluding graphio statics. Adapted 
to the Kénsington Syllabus. London and New York, Macmillan, 

~ 1899. 16mo. 12--557 pp. Cloth. $1.00: 


HzBEMWV.). Collection of geometrical exercises in computation, con- 
struction and proof, with articles supplementary to the course in ele- 
mentary geometry. (Russian.) ublished by the author, 1897. 
8vo. 6+ 100 pp. : R. 0.40- 


HEoHT (W.)-and LorHER (H.). Beispiele und Aufgaben aus der Buch- 
stabenrechnung. Resultate. Nürnberg, Korn, 1898. Geo 94-- 
.2pp. Cloth. M. 1.25 


Hone (D.). Lehrbuch der Arithmetik für Untergymnasien. Teil I: 
Für die erste und zweite Klasse. 2te Auflage, Hermannstadt, 


Krafft, 1899. Bea, 8-}142 pp. Cloth. M. 1.70 
—. Teil II: Für die dritte und vierte Klasse. 2te Auflage. Her- 
mannstadt, Krafft, 1899. 8vo. GL 92 pp. M. 1.36 


IlAKOVLEV (M. D.). The division of angla according to the rules of ele- 
mentary geometry. (Russian.) St. Petersburg, 1897. 12mo. 9 pp. 


Iurgvicn (G. Lu Elementary geometry, with a collection of geomet-' 
rical problems and a brief outline of surveying. For use in girl’s 
gymnasia, teachers’ seminaries and city schools. ( Russian.) Dor- 
pat, 1897. Bvo. 993 pp. R. 0.60 


KHnHaAILOV (N.). See Masina (K.). 
KIRIANOV (I. I). Derivation of the ratio of the ciroumference to the 


diameter, and consequently solution of the problem of the quadra- 
ture of the circle. (Russian.) Warsaw, 1898. 16mo llpp. R. 0.50 


Kisgvev (A.). Elementary geometry for secondary schools. With nu- 
merous exercises and a supplement: the principal methods of solvin 
geometrical problems by construction. 5th edition. (Russian. 


Moscow, 1897. 8vo. 311 pp. R. 1.25 
KRYLOV (A. N.). "Text-book of spherical trigonometry for naval schools. 
(Russian.) St. Petersburg, 1899. 8vo. 124 pp. M. 2.00 


LorHER (H.). See HEont (W.). 


MALININ (A.). Geometry and collection of geometrical problems. Text- 
book for country and city schools. 10th edition. (Russian.) Mos- 
cow, 1896. 8vo. 199 pp. R. 0.65- 


MALININ (A.) and EaoROvV (Pi Geometry and collection of geometrical 
problems. Text-book for girls’ schools and teachers’ seminaries.’ 
4th edition. (Russian.) Moscow, 1899. Svo. 272 pp. R. 1.00 


Mastne (K.) and KHaILov (N.). Systematic collection of algebraic 
problems. 3d edition. (Russian.) Moscow, 1897. 8vo. 339 pp. 
R. 1.25 


OMATHEMATICS [for mechanica and engineers]. From The Chicago Record. 
New York, Doubleday & McClure Co., 1897-99. 12mo. 6-+ 340 pp. 
Cloth. (Home study circle No. 2.) $1.00: 


MERGHINSKY (A.). The analytical method of progressions.’ (Russian. } 
Moscow, 1898. 8vo. 16 pp. 
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MININ (A.). See ARBUZOV (V.). 


MriNIN (V.). Collection of geometrical problems, with a collection of 


problems to be solved by-the simultaneous application of geome 
and trigonometry. 6th edition. (Russian | Moscow, 1898. 
` 90 


——. Bee ARBUZOV (V.). 


Mrmonov (P.). Text-book of geometry, with the addition of : (1) ques- 
tions for review, (2) geometrical exercises, and (3) developments of 
solids. 9d edition. (Russiau.) Ufa, 1896. 8vo. Part I. 3+ 
110 pp. PartIL 34-138pp. , R. 0.80 


——, Text-book of geometry. with collection of geometrical problems, 

(Ruseian.) Ufa, 1897. 8vo. PartIII. 184pp. PartIV. 118pp. 

R. 1.05 

NAU(T.) Recueil de problèmes de trigonométrie rectiligne, renfermant 

en particulier 150 questions proposées aux haccalauréats depuis 1892. 

Première partie: Evoncés. Paris, Ponssielgue, 1890. Geo 42 pp. 
(Alliance des maisons d’éducation chrétienne. ) 


Nazarov (D.). See ARBUZOY (V.). 


NEUMANN (C. E. O.). Formelbuoh, entbaltend die haupteüchliohsten 
Formeln, Sätze und Regeln der Elementar-Mathematik, zum Ge- 
brauche an Realschulen und Gymnasien übersichtlich zusammenge- 
stellt: 6te Auflage. Dresden, Axt, 1899. p 16mo. 4-+168 pp. 
Cloth. M. 1.50 


NIEWENGLOWSKI (B.) et GÉRARD (L. ). Cours de géométrie élémen- 
taire, à l'usage des classes de l’enseignement moderne. Géométrie 
dans l'espace. Paris, Carré et Naud, 1899. Geo, 267 pp. 


-——. Cours de géométrie élémentaire, à l'usage des classes de letires. 
Géométrie dans l'espace. Paris, Carré et Naud, 1899. Svo. 126 pp. 


-~—. Cours de géométrie élémentaire, A l'usage des élèves de mathé- 
` matiques es élémentaires, de mathématiques spéciales, des candidate 
aux écoles du gouvernement et des candidats à l'agrégation. Géo- 
métrie dans l'espace. Paris, Carré et Naud, 1899. 8vo. 500 pp. 


Os880RN (G.). See FRENON (C. H.). 


‘PRONTUARIO delle formule prinoipali di trigonometria piana e sferica. 
Livorno, Fagiolini e Co., 1899. 8vo. 3 pp. 


PRZHEVALSKY (E.). Collection of algebraical problems. 6th edition. 
(Russian.) Moscow, 1897. 8vo. 288 pp. R. 1.25 


——. Plane trigonometry, with a collection of trigonometrical problems. 
5th edition. (Russian.) Moscow, 1897. 8vo. 248 pp. R. 1.25 


R. (A.). Syllabus of geometry, with the solution of the more difficult 
problems proposed in A. Davidov’s Text-book of elementary geom- 
etry. (Russian.) Kiev, Johanson, 1897. 16mo. 125 pp. R.0.40 


ROHRBACH (C.). Vierstellige logarithmisch-trigonometrische Tafeln, 
nebat einigen "physikalischen und astronomischen Tafeln, für den Ge- 
brauch an höheren Schulen zusammengestellt, Ste Auflage. Gotha, 
Thienemann, 1899. 8yo. 36 pp. . Boards. M. 0.60 


RY5KIN (N.). Collection of trigonometric problems for secondary 
schools. 2nd edition. (Russian.) Moscow, 1897. Geo, 79 pp. 
f R. 0.40 
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———. Collection of stereometrio problems requiring the application of 
trigonometry. 4th edition. (Russian.) Moscow, 1807. Ben, 84 pp. 
. R. 0.40 


ÉBOHINGER (E.) und EsrEL (V.). Resultate zur zweiten Auflage der 

. ufgabensammlung für den Rechenunterricht in den Unterklassen 
r Gymnasien. Erstes Heft: Sexta. Leipzig, Teubner, 1899. Geo. 

40 pp. Boarda. M. 0.80 


Sasso (M.). Formole dei quadrati e cubi dei polinomi ; loroapplicazioni 
per fare il quadrato e oubo dei numeri. Avellino, Pergola, 1899. 
8vo. 22 pp. Fr. 1.00 


SOHARR(J.). Der erste geometrische Anschauungs-, Zeiohén- und Rech- 
enunterricht. Zum Gebrauche in einem Vorkursus dea Geometrie- 
Unterrichte. Leipzig, Klinkhardt, 1899. 8vo. 4-1-64 pp., 4 plates. 

: M. 


0.60 
ScHÜRMANN (F.). Kleine praktische Geometrie. 16te Auflage. Moers, 
Spaarmann, 1899. Gen, 8-180 pp., 9 plates. M: 1.60 


BcnmunTZ (E.). Leitfaden der Planimetrie für gewerbliche Lehranstal- 
‘ten. Teil I. 2te Auflage. Essen, Baedeker, 1899. Geo, 4-|- 79 
pp. Cloth. M. 0.76 


SHAPOSHNIKOV (N. A.). Text-book of Algebra, adapted to the pro- 
grammes of the secondary schools. 3d edition. (In 2 parte.) (Hus- 
sian.) PartI: Courseof the third and fourth classes of the gymnasia, 
with supplementary articles. Moscow, 1897. 8vo. 175 pp. R. 0.70 


——. Plane trigonometry, with a collection of trigonometrical problems. 
7th edition. (Russian.) Moscow, 1899. 8vo. 136 pp. M. 2.70 


Socor (A.) e ToLosrer (G.). Elementi di matematica; libro di testo, 
per le seuole complementari, conforme ni programmi governativi. 
ol. I: per la prima classe complementare. Firenze, Le Monnier, 


1899. 8vo. 44-208 pp. Fr. 1.50 
——. Vol. II: per Ja seconda classe complementare. Firenze, Le Mon- 
nier, 1899. Geo, 156 pp. Fr. 1.50 
——. Vol. III : per la terza olasse complementare. Firénze, Le Monnier, 
1899. Geo, 196 pp. Fr. 1.50 


Sovor (A.) e ToLoser (G.). Elementi di matematica ; libro di testo per 
le scuole normali conforme ai programmi governativi. Vol. I: per 
la prima classe normale. Firenze, Le Monnier, 1899. 8vo. AL 207 


pp. Fr. 1.60 
——. Vol. II: per la seconda classe normale. Firenze, Le Monnier, 
1899. Den, 188 pp., 3 plates. Fr. 1.60 


Spitz (C.). Lehrbuch der ebenen Geometrie, nebst einer Sammlung von 
800 Uebungsaufgaben, zum Gebrauch an höheren Lehranstalten und 
beim Selbstatudium. 10te Auflage. Hierzu eine Beigabe: Erlüàu- ` 
ternde Tafeln mit erklürendem Text von K. Traub. Leipzig, 
Winter, 1899. ` Ben, 12 + 294 + 32 pp., 26 plates. M. 4.50 


EN Die Resultate und Andeutungen zur Auflósung der in dem Lehr- l 
buch [der ebenen Geometrie] befindlichen Aufgaben. 10te Auflage. 
Leipzig, Winter, 1899. 8vo. AL 113 pp. M. 1.60 


SyvzRANSKY (P. Li, The solution of the quadrature of the circle with 
mathematical precision. (Russian.) Odessa, 1897. 8vo. 10 pp., 
2 plates. R. 0.20 
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"TrkHoMIROY (I. N.). Exercises and problems in elementary algebra. 
Systematic text-book for secondary schools. 2nd edition. Cassian.) ) 
Moscow, 1899. 8vo. 392 pp. 


TIMPENFELD (P.). Tabellen der Quadrate von 1-10 000, Kuben v 
1-2500, Quadrat und Kubikwurzeln von 1-1000, Kreisumfin, d 
Inhalte von 1-1000. 2te vermebrte Auflage. Dortmund, 18997 8vo. 


N M. 3.75 
ToLoMx: (G.). See Bocor (A.). 
T2AUB (K.). See SPITZ (C.). 


VERESHCHAGIN (I.). Collection of algebraical problems for pupils of the 
upper classes of secondary institutions. 3dedition. (Russian.) St 
Petersburg, 1896. 8vo. 180 pp. R. 0.90 


———. Collestion of questions and problems in plane trigonometry, for 
gymnasia and real schools. 4th edition. (Russian.) St. Peters- 
burg, 1897. 8vo. 285 pp. R. 1.50 


Vorov (V.). Practical methods for raising a number to a power and 
extracting from a number the 2d, 3d, 4th, 6th, 8th, 9th, 12th, 24th, ` 
27th roots. For students in naval classes, technical, and other schools. 
2d edition. (Russian.) Kerch, 1896. Geo, 50 pp. R. 0.60 


VoLZHIN (V.). The theory of limita and its applications. For use in 
real schools, (Russian.) Morshansk, 1896. 8vo. 19 pp. 


- WuLIKH(Z.). Short course in geometry, with a collection of geometrical 
problems. 18th edition. (Ruesian.) 8t. Petersburg, 1897. Geo. 


210 pp. . ; , RO 80 
WENTWORTH (G. A.). Solid geometry. Revised edition. Boston, 
Ginn & Co., 1899. 12mo. 16+ 469 pp. Half leather. $0.85 


WITTING (A.). Geometrische Konstruktionen, insbesondere in begrens- 
, ter Ebene. (Progr.) Dresden, 1899. 4to. 18 pp. 


WaoBLEWSKI (W.). Solutions of the collection of exercises in F. Bych- 
kov’s Course of elementary algebra. Part III. (Russian.) St. 
Petersburg, 1899. 8vo. Pp. 399-640. M. 5.00 


“ZLOTOHANSKY (P.). Elevation to a power of polynomials of numbers ` 
the formulae resulting from the division of a” + b" by a+ b. Aën 
sian.) Odessa, 1897. Geo, 24 pp. R. 0.30 


——. Plane trigonometry, for secondary schools. 2nd edition, revised 
and augmented. (Russian.) Odessa, 1897. 8vo. 113 pp. R. 0.76 


IIl. APPLIED MATHEMATICS. 


ALBRECHT (M. F.) und VrEROw (C. 8.). Lehrbuch der Navigation. 
Für die kénigl. preussischen Navigations-Schulen bearbeitet, 7te 
Auflage. Anhang, herausgegeben im Auftrage des konigl. Minis- 
teriumg für Handel und Gewerbe. Berlin, Decker, 1899. 8vo. 
15 pp. n M. 0.76 


APPELL (P.). Les mouvements de roulement en dynamique. Aveo 
deux notes de J. Hadamard. Evreux, Hérissey, 1899. 16mo. 70 
pp. (Scientia, physique mathématique, No. 4. 


Bows (W.). An elementary treatise on orthographio projection ; being 
a new method of teaching the science of mechanical and engineer- 
ing drawing. 13th edition. New York, Spon & Chamberlain, 1898. 
Bvo. 108 pp. Cloth. $3.50 
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BucHRHOLZ (H.). See KLINKERFUES | W.). 
CHADWIOK (O.). See MIDDLETON (R. E.). 


ICKNETHER (F.). Leitfaden der darstellenden Geometrie. 2te Auf- 
lage. München, Lindauer, 1899. Geo, 4-+ 76 pp. M. 1.50 
EKM 


(S. BI Utveckling af teorien der centrifugal-regulatorer, 
jämte darpa grundad handledning for deras beräkning. Stockholm, 
1899. 8vo. 108 pp. M. 3.80 


FRANKLIN (W. S.) and WILLIA3SON (R. B.). The elements of alter- 
. nating currents. New York, The Macmillan Co., 1899. 8vo. 212 
pp. Cloth. $1.75 


Grass (J. W.). Equilibre des systèmes chimiques. Traduit par H. Le 
- Chatelier. Paris, Carré et Naud, 1899. Geo, 12-4212 pp. ` 


GRAVE (D. À.). On the fundamental problems of the mathematical 
! theory of the construction of maps. (Russian.) St. Petersburg, 
; 1898. 8vo. 4- 197 pp., 7 plates. i 


HADAMARD (J.). See APPELL (P.). 


HADLEY (H. E.). Magnetism and electricity for beginners. London 
and, New York, Macmillan, 1899. 16mo. 8-+ 327 pp. prs 
.80 


Hmonne (G. W.). Billiards mathematically treated. London and New 
1 "York, Maomillan, 1899. 8vo. 45 pp. Oloth. $1.25 


J AOKWITZ (E.). Gleichgewichtslagen und Schwingungen eines Pendel- 
systems. (Progr.) Schrimm, 1899. 4to. 20 pp., 1 plate. 


Juppont (P.). Température et énergies. Essai sur une équation de di- 
mensions dela température. Paris, 1899. 8vo. 94 pp. Fr. 3.00 


KXiNKERFUES (W.). Theoretische Astronomie. 2te Auflage, heraus- 
. gegeben von H. Buchholz. Braunschweig, Vieweg, 1899. 4to. 
17--935 pp. Portrait. M. 34.00 


KLINKERT (G.). Die Bewegung elektro-magnetisch erregter Saiten. 
(Diss.) Marburg, 1898. 8vo. 26 pp., 2 plates. 


LAMPA-(A.). Ueber Wirbelbewegung. Wien, 1899. 8vo. 13 pp. 
| (Schriften des Vereins zur Verbreitung naturwissenschaftlicher 
; Kenntnisse.) - . M. 1.50 


LE OHATELIER (H.). Bee Grass (J. W.). 


LEzuTZ (H.). Geschichte, Theorie und Anwendungen des Horizontal- 
-pendels. Teil I: Geschichte und elementare Theorie des Instru- 
mentes, (Progr.) Karlsruhe, 1898. 4to. 20 pp. 


LORENZ (L.). Oeuvres scientifiques, revues et annotées par H. Valen- 
tiner, publiées aux frais de la fondation Carlsberg. Vol. II, pars 1. 
'' Copenhague, 1899. 8vo. Pp. 1-320. M. 6.50 


` MAKAROY (N.I). Descriptive geometry. 4th revised edition, (Rus- 
sian.) St. Petersburg, 1896. Geo. 31+ 402 pp. With an atlas of 
98 plates in 4to. ` ` 


` LL; Linear perspective in the plane. (Russian) St. Petersburg, 
1898. Geo, 19-8 4-482 pp. ‘With an atlas of 98 plates in 4to. 


4. R. 5.00 
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MEZHERICHER (P. L). Projeotive drawing ; an elementary course in 
Qo geometry. (Hussian.) Odessa, 1896. 8vo. 6-+94pp., 
plates. 


MippLETON (R. E.) and CHADWIOK (0.). Treatise on surveyige* 
Part I. London, Spon, 1899. Geo, 298 pp. 1 . 


. MürLER (C. H.) Der logarithmische Reohenstab. (Progr) Frank- 
furt a. M., 1899. 4to. 52 pp., 5 plates. 


MÜLLER (R.). Leitfaden fär die Vorlesungen ber darstellende Geome- 
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THE CENTURY’S PROGRESS IN APPLIED MATH- 
EMATICS. 


PRESIDENTIAL ADDRESS DELIVERED BEFORE TIIE AMERICAN 
MATHEMATICAL SOCIETY AT ITS SIXTII ANNUAL 
MEETING, DECEMBER 95, 1809. 


BY PRESIDENT E. 8. WOODWARD. 


Tue honor of election to the presidency of the AMERICAN 
MATEEAXATICAL Socrery carries with it the difficult duty of 
preparing an address, which may be at onco interesting and 
instruetive to a majority of the membership, and which may 
indicate at the same time the lines along which progress 
may be expected in one or more branches of our favorite 
science. In partial recognition of the honor you have con- 
ferred upon me it has seemed that I could do no better than 
to consider with you some of the principal advances that 
have been made in mathematical science during the past 
century. But here at the outset one must needs feel sharply 
restricted by the limitations of his knowledge and by the 
wide extent of the domain to be surveyed. Especially must 
this be the case with one who belongs to no school of math- 
ematicians unless it be the ‘old school’ of inadequate 
opportunities and desultory training. On account of these 
conditions, I have found it essential to accept the ordinary 
division of the science into pure and applied mathematics 
and to confine my attention in this address wholly to ap- 
plied mathematics. Here again, however, it is necessary to 
impose restrictions, for the domain thus divided ie still far 
too large to be reviewed adequately in the brief interval 
allotted to the present occasion. I have therefore limited 
my considerations chiefly to those branches of applied math- 
ematics which were already recognized as such at the be- 
ginning of the present century. The most important of 
these branches appear to be analytical mechanics, geodesy, 
dynamical astronomy, spherical or observational astronomy, 
the theory of elasticity, and hydromechanics, This rather 
arbitrary subdivision may be made to include several im- 
portant branches not enumerated, while it must exclude 
others of equal or greater importance. Thus the theory of 
héat diffusion which led Fourier to the wonderful analysis 
which bears his name may be alluded to under physical 
geodesy->~the theories of sound and light may be regarded 
ag applications merely of the theories of elasticity and hy- 
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dromechanics ; while the theories of electricity, magnetism, 
and thermodynamics, which are the peculiar and perhaps 

ost important developments of the present century, must 
bé'wzcluded almost altogether. 

Another difficulty which besets one who would speak of 
the progress in question is that arising from the technical- 
ities of the subjects to be discussed. Beautiful and impor- 
tant as these subjects are when arrayed in their mathematical 
dress, and thrilling as they truly are when rehearsed with 
appropriate terminology in the quiet of one’s study, it must 
be confessed that they are on the whole rather uninviting 
for the purposes of semi-popular exposition. In order to 
meet this difficulty it seems best to relegate technicalities 
which demand expression in symbols to foot notes and, while 
freely using technical terminology, to translate it into the 
vernacular whenever essential. Thus it is hoped to avoid 
the dullness of undue condensation on the one hand and the 
superficiality of mere literary description on the other. 

'The end of the last century marks one of the most im- 
portant epochs in the history of mathematical science. This 
time, one hundred years ago, the master work of Lagrange 
(1736-1813), the Mécanique Analytique, had been published 
about eleven years. The first two volumes of the Mécanique 
Céleste of Laplace (1749-1827), undoubtedly the greatest 
systematic treatise ever published, had just been issued. 
Fourier (1768-1830), whose mathematical theory of heat 
was destined to play a wonderful rôle in pure aud applied 
mathematics, was a soldier statesman in Egypt, where with 
Napoleon he stood before the pyramids while the centuries 
looked down upon them.* Gauss (1777-1855), who with 
Lagrange and Cauchy (1789-1857) must be ranked among 
the founders of modern pure mathematics, was a promising 
but little known student whose Disquisitiones Arithmeticae 
and other papers were soon to win him the directorship of 
the observatory at Gottingen. Poisson (1781-1840), to 
whom we owe in large part the beginnings of mathematical 
physics, had just started on his brilliant career as a student 
and professor in the Ecole Polytechnique. Bessel (1784— 
1846), whose theories of observational astronomy and 
geodesy were destined soon to assume a prominence which 
they still hold, was an accountant in a trading house at 
Bremen. Dynamical astronomy, the favorite science of 





*The bombastio words of Bonaparte, ‘‘Songez que du haut de ces 
pyramides quarante siócles vous contemplent," may be excused, perhaps, 
in view of the fact that Fourier, Monge, and Berthollet were present on 
the occasion. 
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the day was under the dominating genius of Laplace, with 
no one to dispute his preéminence, and with only Lagrange 
and Poisson as friendly competitors in the same field. Ra- 
tional mechanics as we now know it, was soon to be Sai ` 
fiel and systematized by Poinsot (1777-1859), Poi 
Möbius (1790-1868), and Coriolis (1792-1843), who were 
all at this time under twenty-five years of age. The undu- 
latory theory of light, in which Young (1778-1829), Fres- 
nel (1788-1827), Arago (1786-1853), and Green (1793- 
1841) were to be the most conspicuous early figures, was 
just beginning to be considered as an alternative to the 
emission theory of Newton. The theory of elasticity, or 
the theory of stress and strain as it is now called, was 
about to be reduced to the definiteness of formulas at the 
hands of..Navier (1785-1836), Poisson, Cauchy, and Lamé 
(1795-1870). Planetary and sidereal astronomy, to which 
so much of talent, time, and treasure have since been de- 
voted, was soon to receive the fruitful impetus imparted to 
it by the German school of Gauss, Bessel, EE (1791- 
1865), and Hansen (1795—1874). 

The advances that have been made during the Se cen- 
tury in analytical mechanics must be measured from the 
elevated standard attained by Lagrange in his Mécanique 
‘Analytique. To work any improvement over this, to sim- 
plify its demonstrations, or to elaborate its details, was a 
task fit only for the keenest intellects. Lagrange had, as 
he supposed, reduced mechanics to pure mathematics. 
Geometrical reasonings and diagrammatic illustrations were 
triumphantly banished from this science and replaced by 
the systematic and unerring processes of algebra. “Ceux 
qui aiment l'Ànalyse," he says, ‘verront avec plaisir la 
Mécanique en devinir une nouvelle branche, et me sauront 
gré d'en avoir étendu ainsi le domaine 77 The mathemat- 
ical world has not only accepted Lagrange’s estimate of his 
work, but has gone further, and considers his achievement 
one of the most brilliant and important in the whole range 
of mathematical science. '*'The mechanics of Lagrange," 
as Mach has well said, “is a stupendous contribution to the 
economy of thought.’’* 

Nevertheless, improvements were essential, and they eame 
in due time. As we can now see without much difficulty, 
Lagrange and most-of his contemporaries in their eagerness 
to put mechanics on a sound analytical basis overlooked to 





* The Science of Mechanica, by Dr. Ernst Mach. Translated from the 
German by Thomas J. McCormack. Chicago, Open Court Publishing Co. 
1893. 
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`a serious extent its more important physical basis. The 
prevailing mathematical opinion was that & science is fin- 
ished ag aoon as it is expressed in equations. One of the 
fire to protest against this view was Poinsot, though the 
preehinent importance of the physical aspect of mechanics 
did not come to be adequately appreciated until the latter 
half of the present century. The animating idea of Poinsot 
was that in the study of mechanics one should be able to 
form @ clear mental picture of the phenomena considered ; 
and that it does not suffice to put the data and hypotheses 
into the hopper of our mathematical mill and then to trust. 
blindly to its perfection in grinding the grist. In elaborat- 
ing this idea he produced two of the most important ele- 
mentary treatises on mechanics of the century. These are 
his Éléments de Statique published in 1804, and his Théorie 
Nouvelle de la Rotation des Corps published in 1834.* In the 
former work he developed the beautiful and fruitful theory of 
couples and their composition, and the conditions of equi- 
librium, as they are now commonly expressed in elementary 
books. In the latter work he took up the more recondite ques- 
tion of rendering a clear account of the motion of a rigid 
body. This problem had been treated already by the illus- 
trious Euler, d'Alembert, Lagrange, and Laplace, and it 
seemed little short of temerity to hope for any improvement. 
But Poinsot entertained that hope and his efforts proved 
surprisingly successful. His little volume of about one hun- 
dred and fifty pages is still one of the finest models of math- 
ematical and mechanical exposition ; and his repeated warn- 
ing, ‘‘ gardons-nous de croire qu? une science soit faite quand 
on l'a réduite à des formules analytiques," has been fully 
justified. He gave us what may be called the descriptive 
geometry of the kinetics of a rotating rigid body, the ‘‘ im- 
age sensible de cette rotation"; he clarified the theory of 
moments of inertia and principal axes; he made plain the 
meaning of what we now call the conservation of energy 
and the conservation of moment of momentum of systems 
which are started off impulsively; and he surpassed Laplace 
himself in expounding the theory of the invariable plane. 
Another elementary work of prime importance in the 
progress of mechanics was Poisson’s Traité de Mécanique. 





* Outlined in a communication to the Paris Academy in 1834. In the 
introduction to the edition of 1852 he says, ‘‘ Voici une des questions qui 
, m'ont le plus souvent occupé, et, si l'on me permet de parler ainsi, une 
des choses que j'ai le plus désiró de savoir en dynamique. ‘Tout le 
monde ae fnit une idée claire du mouvement d'un point, * * * Mais, 
s'il agit du mouvement d'un corps de grandeur sensible et de figure 
quelconque, il faut convenir qu'on ne s'en fait qu'une idée trés-obscure. 1 


1900. ] IN APPLIED MATHEMATICS. 137 


Poiéson belonged to the Lagrangian school of ‘analysts, but 
he was so profoundly devoted to mathematical physics that 
almost all his mathematical work was suggested by and die 
rected towards practical applications. His facility and 
lucidity in exposition rendered all his works easy and attrac- 
tive reading, and his treatise on mechanics is still one of the 
most instructive books on that subject. He was one of the 
first to call attention to the value of the principle of homo- 
geneity in mechanics,* a principle which, as expanded in 
Fourier’s theory of dimensions,} has proved of the greatest 
utility in the latter half of the century. The influence of 
Poisson’s work in mechanics proper, very widely extended, 
of course, by his memoirs in all departments of mathemat- 
ical physics, is seen along nearly every line of progress since 
the beginning of the century. 

Of other works which paved the way to the present ad- 
vanced state of mechanical science, it may suffice to mention 
the Cours de Mécanique{ of Poncelet (1788-1867), the 
Traité de Mécanique des Corps Solides et de Effet des 
Machines § of Coriolis, and the Lehrbuch der Statik || of 
Mobius. ‘To the two former we owe the fixation of ideas 
and terminology concerning the doctrine of mechanical 
work, while the suggestive treatise of Mobius foreshadowed 
a new type of mechanical concepts since cultivated by Ham- 
ilton, Grassmann, and others under the general designation 
of vector analysis. 

Following close after the development of the elementary 
ideas whose history we have sketched came the important 
mathematical improvements in the Lagrangian analysis due 
to Hamilton | (Sir W. R., 1805-1865). With these addi- 
tions of Hamilton, amplified and clarified by the labors of 
Jacobi, Poisson, and others,** analytical mechanics may be 
said to have reached its present degree of perfection so far 
as mathematical methods are concerned. By these methods 
every mechanical question may be stated in either of three 
characteristic though interconvertible ways, namely : by the 





* See Article 23, Tome I., Traité de Mécanique, 2nd ed., Paris, 1833. 
T Théorie Analytique de la Chaleur, Paris, 1822. ` 
| Paria 1826. 

Paris, 1829. 

|| Leipzig, 1837. 

“ On a general method in dynamics.” Philosophical Transactions, 


. 1834-35 


** For an account of these additions and a coniplete liat of papers bear- 
ing on the subject (up to 1857), one should consult the admirable report 
of Cayley on ‘‘ Recent progress in dynamics," published in the Report of 
the British Association for the Advancement of Science for 1857. 


LU 
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equations of d'A lem bert, by the equations of Lagrange, and 
by the equation of Hamilton. Each way has special ad- 
vantages for particular applications, and together they may 
beW«id to condense into the narrow space of a few printed 
lines the net results of more than twenty centuries of effort 
in the formulation of the phenomena of matter and motion. 

Such was the state of mechanical science when the great 
physical discovery of the century, the law of conservation 
of energy, was made. To give adequate expression to this 
law it was only necessary to recur to the Mécanique Anal- 
ytique, for herein Lagrange had prepared almost all of the 
needful machinery. So well, indeed, were the ideas and 
methods of Lagrange adapted to this purpose that they have 
not only furnished the points of departure for many of the 
most important discoveries * of the present half century, but 
they have also supplied the criteria by means of which 
mechanical phenomena in general are most easily and effec- 
tively defined and interpreted. 

Of the special branches of analytical mechanics which 
have undergone noteworthy development during this cen- 
tury, by far the most important is that known as the theory 
of the potential function. This function first appeared in 
mathematical analysis in a memoir of Lagrange in 1777 T 
as the expression of the perturbative function, or force 
function. ` It next appeared in 17821 in a memoir by La- 
place. In this memoir Laplace's equation $ appears for the 
first time, being here expressed in polar coordinates. 
1787 || the same equation appears in the more usual form as 
expressed by rectangular codrdinates. 

Strange as it now seems when viewed by the light of this 
end of the century, nearly thirty years elapsed before La- 
place’s equation was generalized. Laplace had found only 
half of the truth, namely, that which applies to points ex- 
ternal to the attracting masses.€! Poisson discovered the 


- *Eapecially those in the theories of electricity, magnetism, and thermo- 
dynamics. 

T Nouveauz Mémoires de V Académie des Sciences et Belles Lettres de Berlin. 

See also remarks of' Heine, Handbuch der Kugelfunotionen, Band IL, p. 


312. : 
t Parig Mémoires for 1782, published in 1785. 
ay oM , o*V 
2 m grae qe — a 
R im ET tag taz 
AP is called the Laplacian of F. 
Paris Mémoires for 1787, published in 1789. 
That is, Laplace’s equation is AF — 0, while Poisson's is A*7+- 
4x kp =0; V being the potential and p the density at the point Le, y,2), 
and E being the gravitation constant. 








=0. 
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other half-in 1813.* Thus the honors attached to the in- 
troduction of -this remarkable theorem are divided between 
them, and we now speak of the equation of Laplace and the 
equation of Poisson, though the equation of Poisson includes 
that of Laplace. ^ 

Next came the splendid contributions of George Green 
under the modest title of ‘‘ An essay on the application of 
mathematical analysis to the theories of electricity and mag- 
netism.’’f Itis in this essay that the term ‘potential func- 
tion’ first occurs. Herein also his remarkable theorem in 
pure mathematics, since universally known as Green’s the- 
orem, and probably the most important instrument of in- 
vestigation in the whole range of mathematical physics, 
made its appearance. 

We are all now able to understand, in a general way at 
least, the importance of Green’s work, and the progress 
made since the publication of his essay in 1828. But to fully 
appreciate his work and subsequent progress one needs to 
know the outlook for the mathematico-physical sciences as 
it appeared to Green at this time and to realize his refined 
sensitiveness in promulgating his discoveries. 

“ It must certainly be regarded as a pleasing prospect to 
analysts," he says in his preface, ‘‘ that at a time when as- 
tronomy, from the state of perfection to which it has at- 
tained, leaves little room for further applications of their 

' arb, the rest of the physical sciences should show themselves 
daily more and more willing to submit to it.’ * * * 
‘Should the present essay tend in any way to facilitate the 
application of analysis to one of the most interesting of the ` 
physical sciences, the author will deem himself amply repaid 
for any labor he may have bestowed upon it; and it is hoped 
the difficulty of the subject will incline mathematicians to 
read this work with indulgence, more particularly when 
they are informed that it was written by a young man who 
has been obliged to obtain the little knowledge he possesses, 
at such intervals and by such means as other indispensable 
avocations which offer but few opportunities of mental im- 
provement, afforded." Where in the history of science 
have we a finer instance of that sort of modesty which 
springs from a knowledge of things? 

The completion of the potential theory, so far as it de- 
pends on the Newtonian law of the inverse square of the 
distance, must be credited to Gauss, though a host of writers 

* Poisson’s equation was derived in a paper published in Nouveau Bul- 
letin * * * Société Philomatique, Paris, Deo., 1813. 

T Nottingham, 1828. 
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has since contributed many valuable additions in the way 
of details. Early in the century Gauss had begun the study 
of the absorbing problems of the day, namely, problems of 
attractions and repulsions. The prevailing notion of mathe- 
matical physicists seems to have been that all mechanical 
phenomena may be attributed to attractions and repulsions 
between the ultimate particles of matter &nd the ultimate 
particles of ‘ fluids’ associated with matter. The difficnl- 
ties of action at a distance, without the aid of an intervening 
medium, happily, did not trouble them at that time; for 
who shall say that their labors would have been more fruit- 
ful if they had stopped to remove these difficulties? Gauss’s 
first memoir in this field relates to the attractions of homo- 
geneous ellipsoidal masses,* and dates from 1813. It was 
in this memoir that he published a number of the elegant 
theorems f which are now found in the elementary books on 
the theory of the potential function. In 1829 he published 
his theory of fluid figures in equilibrium,} and in 1832 there 
followed one of the most important papers of the century 
on the intensity of terrestrial magnetic force expressed in 
what we now call absolute units. 8 

Bix years later he published his wonderful theory of the 
earth's man] and applied it to all existing observa- 

tional data. This theory is a splendid application of the 
potential ous and his entire investigation is one of the 
most beautiful and useful contributions to mathematical ' 
physics of the century. Well was he qualified, therefore, 
to complete the theory of the Newtonian potential function 
in the collection of theorems published i in his memoir { of 





3" Theoria attractionis corporum apbaeroidicorum e ellipticorum homo- 
geneorum," 1813. See Gauss’s Werke, Band V., Gottingen, 1877. 
T Especially the theorem giving the values of the surface integral 


gom ag 


where dS is an element of any closed surface, s the distance from dS to any 
fixed point, and n indicates the normal to the surface at dS. This gave 
the key to the very important theorem of the surface integral of the nor- 


mal acceleration, or 
vd an 25. 


1''Prineipia generalia theories figure fluidorum in statu equilibrii,’”’ 
1829. Werke, Band V. 

$ “ Intensitas vis ee terrestris ad mensuram absolutam revo- 
cata." Werke, Band V 

lj Allgemeine Theorie dea Erdmagnetismus. Werke, Band V. 

“ Allgemeine Lehrsütze in Beziehung auf die im verkehrten Verhalt- 

nisse des Quadrate der Entfernung wirkenden Anziehungs- und Abstoss- 
ungs-Krüfte." | Werke, Band V. 
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1840. This is still the fundamental memoir on the subject 
of which it treats, and must be regarded as one of the most 
perfect models of mathematical exposition. In respect toe 
clearness and elegance, indeed, the works of Gauss are wh- 
surpassed. ‘‘ In his hands,’’ as Todhunter has said,* “ Latin 
and German rival French itself for clearness and precision.’’ 
** Alles gestaltet sich neu unter seinen Händen,” was the 
tribute f of Bessel; and the lapse of two generations has 
served only to increase admiration for the genius and indus- 
try which made Gauss one of the most conspicuous figures 
in the science of the nineteenth century 

The importance of the theory of the potential function, 
when considered in its historical aspects, is found to consist 
not so much in the rich harvest of results it has afforded in 
the field of gravitation, as in its direct bearing on the devel- 
- opments of other branches of mathematical physics. For the 
points of view and the analytical methods of the Newtonian 
function have been adapted and extended with brilliant suc- 
cess to the interpretation of almost all kinds of mechanical 
phenomena. Thus it has come about that we have now to 
‘deal with many kinds of potential, as logarithmic potential, 
velocity potential, displacement potential, electric potential. 
magnetic potential, thermodynamic potential, etc.; each of 
which bears a more or less close mathematical analogy to 
the Newtonian function. 

In the closing paragraph of his Exposition du Systéme du ' 
Monde, Laplace refers to the immense progress made in as- 
tronomy siíce the geocentric theory was displaced by the 
heliocentric theory of the solar system. This progress is 
specially remarkable when we consider that it depended on 
the discovery. so humiliating to man, of the relatively insig- 
nifieant dimensions and inconspicuous róle of our planet. 
But we agree with Laplace that ‘‘Les resultats sublimes 
auxquels cette découverte Da conduit sont bien propres à le 
consoler du rang qu'elle assigne à la Terre, en lui montrant 
sa propre grandeur dans l'extróme petitesse de la base qui 
lui a servi pour mesurer les cieux.” All astronomy is based 
on a knowledge of the size, the shape and the mechanical 
properties of the earth ; and it is not surprising, therefore, 
that a large share of the mathematical investigations of the 
century should have been directed to the science of geodesy. 
Founded in the middle of the last century by Clairautf and 


* History of the Theories of Attraction and Figure of the Earth, Vol. 





d Ih a letter to Olbers, 1818. 
i Clairaut/s work, Théorie de la Figure de la Terre, Paris, 1743, was 
the pioneer work in physical geodesy. 
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his contemporaries; recast by Laplace and Legendre * 
(1752-1833) in the early part of this century ; systematized 

eand extended to a remarkable degree by the German geode- 
sists, led especially by the incomparable Bessel, this science 
has now come to occupy the leading position in point of per- 
fection of methods and precision of results. So great, in 
fact, has been the growth of this science during the century 
that recent writers have found it desirable to subdivide the 
subject into two parts, called mathematical geodesy and 
physical geodesy, respectively, though both parts are noth- 
ing if not mathematical. 

In a former address I have considered somewhat in detail 
certain of the more salient mathematical problems which 
have arisen in the study of the earth ; S and the present re- 
view may hence be restricted to a rapid résumé of the less 
salient, but perhaps more recondite problems, and to the 

. briefest mention of problems already discussed. 

Adopting the convenient nomenclature of geologists, we 
may consider the earth as made up of four parts, namely : 
the atmosphere; the hydrosphere, or oceans; the litho- 
sphere, or crust; and the nucleus. Beginning with the 

: first of these we are at once struck by the fact that much 
greater progress has been made during the century in the 
investigation of the kinetic phenomena of the atmosphere 
than in the study of what may be called its static properties. 
Evidently, of course, the phenomena of meteorology are 
essentially kinetic, but it would seem that the questions of 
pressure, temperature, and mass distribution of the atmos- 
phere ought to be determined with a close approximation 
from purely statical considerations. This appears to have 
been the view of Laplace, who was the first to bring ade- 
quate knowledge to bear on such questions. He investi- 
gated the terrestrial atmosphere as one might investigate 
the gaseous envelope of an unilluminated planet.|| He 





* * The name of Legendre is famous ín; geodesy by reason of his beautiful 
theorem which makes the solution of a geodetio triangle, almost as easy as 
the solution of a plane triangle. 

T Bessel’s contributions to astronomy and geodesy are collected in `: 
Abhandlungen von F. W. Bessel, herausgegeben von Rudolf Engelmann, 
in drei Bünden, Leipzig, Wilhelm Engelmann, 1875. 

}See, for example, Die Mathematischen und Physikalischen Theorieen 
der Höheren Geodäsie von Dr. F. R. Helmert, Leipzig, B. G. Teubner, 
Teil I., 1880 ; Teil IT., 1884. 

3 On- the Mathematical Theories of the Earth. Vice- presidential ad- 
dreas before the Seotion of Astronomy and Mathematica of the American 
Association for the Advancement of Science, 1889. Proceedings of A. A. - 
A. &. for 1889. 

1 Mécanique Céleste, Livre III., Chap. VIT., and Livre X, Chaptsa. I.-IV. 
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reached the conclusion that the atmosphere is limited by a 
lenticular shaped surface of revolution whose polar and 
equatorial diameters are about 4.4 and 6.6 times the diam-* 
eter of the earth respectively, and whose volume is about 
155 times that of the rest of the earth.* If this conclusion 
be true our atmosphere should reach out to a distance of 
about 26,000 miles at the equator and to a distance of about 
17,000 miles at the poles. It does not appear, however, 
that Laplace attempted to assign the distribution of pressure 
and density, and hence total mass, of the atmosphere within 
this envelope; and I am not aware that any subsequent 
investigator has published a satisfactory solution of this 
apparently simple problem. F 

` On the other hand, the general character of the circula- 
tion of the atmosphere and the meteorological consequences 





* Laplace's equation to a meridian section of this envelope is 
2—1— ro! + daz? oost = Q, 


where «= rja, r being the radius veotor measured from the center of the 

earth and a the mean radius of the earth ; a is the ratio of centrifugal to 

gravitational acceleration at the equator of the enrth ; 9 is the geocentrio 

latitude, and zyis the value of z for ¢= 1/2. ` 
The problem of the statical properties of the atmosphere may be stated 

in three equations, namely : 


AMV + dArkp —2a3= 0, dp=pa¥V, p=flp, T). 


In these V is the potential at any point of the atmosphere, p, p, T be- 
ing the pressure, density and temperature at the same point; k is the 
gravitation constant; and w is the angular velocity of the earth. The 
above equation of Laplace neglects the mass of the atmosphere in com- 
parison with the mass of the rest of:the earth. An essential difficulty of 
the problem lies in the unknown form of the function f(p, rT). 

LI have sought a solution with a view especially to determining the 
mass of the atmosphere. A class of solutions satisfying the mechanical 
conditions of the following assumptions has been worked out. Thus, as- 
suming p= ep, which includes the adiabatic relation, p — cp'+!, and the 
famous Laplacian relation, p/dp = Zen: and the law of Charles and Gay- 
Lussac, p — Cpr; there results 


COM iD it 


where Q= xz! — ry! + Jax? costó 


defined above ` Q, is the value of Q for z — 1 and ¢= 7/2; and Po Do To 
are the values of p, p,T at the same point (z = 1, $ = v[2). 

Using the adiabatio law the above formula for p leads to a mass for the 
atmosphere of about 1/1200th of the entire mass of the earth. But since 
the adiabatic law gives too low a pressure, density, and temperature 
gradient,this can only be regarded as an upper limit to the mass of the 
atmosphere. A lower limit of about 1/1000000th of the earth's mass is 
found by assuming that the mass of the atmosphere is equal to a mass of 
mercury or water which would give an equivalent pressure at the earth’s 
surface. ` 
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thereof, have been brought within the domain of mathe- 
matical research if they have not yet been wholly reduced 
e to quantitative precision. The pioneer in this work was a 
fellow-countryman, William Ferrel,* (1817-1891), who, 
_like Green, came near being lost to science through the ob- 
“security of his early environment, It is a curious though 
lamentable circumstance, illustrating at once the peculiar 
shyness of Ferrel and the proverbial popular indifference to 
discoveries which cannot be patented, that a man who had 
-mastered the Principia and the Mécanique Céleste and who 
had laid the foundations of our theory of the circulation of 
the atmosphere, should have found no better medium for 
the publication of his researches than the semi-popular 
columns of a journal devoted to medicine and surgery. 
But such was the medium through which Ferrel’s ** Essay 
on the winds and the currents of the ocean "t appeared in 
1856. Since that time notable progress has been made at 
the hands of Ferrel, Helmholtz (1821-1894), Oberbeck, 
Bezold, and others ;{ so that we may entertain the hope 
that the apparently erratic phenomena of the weather will 
presently yield to mathematical expression just as the simi- 
lar phenomena of oceanic tides and of terrestrial magnetism 
. have already yielded to the powers of harmonic analysis. 

When we pass from the atmosphere to the hydrosphere, 
several questions concerning the nature and properties of 
their common surface, or what is usually called the sea sur- 
face immediately demand attention. The most important 
of these are what may be distinguished as the static and the 
kinetic phenomena of the sea surface. Since tidal oscilla- 
tions belong more properly to hydrokinetics, we may here 
confine attention to the static phenomena. 

Starting from the datum plane fixed by Laplace, the most 
important contribution to the theory of physical geodesy 
since his time is found in the remarkable memoir of Sir 
George Stokes ‘On the variation of gravity at the surface 





* Fora biography and autobiographical sketch of Ferrel, and a list of 
his publications, see Biographical Memoirs of the National Academy of 
Sciences, Vol. IIL, pp. 265-309. Washington, 1895. 

T In Nashville Journal of Medicine and Surgery, Oot. and Nov., 1856. 

t Some of the most important papers and memoirs on this subject, col- 
lected and translated by Professor Cleveland Abbe, have been published 
by the Smithsonian Institution under the title ‘‘ The Mechanics of the 
Atmosphere.” Smithsonian Miscellaneous Collections, No. 813, Wash- 
ington, 1891. 

$ Read April, 1849; Mathematical and Physical Papers by G. G. Stokes, 
Cambridge University Press, 1883, Vol. II. 
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or the more general hy pothesis of a symmetrical arrangement 
of the strata of the earth, with increasing density towards the 
center, Laplace had shown that the acceleration of gravity in 
passing. from the equator to the poles should increase as the 
square of the sine of the latitude.* This conclusion agreed 
well with the facts of observation ; and Laplace rested con- 
tent in the opinion that his hypothesis was verified. But 
Stokes showed that the law of variation of the acceleration 
of gravity at the surface of the sea is wholly determined by 
that surface, regardless of the mode of distribution of the 
earth's mass. This,-as we now see, of course, is a direct 
result of the theory of the potential function ; for the sea sur- 
face is an equipotential surface, and since it is observed to 
be closely spheroidal, the formula of Laplace follows inde- 
pendently of all hypothesis save that of the Jaw of gravita- 
tion. But while Laplace’s formula and the arguments by 
which he reached it throw no light on the distribution of 
the earth's mass, a slight extension of his methods gives a 
formula which shows that any considerable differences be- 
tween the equatorial moments of inertia of the earth would 
produce a variation in the acceleration of gravity dependent 
on the longitude of the place of observation. + Thus it is 
possible by means of pendulum observations alone to reach 
the conclusion that the mass of the earth is very nearly 
symmetrically distributed with respect to its equator and 
with respect to its axis of revolution. 

A question of great interest with which the acceleration 
of gravity at the sea surface is closely connected is that of 
the earth’s mass as a whole. About two years ago I pub- 
lished a short paper which gives the product of the mean 
density of the earth and the gravitation constant in terms 
of the coefficients in Laplace’s formula and the dimensions 
of the earth.t It was shown that this product can be 





` *Laplace 8 formula isg —a + D sin? ¢, where a is the value of g at 
the equator, f is a constant, and ¢ is the latitude of the place. 
T See Helmert, Geodäsie, Band IL, p. 74. The expression for the ao 


celeration is 
g = a + f sin? $ + y cos? $ cos 24, 

where a, B, y are constants, and ée, à are latitude and longitude respec- 
tively ; and the constant y involves the difference of the equatorial mo- 
ments of inertia as a factor. 

t The Astronomical Journal, No. 424. This product is expressed thus: 

ko er 4. 3(as,4- Bs Baz) . 
T?" 4maV)—e ` 

wherein k is the gravitation constant, p is the mean density of the earth, 
T is the number of mean solar seconds in a sidereal day, a and f are the 
first two constante in the formula g =a + f sin? $ ++ y ooa? $:cos 24 for 


e 


146 THE OENTURY'S PROGRESS [Jan., 


easily computed from existing data to five significant figures 
with an uncertainty of only one or two units in the last 
figure, thus making it possible to obtain the mass of the 
earth to a like degree of precision if the constant of gravita- 
tion can be equally well determined. In a subsequent 
communication to this Society it was explained that the 
product in question is equal to 3z divided by the square of 
the periodic time of an infinitesimal satellite which would 
pass around the earth, just grazing the equator, if there 
were no atmosphere to impede its progress. The periodic 
time of such a gatellite would be 1 hour, 24 minutes, 20.9 
seconds. Attention is called to this subject with the hope 
that some mathematician may point out another possible re- 
lation between the gravitational constant and the mean 
density of the earth which can be accurately observed, or 
that some physicist may show how the gravitational con- 
stant can be measured directly with a precision extending 
to five significant figures. 

The lithosphere is the special province of the geologist, 
and we may hence pass on to the nucleus, or chief part of 
the mass of the earth. Much time and attention have been 
devoted to the study of the important but intricate prob- 
lems which the geometers of the early part of the century 
left to their successors. But while the obscurities and 


vagaries of our predecessors have been cleared away, it must. - 


be confessed that our improved mathematical apparatus has 
not brought us very far ahead of the positions of Laplace 
and Fourier as regards the constitution and properties of 
the nucleus. With respect to the law of distribution of 
density in the nucleus it may be said that, although La- 


. place’s law * is probably not exact, it is yet quite as nearly 


correct as our observed information requires. T 





the acceleration of gravity at the sea surface in latitude e and longitude 
4; ais the half major axis and e is the eccentricity of the earth's sphe- 
roid ; and 
e ite l—e$( 2e 1—e 
= = l . 
A its tog sth ‘ae dicat "I 








'The resulting numerical value ia 
kp = 36797 X 10 — 1 /(second )?, 
* The Laplacian distribution of pressure, density, and potential in the 
earth 'are defined essentially (neglecting the effect of rotation) by the 
following three equations : 


ANY pre 0,  dp=pd¥, PE =ep; 
where p, p, V are the pressure, density, and potential at any point of the 
mass, k ia the gravitation constant, and c is a constant securing the equal- 


ity of the members of the last equation. 
T With regard to wbat constitutes an adequate theory in any case, see 
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Another question of widely general, and of peculiar math- 
ematical interest, is the problem first attacked by Fourier, 
of the distribution and consequent effects of the earth’s in- 
ternal heat. The most interesting phase of this question is 
that which relates to the time that has elapsed since the 
crust of the earth became stable and sufficiently cool to sup- 
port animal life. It is now nearly forty years since Lord 
Kelvin* startled geologists especially by telling them that 
Fourier's theory of heat conduction forbids anything like 
such long intervals of time as they were in the habit of as- 
signing to the aggregate of paleontological phenomena. On 
several occasions since then Kelvin has restated his argu- 
ments with a cogency that has silenced most geologists if it 
has not convinced most mathematicians. Quite recently, 
however, the question has become somewhat less one-sided, 
since geologists and paleontologists are beginning to defend 
their position,t while that of Kelvin is being attacked from 
the mathematical side.T My own views on this subject 
were expressed somewhat at length ten years ago, in the 
address already referred to, and it seems unnecessary here 
to go into the matter any furtlrer than to reaffirm my con- 
viction that the geologists have adduced the weightier argu- 
ments. Beautiful as the Fourier analysis is, and absorb- 
ingly interesting as its application to the problem of a cooling 
sphere § i is, it does not seem to me to afford anything like so 


an instructive paper by Dr. G. Johnstone Stoney on ‘' The kinetic theory 
of gas, regarded as illustrating nature,” Proceedings Royal Dublin Society, 
Vol. VIIL (N. 8.), Part IV., No. 45. 

* In a memoir ''On the secular cooling of the earth," Trans. Royal 
Society of Edinburgh, 1862. Republished in Kelvin and Tait/s Treatise 
on Natural Philosophy, appendix D. Kelvin’s latest paper on this sub- 
ject is entitled ‘‘ The age of the earth as an abode fitted for life," and is 
published in PAilosophical Magazine, January, 1899 ; also in Science, May 
19, 1899. 

+See Professor T. C. Chamberlain's paper, ‘‘ Lord Kelvin's address on 
the age of the earth as an abode fitted for life, Science, June 30, 1899 ; 
also Sir Archibald Geikie’s presidential address to Geological Section of 
the British Association for the Advancement of Science, Dover meeting, 
1899. 

I Notably by Professor John Perry. See Nature, January 3, and April 
18, 1896. 

¢ I have recast this problem of Fourier in two papers published in the 
Annals of Mathematics, Vol. III., pp. 75-88 and pp. 129- 144. Thesolution 
there given is the only one, so far as I am aware, which lends itself to 
computation for all values of the time in the history of cooling. A point 
of much mathematical interest on which this solution depends is the 
equivalence of the two following series : ; 


2r t, Z f—-1\*t! ; T 
IM X rem ec tomo" sinam, 
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definite.à measure, of the age of the earth as the visible pro- 
cesses and effects of stratification to which the geologists 

«appeal. In short, the only definite results which Fourier’s 
analysis appears to me to have contributed to knowledge 
concerning the cooling of our planet are the two following, 
namely: first, that the process of cooling goes on so slowly 
that nothing less than a million years is a suitable time unit 
for measuring the historical succession of thermal events; 
and secondly, that this process of cooling goes on substan- 
tially as if the earth possessed neither oceans nor atmo- 
sphere. 

It was the well-founded boast of Laplace in the early part 
of the century that astronomy is the most perfect of the 
sciences ;* and expert contemporary opinion, as we have 
seen in the case of no less a personage than Green, agreed 
that the Mécanique Céleste left little room for further ad- 
vances. Indeed, it would appear that the completeness and 
the brilliancy of thé developments of celestial dynamics 
during the half century ending with 1825 (the period of 
Laplace’s activity) completely overshadowed all other 
sciences and retarded to some extent the progress of as- 
tronomy itself. The stupendous work of Laplace was 
chiefly theoretical, however, and he was content in most 
cases with observational data which accorded with theory to 
terms of the first order of approximation only. Te was 
probably not so profoundly impressed as men of science at ` 
this end of the century are with the necessity of testing a ` 
theory by the most searching observational means available. 

: In fact, in elaborating his methods and in applying his 
theories to the members of the solar system, it has been 
essential for his disciples to display a degree of ingenuity 

- and & persistence of industry worthy of the master himself. 
But the prerequisite to progress in celestial mechanics con- 
sisted not so much in following up immediately the lines of 





o (in Dm m 
ru = ru, cM oto Xx 1 de. 

T REO Can + Img — m 
In these u is the temperature at a distance r from the center of the 
sphere at any timet; u, is the initial uniform temperature of the sphere ; 
r, is the radius of the surface of the sphere ; a? is the diffusivity, supposed 
constant; and m = r/(2ay 4), m,=1,/(2a7/ t). It will be observed 
that when the first series (which is Fourier’s) converges very slowly the 
second converges very rapidly, and vice versa. It will be seen, also, that 
the series refuse, as they should, to give values of the temperature corres- 

ponding to negative values of the time. 

**' L'Astronomie, par la dignité de son objet et par la perfection de 
ses théories, eat le plus beau monument de l'esprit humain, le titre le 
plus noble de son intelligence.” Système du Monde, Ed., 1884, p. 486. 
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investigation laid down by Laplace, as in perfecting the 
methods and increasing the data of observational astronomy. 

'The development of this branch of science along with the 
development of the closely related science of geodesy, is a 
work essentially of the present century and must be attrib- 
uted chiefly to the German school of astronomers led by 
Gauss and Bessel. It is to these eminent minds, as well 
known in pure as in applied mathematics, that we are in- 
debted for the theories, and for the most advantageous 
methods of use, of instrumental appliances, and for the re- 
fined processes of numerical calculation which secure the 
best results from observational data. Itis a fortunate cir- 
cumstance, perhaps, considering the irreverence which some 
modern pure mathematicians show for numerical computa- 
tions, that Gauss and Bessel began their careers long before 
the resistless advent of the theory of functions and the 
theory of groups. . 

The story of the opportune discovery of the planet Ceres, 
as related by Gauss himself in the preface to his Theoria 
Motus Corporum Coelestium, is well known; but it is less 
well known that the merit of this magnificent work lies 
rather in the model groups of formulas presented for the 
precise numerical solution of intricate problems than in the 
facility afforded for locating the more obscure members of 
the solar system. Indeed, the works of Gauss and Bessel 
are everywhere characterized by a clear recognition of the 
important distinction between those solutions of problems 
which are, and those which are not, adapted to numerical 
calculation. They showed astronomers how to systematize, 
to expedite, and to verify arithmetical operations in ways 
which were alone adequate to the accomplishment of the vast 
undertakings which have since been completed in mathemat- 
ical geodesy and in sidereal astronomy., 

Among the most important contributions of these authors 
to geodesy and astronomy in particular, and to the precise - 
observational sciences in general, is that branch of the 
theory of probability called the ‘method of least squares.’ * 
No single adjunct has done so much as this to perfect plans 
of observation, to systematize schemes of reduction, and to 
give definiteness to computed results. The effect of the 
general adoption of this method has been somewhat like the 





* Gauss's fundamental paper in this subject is ‘‘ Theoria combinationis 
observationum erroribus minimis obnoxiae," and dates from 1821. Werke, 
Band IV. 

Bessel’s numerous contributions to this subject are found in his Ab- 
handlungen cited above, p. 142. . 
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effect of the general adoption by scientific men of the met- 
ric system ; it has furnished common modes of procedure, 

* common measures of precision, and common terminology, 
thus increasing to an untold extent the availability of the 
priceless treasures which haye been recorded in the cen- 
tury’s annals of astronomy and geodesy. 

When we pass from the field of observational astronomy 
to the more restricted but more intricate field of dynamical 
astronomy, it is apparent that Laplace and his contempor- 
aries quite underestimated the magnitudes of the mathe- 
matical tasks they bequeathed to their successors. Laplace, 
almost unaided, had performed the unparalleled feat of laying 
down a complete outline of the ‘system of the world’; but 
the labor of filling in the details of that outline, of bringing 
every member of the solar system into harmony at once 
with the simple law of gravitation and with the inexorable 
facts of observation, is a still greater feat which has taxed 
the combined efforts of the most acute analysts and the most 
skillful computers of the preceding and present genera- 
tion. ' 

It isimpossible within the limits of a semi-popular address 
to do more than mention in the most summary way the ex- 
traordinary contributions to dynamical astronomy made 
especially during the present half.century, contributions 
formidable alike by reason of their bulk and by reason of 
the complexity of their mathematical details. An account 
of the theory of the perturbative function, or of the theory 
of the moon, for example, would alone require space little 
short of a volume.* To mention only the most conspicuous 
names, there is the pioneer and essentially prerequisite work 
of the illustrious Gauss and theincomparable Bessel. There 
is the remarkable work of the brilliant Leverrier (1811- 
1877) and the not less brilliant Adams (1819-1892),+ well 
known to popular fame by reason of what may be called 

‘their mathematical discovery of the planet Neptune. Then 
came the monumental Tables de la Lunef from the arith- 
metical laboratory of the indefatigable Hansen; and this 
marvellous production was quickly followed (1860) by the 
equally ponderous, and mathematically more important, 











* A good account of the progress in dynamical astronomy from 1842 to 
1867 is given by Delaunay in his ‘‘ Rapport sur les progrès de l'Astron- 
omis,” Paris, 1867. - 

T The papers of Adams have been edited by Professor W. G. Adams and 
supplied with a biographical memoir by Professor J. W. L. Glaisher, un- 
der the title: Soientiflo Papers of John. Couch Adams, Cambridge, At 
the University Press, vol. 1, 1896. 

} Published by the British Government in 1857. 


1900.] IN APPLIED MATHEMATICS. 151 


Théorie du Mouvement de la Lune* from the pen of the 
admirably fertile and industrious Delaunay. And finally, 
there is the still more elaborate work, bringing this great, 
problem of the solar system well-nigh to completeness of 
solution, which, by common consent, is credited to the two 
preceding presidents of the ÀMERIOAN MaTHEMATIOAL So- 
OIETY.T 

Probably no mathematico-physical undertakings of the 
century have yielded so many definite, quantitative, results 
to the permanent stock of knowledge as the researches in dy- 
namical astronomy. But notwithstanding the astonishing 
degree of perfection to which this science has been brought, 
there are still some outstanding discrepancies which indi- 
cate that the end of investigation is yet aloug way off. The 
moon, which has given astronomers, as well as other people, 
more trouble than any other member of the solar system, is 
still devious to the extent of a few seconds in a century. 
The earth, also, it is suspected, is irregular as a time keeper 
bya minute but sensible amount f; while it has been proved 
recently, by the exquisite precision of modern observations, 
that the earth’s axis of rotation wanders in a complex way 
through small but tronblesome angles from its mean posi- 
tion, thus causing variations in the astronomical latitude 
ofa ‘place. § 


* Mémoires de P Académie des Sciences de U Institut Impérial de France, 
Tomes XXVIII., XXIX. 

T For an account of the more recent work of Gyldén and Poincaré, re- 
ference is made to the presidential address of Dr. G. W. Hill, ‘‘ Remarks 
on the progress of celestia] mechanics since the middle of the century '; 
BULLETIN, 2d series, vol. 2, no. 5, p. 125. 

1 The effect of tidal friction on the speed of rotation of the earth ap- 
pears to have been first explained by Ferrel in a ‘‘ Note on the influence 
of the tides in causing an apparent acceleration of the moon’s mean posi- 
tion." This paper was read before the American Academy of Arts and 
Sciences, in December, 1864, only a few weeks before Delaunay read a 
similar paper before the French Academy. See Ferrel’s antohiography 
cited on p. 144. See also Delnunay's account of his own work in ‘‘ Kapport 
sur lea progrès de l Astronomie,” Paris, 1867. 

2 The cause of such variations is found in the relative mobility of the 
parts of the earth, especially in the mobility of the oceans and at- 
mosphere. Three types of variation may occur, namely: 1st., that due 
to sudden changes in the relative positions of parts of the earth’s 
mass; 2d, that due to secular changes in position of those parts; and 
3d, that due to periodic shiftings of those parte. Of these the most 
important appears to be the periodic type. A surprising, and as yet not 
fully explained, discrepancy brought to light by the discovery of latitude 
variation: is the fact that the instantaneous axis of rotation of the earth 
makes a complete circuit around the axis of figure in ahout 428 days in- 
stead of in about 305 days as has been supposed from the time of Euler 
down to the present decade. The discovery of this discrepancy is due to 
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A, question of intense interest to astronomers in the early 
part of the century is that of the stability of the solar sys- 
atem. Lagrange, Laplace, and Poisson thought they had 
* demonstrated that, whatever may have been the origin of 
this system, the existing order of events will go on indefi- 
nitely. This conclusion seems to have been alike satisfac- 
tory to scientific and unscientific men. But with the growth 
of the doctrine of energy and with the developments of 
thermodynamics, it has come to appear highly probable that 
the solar system has not only gone through a long series of 
changes in the past, but is destined to undergo a similarly 
long series of vicissitudes in the future. In other words, ' 
while our predecessors of a century ago thought the ‘ system 
of the world’ stable, our contemporaries are forced to con- 
sider it unstable.* 

But interesting as this question of stability still is, there 
is no pressing necessity, fortunately, for a determination of 
the ulterior fate of our planet. A more important question 
lies close at hand, and merits, it seems to me, immediate 
and serious investigation. This question is the fundamen- 
tal one whether the beautifully simple law of Newtonian 
attraction is exact or only approximate. No one familiar 
with celestial mechanics, or with the evidence for the law 
of gravitation as marshalled by Laplace in his Systéme du 
Monde can fail to appreciate the reasons for the profound 
conviction, long held by astronomers, that this law is exact. 
But on the other hand, no one acquainted with the obstinate 
properties of matter can now be satisfied with the Newtonian 
law until it is proved to hold true to a much higher degree 
of approximation than has been attained hitherto.* For, 
in spite of the superb experimental investigations: made 
particularly during the past quarter of a century by Cornu 





Dr. 8. C. Chandler, and was announced in the Astronomical Journal, no. 248, . 
November, 1891. For the mathematical theory of this subject and for 
titles of the principal publications bearing on this theory, reference may 
be made to theauthor’s paper on ‘‘ Mechanica] interpretation of the varia- 
tions of latitudes," Astronomical Journal, no. 345, May, 1895 ; and toa 
paper by 8. S. Hough on '' The rotation of an elastic spheroid,” Philo- . 
sophienl Transactions, no. 187, 1896. 

* See a review of this subject by M. H. Poincaré, ' Sur Ja stabilité du 
systeme solaire," in Annuaire du Bureau des Longitudes for 1898. i 

t As to the degree of precision with which the Newtonjan law is estab- 
lished by astronomical data see Professor Newcomb’s ‘‘ Elements of the 
four inner planets and the fundamental constants of astronomy,” Supple- 
ment E American Ephemeris and Nautical Almanac for 1897, Washing- 
ton; 1895.. : 
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and Baille,* Poynting,} Boys,] Richarz and Krigar-Men- 
zel,S and Braun,|| it must be said that the gravitation con- 
stant is uncertain by some units in the fourth significant 
figure, and possibly even by one or two unite in the third 
figure 9 thus falling along with the sun's parallax, the 
annual stellar aberration, and the moon’s mass amongst the 
least well determined constants of the solar system. Here 
then is a fruitful field for research. ‘The direct measure- 
ment of the gravitation constant to a much higher degree 
of precision seems to present insuperable obstacles; but 
may not the result be reached by indirect means; or, may 
it not be possible to make the solar system break its.Sphinx- 
like reticence of the centuries and disclose the gravitational 
mechanism itself ? 

Just as the theories of astronomy and geodesy originated 
in the needs of the surveyor and navigator, so has the 
theory of elasticity grown out of the needs of the architect 
and engineer. From such prosaic questions, in fact, as 
those relating to the stiffuess and the strength of beams, has 


been developed one of the most comprehensive and most 


delightfully intricate of the mathematico-physical sciences. 

Although founded by Galileo, Hooke, and Mariotte in the 
seventeenth century, and cultivated by the Bernoullis and 
Euler in the last century, it is, in its generality, a peculiar 
product of the present century.** It may be E to be the 





* Comptes rendus, LXXVI. (1878). 

T The Mean Density of the Earth, by J. H. Poynting, London, Charles 
Griffin & Co. (1894). 

bg de Transactions, no. 186 (1895). 

Bitzungsberichte, Berlin Academy, Band 92 (1896). 
( lr Mm Math. Natur. Classe, Vienna Academy, Bd. LXIV. 
1897 

1 The results of the investigators mentioned for the gravitation con- 
stant are, in C. G. S. units, as follows, the first result having been com- 
puted from data given by MM. Cornu and Baille in the publication re- 
ferred to: 


Cornu and Baille (1873) 6668 X 10—11 
Poynting (1894) 6698 xX 10—" 
Boys (1894) 6657X 10—1! 
Richarz and Krigar-Menzel (1896) ; 6685 x 10-11 
Braun (1897) 6658 X 10-13 


Regarding these as of equal weight, their mean is 6673 X 10—" with 
a probable error of + 5 units in the fourth place, or 1/1330th part. This 
is of about the same order of precision as that deduced by Professor New- 
comb from astronomical data. 

** An admirable history of this science, dealing with its technical as- 
pects, was projected by Professor Isaac Todhunter and completed by 
Professor Karl Pearson, under the title, A History of the Theory of Elas- 
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engineers’ contribution of the century to the domain of math- 
ematical physics, since many of its most conspicuous devo- 

etees, like Navier, Lamó, Rankine, and Saint-Venant, were 
distinguished members of the profession of engineering; 
and it is a singular circumstance that the first of the great 
originators in this field, Navier, should have been the 
teacher of the greatest of them all, Barré de Saint- Venant.* 
Other great names are also prominently identified with the 
growth of this theory and with the recondite problems to 
which it has given rise. The acute analysts, Poisson, 
Cauchy, and Boussinesq, of the French school of elasticians ; 
the profound physicists, Green, Kelvin, Stokes, and Max- 
well, of the British school; and the distinguished Neumann 
(Franz Ernst, 1798-1895), Kirchhoff (1824-1887), and 
Clebsch (1833-1872), of the German school, have all con- 
tributed heavily to the aggregate of concepts, termin- 
ology, and mathematical machinery which make this at ` 
once the most difficult and the most important of the sci- 
ences dealing with matter and motion. 

The theory of elasticity has for its object the discovery 
of the laws which govern the elastic and plastic deforma- 
tion of bodies or media. In the attainment of this object 
it is essential to pass from the finite and grossly sensible 
parts of media to'the infinitesimal and faintly sensible parts. 
Thus the theory is sometimes called molecular mechanics, 
since its range extends to infinitely small particles of matter 
if not to the ultimate molecules themselves. It is easy, 
therefore, considering the complexity of matter as we know 
it in the more elementary sciences, to understand why the 
theory of elasticity should present difficulties of a formid- 
able character and require a treatment and a nomenclature 
peculiarly its own. 

While it would be quite inappropriate on such an occasion 
to go into the mathematical details of this subject, I would 
recall your attention for a moment to the surprisingly sim- 
ple and beautiful concepts from which the mathematical in- 





ticity and the Strength of Materials from the time of Galilei to the 
present time. Cambridge: at the University Press— 

Vol. I., Galilei to Saint-Venant, 1886 ; 

Vol. If., Parts I. and II., Saint-Venant to Lord Kelvin, 1893. 

A capital though abridged history of the science is given by Saint- 
Venant in his annotated edition of Navier’s Résistance des Corps Solides, 
Troisiéme édition, Paris, 1864. 

The history of Todhuuter and Pearson is dedicated to Sdint-Venant, 
who has been fitly called ‘the dean of elasticians.? 

* And this illustrious master has left a worthy pupil in M. J. Boussin- 
esq, Professor in the Faculty of Sciences, Paris. 
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vestigation proceeds rapidly and unerringly to the equationg 
of equilibrium or motion of & particle of any medium. The 
most important of these are the concept which relates to 
the stresses on the particle arising from its connection with 
adjacent parts of the medium, and the concept with regard 
tothe distortions of the particle which result from the stresses. 
Ifthe particle be a rectangular parallelopiped, for example, 
these stresses may be represented by three pressures or ten- 
sions acting perpendicularly to its faces together with three 
tensions acting along, or tangentially to, those faces. Thus 
the adjacent parts of the medium alone contribute six inde- 
pendent force components to the equations of equilibrium 
or motion; and the stresses, or the amounts of force per 
unit area, which produce these components are technically 
known as tractions or shears according as they act perpen- 
dicularly to or tangentially along the sides of the particle.* 
Corresponding to these six components there are six differ- 
ent ways in which the particle may undergo distortion. 
That is, is may be stretched or squeezed in the three direc- 
tions parallel to its edges ; or, its parallel faces may slide in 
three ways relatively to one another. These six different 
distortions, which lead in general to a change in the relative 
positions of the ends of a diagonal of the parallelopiped, are 
measured by their rates of change, technically called strains, 
and distinguished as stretches or slides according as they 
refer to linear or angular distortion. t 

It is from such elementary dynamical and kinematical con- 
siderations as these that this theory has grown to be not 
only an indispensable aid to the engineer and physicist, but 
one of the most attractive fields for the pure mathematician. 
As Pearson has remarked, “There is scarcely & branch 


of physical investigation, from the planning of a gigantic . 


bridge to the most delicate fringes of color exhibited by a 
crystal, wherein it does not play its part.” f Itis, indeed, 
fundamental in its relations to the theory of structures, to 
the theory of hydromechanics, to the elastic solid theory of 
light, and to the theory of crystalline media. 

In closing these very inadequate allusions to this intensely 





* The terminology here used is that of Todhunter and Pearson, His- 
tory of the Theory of Elasticity and Strength of Materials, vol. I., 
note B. 

T The terminology and symbology of the theory of elasticity appear to 
be more highly developed than those of any other mathematical solence. 
A comparison of the terms and symbols of elasticity with those of the 
older subject of hydromechanics as shown in part on next page is in- 
structive. 4 

f History of Elasticity, etc., vol. 1, p. 872. 
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practical and abstrusely mathematical science, itis fitting 
that attention should be called to the magnificent labors of 
the ‘dean of elasticians,’ M. Barré de Saint-Venant. It 
was the object of his life-work to make the theory of elas- 
ticity serve the utilitarian purposes of the engineer and at 
the same time to divest it so far as possible of all empiricism. 
His epoch-making memoir * of 1853 on the torsion of prisms 
is not only a classical treatise from the practical point of 
view but one of equal interest and importance in its the- 
oretical aspects. His investigations are everywhere de- 
lightfully interesting and instructive to the physicist; and 
many parts of them are replete, as observed by Kelvin and 
Tait, with ‘‘astonishing theorems of pure mathematics, 
such as rarely fall to the lot of those mathematicians who 
confine themselves to pure analysis or geometry, instead of 
allowing themselves to be led into the rich and beautiful 
fields of mathematical truth which lie in the way of physical 
research." More important still in a didactic sense, are 
his annotated edition of Navier’s Résistance des Corps 
Solides of 1864, and his annotated edition of the French 
translation of the Theorie der Elasticitàt fester Körper 
of Clebsch, which appeared in 1883. These monumental 
works, whose annotations and explanatory notes quite over- 
shadow the text of the original authors, must remain for a 
long time standard sources of information as to the history, 
theory, methods, and results of this complex subject. The 
luminous exposition, the penetrating insight into physical 
relations, and the scientific candor in his criticism of other 
authors, render the work of Saint-Venant worthy of the 
highest admiration. 

Closely allied to the theory of elasticity, though historic- 
ally much older, is the science of hydromechanics. The 
latter is, indeed, included essentially in the former ; and 
probably the great treatises of the next century will merge 
them under the title of molecular mechanics. It may seem 
somewhat singular that the mathematical theory of solids 
should have originated so many centuries later than the 
theory of fluids ; for at first thought, tangible though flexi- 
ble solids would appear much more susceptible of investiga- 
tion than mobile liquids and invisible gases. But a little 
reflection leads one to the conclusion that it was, in fact, 
much easier to observe the data essential to found a theory 
of hydromechanics than it was to discover the principles 





* Mémoire sur la toraion des prismes, ete.,”? published in Mémoires des 
Savants étrangers, Tome XIV., 1855. 
+ Natural Philosophy, second ed., Part II., p. 249. 


* 
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which lead to the theory of stress and strain ; and the time- 
interval between Archimedes and Galileo may serve per- 
haps a8 a rough measure of the relative complexity of hy- 
drostatics and the theory of flexure and torsion of beams. 
It must not be inferred, however, that the simplicity of the 
phenomena of fluids in a state of relative rest extends to 
ihe phenomena of fluids in a state of relative motion; for 
the gap which separates hydrostatics from hydrokinetics is 
one which has not yet been fully bridged even by the aid 
of the powerful resources of modern mathematics. 

"The elements of hydrokinetics, with which branch of 
hydromechanics this sketch is alone concerned, were 
laid down by Euler about the middle of the last century.* 
It is to him that we owe the equations of motion of a 
particle of a ‘perfect fluid.’ This is an ideal fluid, moving 
without friction, or subject, in technica] terminology, to no 
tangential stress, But while no such fluids exist, it is easily 
seen that under certain circumstances this assumed condi- 
tion approaches very closely to the actual condition ; and, 
in accordance with the method of mathematico-physical 
science in disentangling the intricate processes of nature, 
progress has proceeded by successive steps from the theory 
of ideal fluids towards a theory of real fluids. 

The history of the developments of hydromechanics dur- 
ing this century has been very carefully and completely de- 
tailed in the reports to the British Association for the 
Advancement of Science of Sir George Gabriel Stokes,t+ 
in 1846, and of Professor W. M. Hicks,] in 1881 and 1882. 
And the history of the subject has been brought down to 
the present time by the address of Professor Hicks before 
Section A of the British Association for the Advancement 
of Science in 1895, and by the report§ of Professor E. W. 
Brown to Section A of the American Association for the 
Advancement of Science in 1898. It may suffice here, 
therefore, to glance rapidly at the salient points which mark 





*“Principes généraux du mouvement des fluides.” Histoire de 
V Académie de Berlin, 1755. 

* De principiis motus fluidorum.? Novi Commentarit Academim Scien- 
tiarum Imperialis Petropolitane, Tomus XLV., Pars I., pro anno 1759. 

t “ Report on recent researches in hydrodynamics,” B. A. A. S. Re- 
port for 1848. 
s eee on recent progress in hydrodynamics,” B. A. A. S. Reports 


for 1881, 1 


“On recent progress towards the solution of problems in hydrody- 
namics,” A. A. A. 8. Report for 1898. . 

Reference should be made also to Professor A. E. H. Love’s paper 
“On recent my aes researches in vortex-motion ” in the Mathematische 
Annalen, Band 30 
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the advances from the state of the science as it was left by 
Lagrange a hundred years ago. 

The general problem of the kinetics of a particle of ‘ per- 
fect fluid’ is easily stated. Itis this:* given for any time 
and for any position of the particle its internal pressure, 
its density, and its three component velocities, along with 
the forces to which itis subject from external causes; to 
find the pressure, density, and velocity components corre- 
sponding to any other time and any other position. "There 
are thus, in general, five unknown quantities requiring as 
many equations for their determination. The usual six 
equations of motion, or the equations of d'Alembert, con- 
tribute only three to this required number, namely, the three 
equations of translation of the particle, since the three 
which specify rotation vanish by reason of the absence of 
tangential stress. A fourth equation comes from the prin- 
ciple of the conservation of mass, which is expressed by 
equating the time rate of change of the mass of the particle 
to zero. This gives what is technically called the equation 
of continuity. A fifth equation is usually found in thelaw 
of compressibility of the fluid considered. t 

Now, the equations of rotation, as just stated, refuse to 
answer the question whether the particles proceed in their 
orbits without rotation or whether they undergo rotation 
along with their motion of translation. This was a critical 
question, for the failure to press and to answer it seems to 
have retarded progress for nearly half acentury. Lagrange, 
and after him Cauchy and Poisson, knew that under certain 


*The statement here given is that of the ‘ historical method,’ which 
seeks to follow a particle of fluid from some initial position to any sub- 
sequent position and to specify its changes of pressure, density, and speed. 
What is known as the ‘statistical method,’ on the other hand, directs 
attention to gome fixed volume in the fluid and specifies what takes place 
in that volume ag time goes on. E 

T The five equations in question are 
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in which p is the pressure and p is the density at the centroid (x, y, s) of 
the particles ; V is its volume ; u, », are its component velocities ; and 
X, Y, Z are the force components per unit mass arising from external 
causes. 
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conditions * the differential equations of motion are integra- 
ble, but they do not appear to have understood the physical 
meaning of these conditions. It remained for Sir George 
Gabriel Stokes to show that the Lagrangian conditions of 
integrability correspond to the case of no molecular rotation, 
thus clearly distinguishing the two characteristic types of 
what we now call irrotational and rotational motion.t- Such 
was the great step made by Stokes in 1845 ; and it furnishes 
a forcible illustration of the importance, in applied mathe- 
matics, of attending to the physical meaning of every sym- 
bol and every combination of symbols. 

Thirteen years later came the remarkable memoir of Helm- 
holtz (1821-1894) on the integrals of the equations of hydro- 
kinetics for the case of rotational, or vortex, motion.T This 
memoir is alike wonderful for the directness. with which the 
mathematical argument proceeds to its conclusions and for 
the clearness of insight it affords of the physical phenomena 
discussed. In short, it opened up anew realm and supplied 
the results, concepts, and methods which led the way to the 
important advances in the science made during the past 
three decades. 

Another powerful impulse was given to hy drokinetics, 
and to all other branches of mathematical physics as well, 
by Kelvin and Tait’s Natural Philosophy—the Principia of 
the nineteenth century—the first edition of which appeared 
in 1867. From this great work have sprung most of the 
ideas and methods appertaining to the theory of motion 
of solids in fluids, a theory which has yielded many in- 
teresting and surprising results through the researches 
of Kirchhoff, Clebsch, Bjerknes, Greenhill, Lamb, and 
others. Of prime importance also are the numerous con- 
tributions of Lord Kelvin to other branches of hydro- 
kinetics, and particularly to the theor Um of rotational mo- 





* That ig, when udv -i edy + PCS isa Se differential, u, v, w being 
velocity components ; or, when 


Ow — Qv du ow 9v Ou 
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which are the doubles of the components of molecular rotation, vanish, 
these latter being the conditions for the existence of a velocity potential. 
T This discovery of Stokes was announced in his fundamental paper 
‘ On the theories of internal friction of fluids in motion, and of the 
equilibrium and motion of elastic solids," Transactions of the Cambridge 
Philosophical Society, vol. 8. Reprinted also in his Mathematical and 
Physical Papers, vol. I. 
t '‘ Ueber Integrale der hydrodynamischen Gleichungen, ‘welche den 
Wirbelbewegungen entsprechen,” Crelle’s Journal für die reine und ange- 
wandte Mathematik, 1858. 
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tion.* In fact, every department of the entire science of 
hydromechanies, from the preliminary concepts up to his 
vortex atom theory of matter, has been illuminated and 
extended by his unrivalled versatility. 

When we turn to the more intricate branch of the sub- 
ject which deals with the motion of viscous fluids, or with 
the motion of solids in such fluids, it appears that the prog- 
ress of the century is less marked, but still very noteworthy. 
This branch is closely related to the theory of elasticity, 
and goes back naturally to the early researches of Navier, 
Poisson, and Saint-Venant; but the revival of interost in 
this, as well as in the less intricate branch of the subject, 
seems to date from the fruitful memoir f of Stokes of 1845, 
and from his report to the British Association for the Ad- 
vancement of Science of 1846. Since then many interest- 
ing and useful problems relative to the flow of viscous fluids 
and to the motion of solids in such media, have been suc- 
cessfully worked out to results which agree fairly well with 
experiment. But on tbe whole, nothwithstanding the 
searching investigations in this field of Stokes, Maxwell, 
Helmholtz, Boussinesq, Meyer, Oberbeck, and many others, 
it must be said that difficulties, both in theory and in ex- 
periment, of a formidable character remain to be sur- 
mounted. f 

Of all branches of hydromechanics there is none of so 
great practical utility and of such widely popular interest as 
the theory of tides and waves. These phenomena of the 
sea are appreciable to the most casual observer; and there 
has been no lack of impressive descriptions of their effects 
from the days of Curtius Rufus down to the present time. 
The mechanical theory of tides and waves is, however, a 
distinctly modern development whose perfection must be 
credited to the labors of the mathematicians of the present 
century. § 

* “On vortex motion," 1867. Transactions of the Royal Society of Edin- 
burgh, vol. 25. 

t Cited on p. 160. 

tAn extremely interesting method of experimental investigation has 
been recently applied with success by Professor Hele-Shaw. See a paper 
by him on *'Stream-line motion of a viscous film," and an accompany- 
ing paper by Sir G. G. Stokes on '' Mathematical proof of the identity of 
the stream lines obtained by means of a viscous film with those of a per- ` 
fect finid moving in two dimensions? Report of British Association for 
the Advancement of Science for 1898. 

$An excellent summary of the history and theory of tides, and of 
methods of observing and predicting them, is given by Dr. Rollin 4. Har- 
ris in his Manual of Tides, published as Appendices 8 and 9 of the Report 
of the United States Coast and Geodetic Survey for 1897. 
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Here, again, progress is measured from the advanced posi- 
tion occupied by Laplace, who was the first to attempt a 
solution of the tidal problem ‘on hydrokinetic principles. 
After the fundamental contributions of Laplace, contained 
in the second and: fifth volumes of the Mécanique Céleste, 
the next decisive advance was that made by Sir George 
Airy (1801-1892) in his article on Tides and Waves, 
which appeared in the Encyclopedia Metropolitana in 1842. 
A quarter of a century later came the renaissance, started 
undoubtedly by the great memoir of Helmholtz and by the 
Natural Philosophy of Kelvin and Tait, along with Lord 
Kelvin’s inspiring communications on almost every phase . 
of wave and tidal problems to scientific societies and jour- 
nals. Then followed the decided theoretical improvements 
in tidal theory of Professor William ‘Ferrel,* particularly 
in the development of the tide generating potential and in . 
the determination of the effects of friction. And a little 
later there appeared the novel investigations of Professor 
G. H. Darwin, who, in addition to furnishing & complete 
practical treatment of terrestrial tides,T has extended tidal 
theory to the solar system and thrown an instructive light 
on the evolutionary processes whence the planets and their 
satellites have emerged and through which they are des- 
tined to pass in the future. 

As we reflect on the progress which has been thus gum- 
marily and quite inadequately outlined, it will appear that 
the mathematicians of the nineteenth century have con- 
tributed a splendid aggregate of permanent accessions to . 
knowledge in the domain of the more exact of the physieal 
sciences. And as we turn from the certain past to the Jess 
certain future one is prone to conjecture whether this brilli- ` 
ant progress is to continue, and, if so, what part the 
AMERICAN MATHEMATICAL SoorgrY may play in promoting 
further advances. With respect to these inquiries I should 
be loath to hazard a prediction or to offer advice. Butthere 
appears to be no reason for entertaining anything other: 
than optimistic expectations. The routes along which ex- 








* Tidal Researches. Appendix to Report of United States Coast and 
Geodetio Survey for 1874.' Washington, 1874. 

T In article on Tides in Encyclopedia Britannica, 9th edition. 

t Darwin’s investigations are published in a series of papers in the 
Philosophical Transactions of the Royal Society of London, Parta I., IL. 
1878; Part IL, 1880; Part IL, 1881; Part I., 1882. "They are repub- 
lished in part in Appendix G, Thomson and Tait’s Natural Philosophy, 
second edition. See also the capital semi-popular work, The Tides and 
Kindred Phenomena in the Solar System, by G. H. Darwin, Boston and 
New York, Houghton, Mifflin and Co., 1898. 
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ploration may proceed are numerous and attractive. We 
have only to follow the example set by Laplace, Poisson, 
Green, Gauss, Maxwell, Kirchhoff, Saint-Venant, Helm- e 
holtz, and their eminent contemporaries and successors. In 
commending the works of these great masters, to the younger 
members especially of the AxERgICAN MATHEMATICAL SOCIETY, 
I would not be understood as urging the cultivation of pure 
mathematics less, but rather as suggesting the pursuit of 
applied mathematics more. The same sort of fidelity to re- 
search and the same sort of genius for infinite industry 
which enabled those masters to accomplish the grand results 
of the nineteenth ceutury may be confidently expected to 
achieve equally grand results in the twentieth century. 


THE STATUS OF IMAGINARIES IN PURE 
GEOMETRY. 
(Read before the American Mathematical Society, October 28, 1899.) 


Iw teaching the elements of analytical geometry we are 
practically forced to allow, even to encourage, a slipshod 
identification of the field of geometry with the field of al- 
gebra. We must all have realized the disadvantages attend- 
ant on this course. If ever we have the chance of repairing 
the error—if error indeed it be at that stago—it is in teach- 
ing synthetic geometry ; but we can repair it then only if 
we can establish the existenee of imaginary elements with- 
out the slightest dependence on algebra. Many books refer 
to the analogy of algebra as affording sufficient basis, others 
openly rely on algebraic principles; Chasles, for instance, 
in the Géométrie Supérieure (pp. 54-57) relies essentially 
on quadratic equations, whoseimaginary roots assure him 
of the existence of imaginary points. 

The two chief books that deal with absolutely pure geom- 
etry are those of von Staudt and Reye. It is one of the 
axioms of modern mathematics that von Staudt placed the 
doctrine of imaginaries on a firm geometrical basis; but 
logical and convincing as his treatment is, when patiently 
studied in all its detail, it yet seems to me hardly practic- 
able as a class-room method. 

Von Staudt’s primary domain is the visible universe ; 
the elements of his geometry, together with the idea of 
direction, are an intellectual abstraction from the results 
of observation. He then extends his domain beyond the 
visible universe by formal definition ; to replace the idea 
of direction he introduces a set of ‘ideal points,” and 
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finds that the nature of an ideal point is the same as that of 
a common point, and that the relation of the ideal points 
and lines to one another is precisely that of points and lines 
ina plane. Thus his second domain is the visible universe 
increased by one ideal plane. 

To attain absolute consistency of language he introduces 
pairs of feigned, or imaginary, elements. Certain. arrange- 
ments of pairs of points on a line give rise to a pair of 
points; certain other arrangements, differing only in their 
pictured form, apparently do not. Now as we have already 
extended the "domain of geometry beyond the visible uni- 
verse, the fact that the point pair is not visible cannot be 
accepted as a proof that it is non-existent... Although the 
conception of the range of points with its contents is derived 
from observation, yet we have to take into account the fact 
. that we may not be able to observe the whole. Hence in- 
stead of jumping to the conclusion that the points are non- 
existent, we investigate the alternative hypothesis, namely, 
| that there are still two points, though not pictured. As 
regards this purely intellectual hypothesis we have to en- 
quire whether it ig tenable, and whether it is manageable. 

To prove that the hypothesis is tenable, von Staudt had 
first to find some device for separating the two elements of 
- a pair, seeing that his geometry accepts a point as element. 
. hota point pair. This difficulty delayed him from 1847- 

1856 ;~he overcame it finally by a sublimated intellectual 
artifice, that of the ‘‘sense’’ of a form. He had then to - 
show that every feigned, or imaginary, element is endowed 
with every formal property of a natural element. His 
feigned elements are (1) imaginary points, each lying by 
definition on one real straight line (imaginary elements 
of a range); (2) imaginary planes, each passing by defini- 
. tion through one real straight line (imaginary elements of 
an axial pencil); (3) imaginary lines of the first kind, 
each lying by definition in one real plane and passing 
through one real point (imaginary elements of a flat pencil); 
(4) imaginary lines of the second kind, each belonging by 
definition to a real regulus, but possessing noreal point and 
norealplane. Heinvestigates every possible relation of real 
and imaginary points, lines, and planes, defining with great 
care every phrase that has reference to the imaginary ele- 
ments. Of course all this detail fills up page after page, ` 
even unto weariness ; but by it he does prove that, adopting 
the particular phraseology that assumes the existence of these 
feigned elements, all verbal consequences are correct. Thus 
the. hypothesis is shown to be tenable. 


1900.] IMAGINARIES IN PURE GEOMETRY. 165 


` Von Staudt states explicitly (Beiträge, p. 77) that there- 


are no other imaginary elements; that is to say, that no 
use of the accepted geometrical processes will lead us out- 
side the domain, now defined. „He shows also that correla- 
ting the real (or observed) elements of two forms does also 
correlate the imaginary (or inferred) elements. Thus there 
is no danger of unknown regions of imaginaries opening up 
before us; we have extended the domain, it is true, but not 
indefinitely’ "Do complete the proof that the hypothesis is 
manageable, we must next investigate the nature of this 
extended domain, in order to determine whether the imagi- 
nary elements, thus separately defined; are arranged in ac- 
cordance with any law of continuity. Von Staudt’s results 
prove, for example, as regards an imaginary straight line 
of the first or second kind, that the totality of points can 
be pictured on areal plane, and that there is the same pos- 
sibility of passing from one point to another as from one 
point of the plane to another. 

Thus the hypothesis is both tenable and manageable ; by 
introducing these formal elements he enlarges the domain 
of his geometry, without in any way affecting its nature or 
modifying its laws. l 

The principal objections to this, as an elementary method, 
are the following :— 

(1) the extreme difficulty and tediousness of the com- 

plete proof of the identity of the properties of natural ele- 
' ments and formal elements. 

(2) the apparent break in passing from the seen to the un- 
seen, which arouses scepticism as to whether the formal ele- 
ments can truly be said to ‘‘exist.’? While the reason, if 
sufficiently trained, is convinced, all natural instincts rebel. 
The whole thing impresses the natural man as simply a tour 
de force. 

We turn now to geometry as treated by Reye ; or rather, as 
it would naturally have been treated by Reye if he had car- 


ried out'the plan of his first chapter.* Elements of threekinds ' 


are given, absolutely—a, b and c-elements (points, lines, and 
planes), with a statement of properties and relations to 
serve instead of definitions. Attaching to these elements the 
numbers 1, 2,3, and working with modulus 4, a number 
of the relations can be obtained arithmetically ; for example, 
1 + 1 = 2 expresses that two points determine a line; 
3 + 3 = 6 = 2 [mod. 4], two planes determine a line ; sim- 





* Ag I interpret it ; it appears however that some others find in it a 
much cloger agreement with the fundamental conceptions of von Staudt. 


* 


D 
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ilarly1l4-1--128,38-F38-4-8—9—1 [mod. 4], 1 +- 2 = 8, 
3--2-b-—1 [mod. 4] give certain of the relations; 

<2 + 2=4= 0 [mod. 4] expresses the fact that two lines 
determine nothing. Multiplication by — 1 reciprocates ; 
1 + 2 = 8 becomes — 1 + (— 2) = — 3, that is, 8 -2—1 
[mod. 4]. A trivial suggestion, perhaps ; but it brings out 
clearly the fact that the elements a, b, c are not precisely 
defined as points, lines, and planes. 

Reye now makes a very arbitrary assumption, namely, 
that the elements can be identified with the points, lines, 
and planes of ordinary space. ‘This identification gives the 
points at infinity, to account for the disappearing iütersec- 
tion of lines in a plane; it gives rise also to such assump- 
tions as that a line and & conic in a plane may possibly not 
intersect. Finally, imaginary elements are introduced, with 
a reference to yon Staudt for the justification. 

Now as I read Reye’s first chapter, in the logical devel- 
opment of the system infinitely distant and imaginary ele- 
ments must be simply a result of classification. We are 
given all points, all lines, all planes; that is‘ all a, b, and 
c-elements that can have certain relations to one another, 
with certain properties that hold without exception. Then 
we observe that points, lines, and planes in the visible universe 
illustrate, or picture, these properties on the whole; and 
that we can make the picturing more exact, in detail, if we 
regard parallel lines as meeting somewhere. In fact, this 
is & necessary condition of the picturing ; for if two parallel 
lines do not meet, they cannot represent two 6-elements that 
lie in &c-element. Thus the conception of infinitely distant 
elements arises from the attempt to picture this particular 
intellectual domain in the visible universe. From this at- 
tempt there arises also the distinction between real and 
imaginary elements. For while the visible points, lines, 
and planes serve to picture some of the a, b, c-elements, we 
have no right to assume that they suffice to picture all. 
Allowing for this, we divide elements into picturable and 
non-picturable, and examine whether there are any in the 
second division. , 

This point cannot be decided until we make some addi- 
tional statement about the nature of the given elements ; 
perhaps it is enough to affirm the indestructibility of the 
elements of any given space, whether the elements be given 
singly and explicitly, or by implication as determined by 
other elements. Thus, for example, two lines in a plane 
determine a point, and no rotation of either line can cause 
this point to pass out of existence. Two point pairs A, A’; 
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B, B' on a line are proper for the determination of a third 
point pair C, C', namely, the common harmonic pair; the 
motion of one element B' along the given line causes a 


change in the positions ef C, C’, but it cannot cause these * 


points to pass out of existence; the common Harmonic pair 
is determinate, however the two pairs A, A’; B, B' may be 
placed. Now picturing the two pairs on & line, it is found 
that if the segments A, A’; B, B’ overlap, the third pair is 
non-picturable. Hence there are elements in the second 
division ; and the only ones that we have detected occur by 
pairs. 

Thus to construct this purely formal geometry we postu- 
late elements of three kinds, a, b, e, with certain relations, 
‘in which most of their properties are formulated. In addi- 
tion to the numerical relations already mentioned, we have 
to state that any one element can move in any other, add- 
ing explicitly that an a or c moving in à b can move only 
'fforward?! or " backward," and that elements are inde- 
structible. At any stage we may attempt to picture these 
formal elements by means of a set of existing elements, sub- 
ject to the same laws of combination, and may thus obtain 
a division of our formal elements into those that can be 
pictured in this way, and those that cannot; the division 
into real and imaginary results from the attempt to picture 

these formal elements in ordinary space. 
' This is merely intended as & suggestion to practical 
teachers ; it is not set forth as a fully worked out scheme. 
A different formulation of the relations and properties may 
be preferable, but I believe the principle to be sound. If 
the elements are given in a purely intellectual manner, and 


not as abstractions from observation of the visible universe, - 


then the distinction between real elements on the one hand, 
imaginary elements on the other, is purely a result of clas- 
sification ; the imaginary elements are given together with 
the real ones, instead of being adjoined to them by defini- 
tion. We can even decide for ourselves that certain selected 
elements shall be pictured; but to say how many we can 
choose arbitrarily, and what others will then fall into the 
picturable class (real class), is hardly possible without con- 
sidering von Staudt’s theory of chains or strands (Ketten). 
Any exhaustive investigation óf the number and arrange- 
ment of the picturable and non-picturable elements of any 
form must ultimately coincide with von Staudt’s; but for 
the mere introduction ofimaginaries into ordinary teaching 
the plan here suggested for avoiding these long discussions 
seems feasible. It has the additional advantage of justify- 
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ing the use-of diagrams in proving results that depend on 
so-called imaginaries. 

I may add that in this strictly formal geometry metric 
* relations must of course be introducéd independently, by 
specifying an absolute configuration in the given domain, 
and classing as metric all relations of any form to this ab- 
solute configuration. 

OganLOTTE ÀÁNGAS SCOTT. 


BRYN MAWR, PENNSYLVANIA, 
October, 1899. 


NOTES. 


Tue presidential address of Professor R. S. WOODWARD, 
which appears in the present number of the BULLETIN, is 
also published separately in reprint form. Copies may be 
obtained from the Secretary at twenty-five cents each. 


Tun advisory board for mathematics at Cambridge Uni- 
versity has recommended to the Senate of that institution 
a number of changes in the regulations relating to the 
mathematical tripos. It is proposed to omit entirely from 
Part I. the following subjects :—calculus of variations, el- 
liptic functions, besselian functions, hydrodynamics, and 
sound, and to limit the extent of the requirements in rigid 
dynamics, electricity, optics, astronomy, and other subjects. 
The arrangement of the examination papers is to be changed. 
No papers are to be devoted exclusively to problems. At 
least half of the questions set throughout the examination 
shall be of an elementary character. The classic general 
restrictions as to methods of solutions for certain papers are 
to be no longer maintained. The ancient order of merit 
is to be abandoned. The successful candidates are to be 
arranged in three classes (wranglers, senior and junior 
optimes) of three divisions each, the names in each division 
being placed in alphabetical order. Corresponding changes 
are proposed for Part II. of the tripos. The Senate returned 
the proposals to the board for revision. 

At one time the largest tripos at Cambridge, the mathe- 
matical tripos is now smaller than either the classical or the 
natural science tripos. For the four yearg 1869-72, one in 
eighteen of the resident undergraduates passed the mathe- 
matical tripos, Part I.; while for the five years 1895-99, the 
average falls to one in thirty-five. 
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` Asour Easter 1900 the Berlin academy of sciences will 

mark the 200th anniversary of its foundation by a special 

celebration to which foreign delegates will be invited. Pro-, 
fessor A. HAxnNACK is preparing an elaborate history of the 

academy for this occasion. 


In a recent circular the Society for the promotion of 
quaternions and allied mathematics is announced as now 
established. The coöperation of Americans in this inter- 
national organization is solicited, not alone financially but 
also in the direction of original contributions to the litera- 
ture of the subject. All communications should be ad- 
dressed to the secretary for the United States, Professor A. 
B. Harnaway, Rose Polytechnic Institute, Terre Haute, 
Indiana. 


A FAC-8DHLE reprint of Legendre’s Théorie des Nombres 
has just been issued by M. Hermann, of Paris. 


Tus publishing house of William Ernst and Son, of Ber- 
lin, has recently published a historical memoir entitled 
** Die reine Mathematik in den Jahren 1884-1899,’ by Pro- 
fessor E. Laun, The paper is intended as a memorial 
-monograph of the centennial jubilee of the Technische 
Hochschule of Berlin celebrated this year. The second 
part of the memoir presents a short account of the life of 
SIEGFRIED ARONHOLD, who was professor of mathematics at 
the Hochschule during the period from 1860 to 1883 ; the 
monograph is accompanied by a portrait of Aronhold. The 
same firm issued the Festschrift of the centennial, a separate 
volume. 


A CATALOGUE Of the mathematical library, of the late Pro- 
fessor H. Sonaprra, of Heidelberg, has been issued by Gustav 
Fock, of Leipzig. It is number 164 of the series of cata- 
logues of the latter firm, and contains the titles of about 
twenty-two hundred different works. 


M. A. Hermann, of Paris, has just published an exten- 
sive catalogue, No. 65, of new and second-hand publications 
in the mathematical sciences. The catalogue contains nearly 
thirty-seven hundred numbers in mathematics and astron- 
omy. 

Tax Munich academy of sciences has elected Professors 
. G. DaRaoUx, of Paris, and E. Berrraan, of Rome, corre- 

sponding members. 


PaorzssoR P. SrÀckEL has been promoted to an ordinary 
professorship at the University of Kiel. 
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PROFESSOR A. SOMMERFELD, of the Clausthal School of 
Mines, has accepted a call to the Aachen Ge tehing School 
8 professor of mechanics. 


PnRorzssoR WA Harkness, astronomical director of 
the U. 8. Naval Observatory, was retired on December 17, 
1899, and is succeeded by Professor B. J. Brown. 


Dr. W. H. MALTER has been promoted to a professorship 
of mathematics in the Woman’s College of Baltimore, Md. 


Mr. N. M. Parrisn has been made professor of mathe- 
matics at the State Normal College, Florence, Ala. 


. Dr. N. A. Patmo has been elected to a professorship in 
mathematics in the Randolph-Macon Woman's College, 
Lynchburg, Va. 


Tue following appointments in mathematics have been 
recently made: Mr. W. D. Carens to an instructorship, and 
Mr. W. H. Suznx, to a tutorship at Oberlin College; Mr. 
R. T. Hoen, to a tutorship in Miami University; Miss 
Brooxs, to a tutorship at McGill University. 


Tux seventieth anniversary of the birth of Professor B. 
CHRISTOFFEL, professor emeritus of mathematics, was re- 
cently celebrated at the University of Strassburg. 


Dr. E. M. Braxz, who has recently returned from study 
abroad, has been appointed honorary fellow in mathematics 
at Cornell University. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


ABHANDLUNGEN zur Geschichte der Mathematik. Heft IX : Festschrift 
zu M. Cantors siebzigsten Geburtstage, herausgegeben von M. Curtze 
und S. Günther. (F. Cajori, Notes on the history of logarithms ; 8. 
Dickstein, Zur Geschichte der Prinoipien der Infinitesimalrechnung ; A 
8. Günther, Nicolaus von Cusa und seine Beziehungen zur mathe- 
matischen und physikalischen Geographie ; K. Hunrath, Des Rheti- 
ous Canon dootrinae triangulorum und Vieta’s Canon mathematious ; ; 
F. Müller, Zur Terminologie der ältesten mathematischen Schriften 
in deutscher Sprache; A. Nagi, die Rechenmethoden auf dem 
chischen Abacus ; P. "Stiickel, F. A. Taurinus, ein Beitrag zur Fon 
geschichte der nichteuklidischen Geometrie ; F. A. Unger, Einige 
Additiongmaschinen ; E. Wohlwill, Entdeckung der Parabelform 

. der Wurflinie ; F. Rosenberger, Die Geschichte der exakten Wissen- 
schaften und der Nutzen ihres Studiums; etc.). Leipzig, Teubner, 
1899. 8vo. 8— 657 pp., 2 plates, 1 portrait. M. 20.00 
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ADAM (C.). Bee DESCARTES (R.). 
BoLvAI(W.). See Gauss (C. Pi 


BnAUNMÜHNL (A. von). Vorlesungen über Geschichte der Trigonometrie. 
Teil I: Von den ältesten Zeiten bis zur Erfindung der Logarithmen. 
Leipzig, Teubner, 1899. 8vo. 7-260 pp. M. 9.00 


Casori (F.). See ABHANDLUNGEN. 
CurTZE (M.). See ABHANDLUNGEN. 


DESCARTES (H.). Oeuvres, publiées par C. Adam et P. Tannery, sous 
lea auspices du ministère de l'instruction publique. Correspondanoe. 
Vol. 3: janvier 1640-juin 1643. Paris, Cerf, 1899. 4to. 799 pp. 

Fr. 95.00 

DICKSTEIN (8.). See ABHANDLUNGEN. 


Dörr (H.). Die Determinanten, nebst Anwendung auf die Lösung alge- 
braischer und analytiach-geometrischer" Aufgaben, elementar be- 
handelt. Ste Auflage. Darmstadt, Roether, 1899. 8v. 4 p 95 pp. 

M. 2.00 


FESTSOHRIFT zur Feier der Enthüllung des Gause-Weber Denkmals in 
Góttingen. Herausgegeben von dem Fest-Comitee. (D. Hilbert: 
Grundlagen der Geometrie ; E. Wiechert: Grundlagen der Elektro- 
dynamik.) Leipzig, Teubner, 1899. Geo, 92--1129pp. M. 6.00 


Frenet (F.). Collection of problems in the infinitesimal caleulus, 
translated by A. P. Nenashev. (Ruseian.) Moscow, 1899. 8vo. 
8 -+ 208 pp. M. 3.00 


FRONTERA (G.). Bee SoNNET (H.). 


Gates (C. F.) and BoLvAr (W.). Briefwechsel. Herausgegeben von F. 
Schmidt und P. Stickel. Leipzig, Teubner, 1899. 4to. 13 -+- 208 
pp., 1 plate, 1 facsimile. Cloth. M. 16.00 


GaAOE (J. H.) and ROSENBERG (F.). Elements of coordinate geometry. 
Part 2: Conies London, Clive, 1899. 12mo. 324 pp. ae d 
tutorial geries.) 4s. 6d 


GRASSMANN (H.). Sohraubenrechnung und Nullsystem. Halle, 1899. 
4to. 20 pp. M. 1.50 


GÜNTHER (8.). See ABHANDLUNGEN. 
HILBERT (D.). See FESTSOHRIFT. 


Doan (G. A.). Die Anwendung unendlicher Produkte in der Funktio- 
nentheorie. (Progr.) Sücbsisoh-Regen, 1899. 4to. 33 pp. 


Hungate (K.). See ABHANDLUNGEN. 


Kirstein (O.). Konstruktion eines räumlichen Polarsystems aus einem 
Polartetraeder und drei Paar konjugierten Punkten. (Progr.). 
Meseritz, 1899. 4to. 10 pp. ; 


LAMPE(E.). Die reine Mathematik in den Jahren 1884-1899. Nebst 
Actenstiicken zum Leben von Siegfried Aronhold, weil. Professor 
der Mathematik (1860-1883) an der kénigl. technischen Hochschule 
zu Berlin. Mitseinem Bildnisse. Ein Gedenkblatt zur hundert- 
jährigen Jubelfeier der kónigl. technischen Hochschule zu Berlin. 
Berlin, Ernst, 1899. Geo, 48 pp. M. 1.60 
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LENGAUER (L). Geometrische Wahrseheinlichkeiteprobleme. (Progr. ) 
Würzburg, 1898. Geo, 62 pp. 


LEWENBERG (À.). Geometrya rzutowa (tworów pieriintiónyoh m 
18 parts. ) art 1. Warszawa, 1899. 1.50 


MORALE (M.). La rigata razionale d'ordine n dello spazio a quattro 
dimensioni e sua rigata trasversale, con particolare considerazione al 
caso di n= 5. Palermo, Tipografia matematica, 1899. 8vo. 21 pp. 


——. Tre metodi per la costruzione di superficie rigate nello spazio à 4 
dimensioni. Palermo, Tipografia matematica, 1899. Ben, 13 pp. 


MOREAU (L.). Sur les transformées des radicaux doubles, réels ou im- 
aginaires. Bruxelles, 1899. 8vo. 16 pp. Fr. 1.50 


' MÜLLER (F.). See ABHANDLUNGEN. 
NAGI(A.) Bee ABHANDLUNGEN. 
NENABSHEV (A. P.). Bee FRENET (F.). 


PASOAL(E.). Repertorio di matematiche superiori ` definizioni-formole, 
teoremi, cenni bibliografici. Vol. II : Geometria. Milano, Hoepli, 
1900. 16mo. 18+ 928 pp. Cloth. 


RIEMANN (B.). Elliptisehe Funktionen. "Vorlesungen, mit Zusützen, 
herausgegeben von H. Stahl. Leipzig, Teubner, 1899. Geo, 8-4- 


D 


144 pp. ML 5.60" 


Risow (F.). Ueber die Irreduktibilitat der partiellen Differential- 
: oz oz 
gleichung a(x, y) J.. This, y) ey + c(z, y)e — 0. 


ROSENBERG (F.). See GRAOE (J. H.). 
ROSENBERGER (F.). See ABHANDLUNGEN. 
Bopa (F.). See Gauss (C. F.). 


SHAPOSHNIKOV (A. L.). Elementary course of mathematical analysis. 
From lectures given in the Moscow Technical School and in the Con- 
stantine Geodetio Institute. Vol. I, part1: Introduction to higher 
algebra and to the analysis of variables. (Russian.) Moscow, 1897. 
8vo. 150 pp. R. 1.00 


Sonner (H.) et FRONTERA (G.). Eléments de géométrie analytique, 
rédigés cónformément au programme d'admission à l' Ecole polytech- 
nique et à l'Ecole normale supérieure, 9e édition. Paris, Hachette, 
1899. 8vo. 760 pp. . j Fr. 8.00 


BTÄCKEL (P.). See ABHANDLUNGEN, and Gauss (C. F.). 

STAHL (H.). See RIEMANN (B.). 

Botz (O.). Grundzüge der Differential- und Integralrechnung. Theil 
3: Die Lehre von den Doppelintegralen, eine Erginzung zum ersten 


Theile des Werkes. Leipzig, Teubner, 1899. 8vo. 8-|-2986 pp. 
M. 8.00 


TANNENBERG (W. DE). Leçons nouvelles sur les applications géomé- 
triques du calcul différentiel. Paris, Hermann, 1899. Geo, 4-+ 192 
pP. Fr. 6.00 


TANNERY (P.). See DESCARTES (R.). 


THIBAUT (G.). Indo-arische Astronomie, Astrologie und Mathematik. 
Strassburg, 1899. Geo, 82 pp. . M. 4.00 
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UNGER (F. A.). See ABHANDLUNGEN. 
WIEOHERT (E.). See FESTSCHRIFT, 
WoHLWILL(E.). See ABHANDLUNGEN. 


Wourr (H.). Ueber die Anzahl der Zerlegungen einer ganzen Zahl in 
Summanden. (Diss.) Halle, 1898. 4to. 23 pp. 


IL ELEMENTARY MATHEMATICS. 


Brong (D.) Mathematical questions and solutions from the Educa- 
tional Times, Vol. 71. London, Hodgson, 1899. 12mo. 6s. 6d, 


CREFCOEUR (A.). Recueil de formules mathématiques: arithmétique, 
algèbre, géométrie trigonométrie, mécanique. Bruxelles, 1899. 
12mo. 308 pp. (Autogr.) Fr, 2.00 


Fux (A.). Eléments d'algébre (classes de lettres). Paris, Mersch, 
1899. 16mo. 84 pp. Fr. 2.00 


GANTZER (R.). See SCHUMANN (H.). 


GozRING (W.). Die Auffind der rein geometrischen Quadratur des 
Kreises und die Teilung jedes beliebigen Winkels und Kreises in 
eine beliebig eAnzahl gleicher Teile. Dresden, Gewerbe-Buchh and- 
lung, 1899. 8vo. 13 pp., 1 plate. M. 1.00 


KÖRLER (A.).. Bee LIEBER (H.). 


LIEBER (H.). und KÖHLER (A.). Arithmetische Aufgaben. 2te Auflage. 
Berlin, Simion, 1899. Geo, 6 -+- 222 pp. M. 2.70 


MÉMENTO de géométrie, par un groupe @instructeura. Paris, Dela- 
grave [1899]. 18mo. 52 pp. 


Map (W. J.). Solid geometry; being books 7-10 of ‘‘ Plane and 
solid geometry." New York, "American Book Co. [1899]. 12mo. 
24-]-384pp. Half leather. $0.75 


MODEL answers in mathematica, London matrioulation. From June 
1893 to June 1899. London, Clive, 1899. 12mo. 176 pp. (Uni- 
versity tutorial series.) 2s. 


MÜLLER (H.). Die Elemente der ebenen Trigonometrie, mit einer 
Sammlung von Aufgaben und deren Lósungen. 3te Auflage. Metz, 
Boriba, 18989. 8vo. 7-} 40 pp., 1 plate. M. 0.80 


Oxrt CARBONI (S.). I complementi dell’ algebra elementare per la dis- 
cussione completa e sistematica dei problemi algebrici di primo e 
secondo grado, con duemila problemi (risoluti od avviati) d’appli- 
cazione dell’ algebra e della trigonometria alla geometria. Parte I: 
Teorie. Livorno, Giusti, 1900. 8vo. 16+ 467 pp. Fr. 5.00 


PRESSLAND (A. J.) and TwrxEDIE (C.). Elementary trigonometry. 
Part 2. Edinburgh, Olliver & Boyd, 1899. 12mo. 126 pp. 28. 


SALOMON (A.). Legonsd’arithmétique. Paris 1899. 8vo. 8 -+ 273 pp. 
Fr. 2.00 


SoHUBERT (H.). Aufgaben aus der Arithmetik und Algebra für Real- 
und Bürgerscbulen. Heft 1. 2te Auflage. Potsdam, Stein, 1899. 
8vo. 44101 pp. Boards. M. 1.20. 


—  , Dasselbe, mit Resultaten. 4-+ 122 pp. M. 1.70 
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SOHUMANN (H.). Lehrbuch der Elementar-Mathematik für Gymnasien 
und Realschulen. 5te Auflage, bearbeitet von E. Gantzer. Teil 2: 
Planimetrie. Berlin, Weidmann, 1899. Geo 8+ 244 pp. M. 2.40 


BcHusrER (M.). Geometrische Aufgaben. Ein Lehr- und Ueb ibuch 
. zum Gebrauch beim Unterricht an höheren Schulen, eebe B: 
Für Progymnasien und Realschulen. Leipzig, Teubner, 1899. 8vo. 
7-L111pp.,2 plates. Cloth. M. 1.60 


SICKENBERGER (A.). Leitfaden der elementaren Mathematik. Teil 2 : 
Planimetrie. Ate Auflage. München, Ackermann, 1899. Ben, 6+ 


123 pp. M. 1.50 
——. Teil 3: Stereometrie; Trigonometrie. 35e Auflage. Münohen, 
Ackermann, 1899. 8vo. 4 + 103 pp. M. 1.20 


STEINWELLER (F.). Kurzer Abriss der Geschichte des Rechenunterrichts 
sowie Beschreibung der wichtigsten Lehrmittel für denselbem. 2te 


Auflage. Leipzig, Hirt, 1899. Gen, 48 pp. p M. 0.50 
TWEEDIE (C.). See PRESSLAND (A. J.). 


WALLENTIN (F.). Methodisch geordnete Sammlung von Beispielen und ' 
Aufgaben aus der Algebra und allgemeinen Arithmetik. bie Auf- 
lage. Wien, 1899. Geo 4-329 pp. .Cloth. M. 4.20 


IIL APPLIED MATHEMATICS. 


D'ALEMBERT. Bee VORREDEN. 


AMBRONN (L.) Handbuch der astronomischen Instramentenkunde. 
Eine Beachreibung der bei astronomischen Beobachtungen benutzten 
Instrumente, sowie Erlàuterung der ihrem Bau, ihrer Anwendung 
und Aufstellung zu Grunde liegenden Principien. 2 Bünde. Berlin, 
Springer, 1899. Geo, 9-+7-+-1276 pp. Cloth. M. 60.00 


Ames (J. 8.). See CARNOT. 


BAKER(W. M.). Elementary dynamics. London, Bell, 1899. 12mo. 
252 pp. 3a. 6d. 


BAUMHAUER (H.). Darstellung der 32 möglichen Krystallklassen auf 
Grund der Deok- und Spiegelachsen nebst Beschreibung von Achsen- 
modellen zur Demonstration der Symmetrieverhültnisse der Krys- 
talle. Leipzig, Engelmann, 1899. Geo 5- 36 pp., 1 plate. 

M. 2.00 


Baywus (R. E.) See MEYER (O. E.). 


CABNOT, CLAUSIUS, and THOMSON. Memoirs on the second law of ther- 
modynamics, translated and edited by W. T. Magie. .New York, 
` Harper, 1899. Geo, 5--151 pp. Cloth. (Harper’s scientific me- . 
moirs, edited by J. S. Ames, No. 6.) í 


CLAUSIUS. Bee CARNOT. . 
Convisy. See Van’r Horr (J. H.). 
DIECKMANN (E.). SeeBonunzz (E.). 


EDsER (E.). Heat; for advanced students. London and New York, 
Macmillan, 1898. 12mo. 8 +470 pp. Cloth. $1.00 


EwiNa (J. A.). The strength of materials. London and New York, 
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THE SIXTH ANNUAL MEETING OF THE AMER- 
ICAN MATHEMATICAL SOCIETY. 


Tue Sixth Annual Meeting of the AMERIOAN MATHEMAT- 
IOAL Booter was held in New York City on Thursday, 
December 28, 1899. Beside the usual election of officers 
and the presentation of annual reports, the occasion was 


' 'egpecially marked by the presidential address of President 


R. 8. Woodward, entitled ‘‘ The century’s progress in ap- 
plied mathematics." An invitation to attend the reading of 
the address had been extended to the American Physical 
Bociety, which was present in a body, the total attendance 
reaching about eighty persons, of whom the Mathematical 
Society furnished nearly one-half. President H. A. Rowland 
of the Physical Society was placed in the chair during the 
joint session, which was extended-to include the reading of 
the paper by Professor Pupin, noted below. The event af- 
‘forded a pleasant renewal of the cordial relations of the two 
scientific bodies and a continued assurance of their hearty 
cooperation. 

The following thirty- eight: members of the Society were 
' registered as in attendance at the two sessions : 

. Dr. E. M. Blake, Professor Maxime Bócher, Dr. W. G. 

Bullard, Professor J. E. Clark, Dr. A. Cohen, Professor F. 
N. Cole; Dr. W. S. Dennett, Dr. F. Durell, Professor A. 
M. Ely, Professor 'T. S. Fiske, Mr. A. 8. Gale, Miss Carrie 
Hammerslough, Dr. G. W. Hill, Dr. A. A. Himowich, Pro- 
fessor Harold Jacoby, Mr. S. A. Joffe, Professor Pomeroy 
‘Ladue, Professor P. A. Lambert, Professor Gustave Legras, 
Dr. Emory McClintock, Dr. James Maclay, Dr. Isabel Mad- 
dison, Professor Mansfield Merriman, Dr. G. A. Miller, Dr. 
"D. A. Murray, Professor G. D. Olds, Mr. J. C. Pfister, Pro- 
fessor James Pierpont, Professor M. I. Pupin, Professor J. 
K. Rees, Mr. C. H- Rockwell, Dr. Virgil Snyder, Professor 
Henry Taber, Miss Mary Underhill, Professor J. H. Van 
Amringe, Professor L. A. Wait, Professor A. G. Webster, 
Professor R. 8. Woodward. 

The President of the Society, Professor R. 8. Woodward, 
occupied the chair during the separate sessions of the Society. 
The Council announced the election of the following persons 
to membership: Professor William Beebe, Yale University, 
New Haven, Conn.; Dr. J. V. Collins, State Normal School, 
Stevens Point, Wis.; Professor A. R. Forsyth, Trinity Col- 
lege, Cambridge, England ; Professor M. W. Haskell, Uni- 
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versity of California, Berkeley, Cal.; Dr. Emilie N. Martin, 
Philadelphia, Pa.; Mr. C. A. Noble, University of Cali- 
fornia, Berkeley, Cal.; Mr. E. B. Wilson, Yale University, 
New Haven, Conn.; Miss R. G. Wood, New Haven, Conn. 
Four applications for membership were reported. 

"Reports were received from the Treasurer, the Librarian, 
and the Auditing Committee. These reports will be printed 
in the Annual Register, now in preparation. The Secretary 
reported that the total number of members of the Society 
was now 387, including twelve life members. Thirty-six 
new members "joined the Society during the year 1899. The 
total attendance of members at the meetings during the year 
was 197, and the number of members attending at least one 
meeting was 110. The number of papers presented was 
106, as against 88 in 1898. 

On the occasion of the retirement of Professor Harold 
Jacoby from the position of Treasurer, appropriate resolu- 
tions were adopted expressing recognition of his valuable 
services, extending with a brief interruption from the found- 
ing of the Society. 

At the annual election the following officers and members 
of the Council were chosen : 


President, Professor R. 8. Woopwarp. 
First Vice-President, Professor E. H. Moonz. 
Second Vice-President, Professor T. S. Fisxx. 


Secretary, Professor F. N. Cors. 
Treasurer, Dr. W. 8. DENNETT. 
Librarian, Professor Pomeroy LADUE. 


Committee of Publication, 
Professor F. N. Corr, 
Professor ALEXANDER ZIWET, 
Professor Frank MomnrzEv. 


Members of the Council to serve until December, 1902, 
Professor Oskar Borza, 


Professor Simon Newoous, 
Professor L. A. Warr. 


The following papers were presented : 


(1) Dr. G. A. Minter: ‘On the groups which have the 
same group of isomorphisms.” 
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(2) Professor Maxe Booger: “On regular singular 
pointe of linear differential equations of the second order 
whose coefficients are not necessarily analytic." 

(3) Dr. Viren, SNYDER: ''On cyclical quartic surfaces 
in space of n dimensions." 

(4) Dr. Vert, SNYDER : ‘‘ On the geometry of the circle." 

(5) Mr. W. B. Frre: "A proof that the commutator ' 
subgroup of a group may contain operators which are not 
commutators,’ 

(6) J. E. CAMPBELL, M.A.: “On the types of linear 
partial differential equations of the second order (in three 
independent variables) which are unaltered by the transfor- 
mations of a continuous group.’’ 

(7) Professor L. E. Dioxson: ‘‘ Proof of the existence 
of the Galois field of order p” for every integer r and prime 
number p." ! 

(8) Dr. E. M. Brake: “On plane movements whose 
point loci are of order not greater than four." 

(9) Professor R. S. Woopwarp: Presidential address, 
‘The century’s progress in applied mathematics.” 

(10) Professor M. I. PuPrw: ‘‘ The propagation of elec- 
trical waves over non-uniform conductors." 

(11) Professor Hong Taser: ‘On the singular trans- 
formations of groups generated by infinitesimal transforma- 
tions.” 

(12) Dr. J. I. Horonmson : “On certain relations among 
the theta constants." 

(13) Professor E. O. Loverr: ''Singular solutions of 
Monge equations.’’ 


Mr. Fite's paper was presented to the Society through Dr. 
G. A. Miller, and Mr. Campbell’s paper through the Secre- 
tary. In the absence of the authors, Mr. Fite’s paper was ' 
read by Dr. Miller, Dr. Hutchinson’s by Dr. Virgil Snyder, 
and those of Mr. Campbell, Professor Dickson, and Pro- 
fessor Lovett were read by title. 

'The presidential address appeared in the January number 
. of the BuLLerin (pp. 133-163), and has also been published 

in Science, vol. 11 (new series), no. 263, pp. 41-51; no. 264, 
pp. 81-92. The papers of Professor Dickson, Dr. Snyder, 
and Professor Taber are contained in the present number of 
the Dor, Mr Campbell’s paper will be published in 
the Transactions. Abstracts of the remaining papers are 
given below. 


The main object of Dr. Miller'8 paper was the determina- 
tion of all the possible groups whose group of isomorphisms 
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or whose group of cogredient.isomorphisms is the symmetric 
group of order six. It was shown that these groups are the 
direct products of abelian groups and an infinite system of 
groups which contains just one group for every power of two 
and is thus analogous to the system of Hamiltonian groups 
whose order is a power of two. 

The following theorems were also proved: If a group is 
generated by two characteristic subgroups that have only 
identity in common, its group of isomorphisms is the direct 
product of the groups of isomorphisms of these two charac- 
teristic subgroups. The group of isomorphisms of an abelian 
group 4 is abelian whenever A is cyclical, and it is non- 
abelian when A is non-cyclical. The necessary and suffi- 
cient condition that a cyclical group of order n is the group of 
isomorphisms of some group is that nis of the form p*«(p — 1), 
being an odd prime number. If the group of cogredient 
isomorphisms G, of a group G transforms one of its opera- 
tors A, of order. ms, p being any prime number, into its b^ 
power ‘and if k e mod p, then at least one operator of 
order p* corresponds to A, in the isomorphism between G and 
G; if k=1 mod p, but ~- 1 mod pre, then at least one 
operator of order pet Y (y = a corresponds to A, in the igo- 
morphism between G and 


In Professor Bécher’s paper, which has now appeared in 
the Transactions (Volume 1, number 1, pp. 40-52), the ques- 
tions which the author considered on pp. 280-281 of the 
last volume of the BurLETIN, are discussed by another 
method by means of which itis possible to treat the sub- 
ject much more exhaustively. 


In the geometry of the circle, as discussed by Dr. Snyder, 
the circle is taken for generating element analogous to 
the sphere in Lie’s higher spherical geometry. A linear 
equation between the five codrdinates defines the o circles 
which cut a fixed circle at a constant angle. Several prob- 
lems in construction were easily solved, e. g., to find a circle 
cutting three given ones at given angles. The elements of 
differential geometry were given, and the differential equa- 
tion of all envelopes of circles expressed. In this geom- 
etry a quadratic complex gives the bicircular quartics when 
the point circles form one coórdinate complex, and a new 
system of circular curves of order 24 when the codrdinates. 
are unrestricted. Some important properties of both systems. 
of curves were obtained. 
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Mr. Fite's paper was in abstract as follows: Let G bea 
group of order p", p being a primé number, which has an 
abelian group of cogredient isomorphisms, generated by 
four independent operators P, Q, R, S; and let A, B, C, D 
be the operators of G that correspond to P, Q, E, S, re- 
,speetively. The commutator subgroup of G will contain 
operatons which are not commutators of G whenever the 
following conditions are satisfied : 


BOAB=hA, C3AC- MA, DAD = kA, 
C“BC=h,B, D~BD=h,B, D-CD=h,C, 


where A, h, =, h, are independent self-conjugate operators 
of G different from identity. There is a group of order 
1024, obtained by establishing a certain isomorphism for 
G written in six distinct systems of elements, which satis- 
fies all of the given conditions. There is also a group of 
order 256 whose commutator subgroup contains an oper- 
ator which is not a commutator. 


Dr. Blake considered the movements of a rigid body or sys- 
tem one of whose ‘planes slides upon a fixed plane and is fur- 
ther restricted to those movements which cause all points of 
‘the system to generate curves of order not greater than four. 
A list of all known movements of this character is given in 
Part I. and the problem of a complete enumeration is pro- 
posed. The locus of & straight line oblique to the plane 
of movement may be a scroll of order either not greater 
than four or greater than four. The author has discussed 
these scrolls for all known movements-of the former kind. 
They are the movements of the ellipsograph (article by the 
author in manuscript); movements whose centrodes are 
congruent conics (American Journal of Mathematics, vol. 21, 
p. 257); the degenerate case of three-bar movement whose 
centrodes are limacons ; and Roberts’s generalization of the 
conchoid mechanism of Nicomedes. The author's present 
paper treats the last two cases in Parts II. and III. 


In Professor Pupin’s paper the conductor is a long wire 
having coils 1, 2, =, k, k + 1 interposed at equidistant points, 
as in the figure. 
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An electromotive force of type .Ee*' is impressed at point 1. 
The problem discussed leads to the integration of the dif- 
erential equation of a plane wave in an absorbing medium, 
nuo 

dz lide 


™C da’ 





Ly th 


where s is the distance of any point from point 1, s is the 

current at that point, ¢ is the time, and L,R,C are the in-, 

ductance, ohmic resistance, and capacity, respectively, er 
the wire per unit length. 

The integral has to satisfy k + 2 boundary conditions, one 
at each coil. To formulate those, let 2,, z, y Eau atp, be 
the currents at points 1, 2, =, k, k+ 1. Also let L, Ry Oy 
be the inductance, capacity, and resistance, respectively, 
of any one of the k + 2 equal coils. Then at point 1 


à 1 
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at point k + 1. 
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and at any other point a 
KD m . 
C). - C), 7 Ee 
where a may be any integer from 1 to k. 

The integral does not seem to be obtainable by ordinary 
methods. The method of successive eliminations which 
the author developed in his paper on ‘ Electrical oscilla- 
tions in a loaded conductor," read at the meeting of the 
Society, February 25, 1899, succeeds in finding an integral. 


Thus the current in the section between the points a and 
a -+ 1 aba distance E from a is given by 
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where 
h= C(—p'l, iH), — = C(—p'L + pR), 
kal (k — Din la 
Lu de eene etus AE see "em 
M = hy | 2,008 me + n oos LFI + + an con} 


The currents z, z,; * Ze Tep are determined from the 
following k + 2 simultaneous equations: 


(a, +1) %— a= 5a 
(e, -- 2) 2, — 2, — 2, — 0, 
Le, +2) z,, — %, — 2, = 0, 


(a + 2) Tu — Dik pja T Vacía 0, 


(e, -+ 1) War. — Xu = + T atw 
where 
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NUS E a N dh gin 
asp ee ea We ES 





ul 
k+1 
m 


By putting o, = — 4 sin’ ^, we obtain any current 


5 cos 2 (k — m + 2) ¢ 
Fm = sin 2¢ sin (2k + 2) 9° 


This disposes of the waves of forced period. The waves 
of free period can be obtained by putting 


sin 2¢ sin(2 k + 2)¢ = 0, sS (2h42)¢ = vx, 
where v may be any integer from 0 to 2k + 2. 


The theta constants considered by Dr. Hutchinson are 
the values of the theta functions with half integer character- 
istics for zero arguments. Relations among the thetas of 
two different Gdpel systems are considered. From these 
can be derived the expression of all the theta constants in 
terms of those belonging to the same Gopel group (or sys- 
tem). This is the direct generalization of the results 
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already well known for the hyperelliptae theta functions 
(depending upon two arguments). 


"Professor Lovett’s paper, which is intended for publica- 
tion in the Transactions, employs Lie's theory of infinites- 
imal transformations to construct & method for determining 
the singular solutions of Monge and Pfaff equations. . 

F. N. Corx. 

COLUMBIA UNIVERSITY. 


THE DECEMBER MEETING OF THE CHICAGO 
SECTION. 


Tur Sixth Semi-Annual Meeting of the Chicago Section of 
the AMERICAN MATHEMATIOAL SootzTY was held on Decem- 
ber 28 and 29, 1899, at the University of Chicago. The 
following members of the Society were in attendance : 

Professor Oskar Bolza, Professor E. W. Davis, Professor 
Thomas F. Holgate, Dr. Kurt Laves, Professor H. Maschke, 
Professor John A. Miller, Professor E. H. Moore, Professor 
Alexander Pell, Professor D. A. Rothrock, Professor G. T. 
Sellew, Professor E. B. Skinner, Dr. H. E. Slaught, Dr. 
H. F. Stecker, Professor C. A. Waldo, Dr. J. V. Westfall, 
Professor H. S. White, Professor Mary F. Winston, Pro- 
fessor J. W. A. Young. 

Professor E. H. Moore, Vice-President of the Society, oc- 
cupied the chair during the first of the four sessions, after 
which Professor E. W. Davis presided. The Christmas 
meeting being the regular time for the election of officers of 
the Section, the Secretary was re-elected and Professors H. 
B. Newson and C. A. Waldo were elected members of the 
programme committee. The time and place of the next 
meeting were fixed for Saturday, April 14, 1900, at North- 
western University, Evanston, IIl. 

The following papers were presented : 

(1) Mr. R. E. Morirz: ‘ A generalization of the process 
of differentiation." 

(2) Professor E. D. Roz: ‘‘ On the transcendental form 
of the resultant. 

(3) Dr. E. J. Wimozynsxr: “An application of Lies 
theory to hydrodynamics.’’ 
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(4) Mr. F. R. MourroN : "On the question of the stability 
of certain particular solutions of the problem of four bodies, 
together with particular solutions of the problem of n bodies. ` 
of the Lagrangian type. 

(5) Professor L. E. DroksowN : “ The canonical form of 
linear homogeneous substitutions in a general Galois field." 

' (6) Professor L. E. Drcksow : ‘‘ The cyclic subgroup of 
the simple group of linear fractional substitutions of deter- 
minant unity in two non-homogeneous variables with coef- 
ficients in an arbitrary Galois field.’’ 

(7) Dr. J. V. WESTFALL: ''On a category of transfor- 
mation groups in space of four dimensions." 

(8) Professor Oskar Borza: ‘The elliptic sigma func- 
tions considered asa special case of the hyperelliptic sigma 
functions." 

(9) Professor ALEXANDER PELL: ‘Calculation of the 
integral 
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(10) Professor Jogw A. MıLLER: ‘‘ Concerning certain 
modular functions of square rank."' 

(11) Professor R. J. Arey: “A new collinear set of 
three points connected with & triangle." 

(12) Professor H. MasoBxEg: "Note on the unilateral 
surface of Moebius.” 
' (13) Professor C. A. Warno: "On a family of warped 
surfaces connected by a simple functional relation.’’ 

(14) Professor H. B. Warre: rr Plane cubics and irra- 
tional covariant cubics." 


Mr. Moritz’s paper was presented to the Society through 
Professor Davis, and was rend by him in the absence of the 
author. Mr. Moulton’s paper was presented through Dr. 
Laves. In the absence of the authors, Professor Roe’s paper 
was read by Professor White, Dr. Wilezynski's by Professor 
Bolza, Professor Dickson’s by Professor Moore, and Professor 

: Aley’s by the Secretary. 

After the regular papers had been presented, a general dis- 
cussion upon the topic ‘‘ Limits of functions of one or more 
variables"! was opened by Professor Moore. 


Mr. Moritz’s paper was a contribution to the doctrine of 
pure forms. Let i denote the symbol of a combinatory 
process of the nth order, x and a its two inverses, so that if 
atb = c, then ca — b, and csb =a; and letat M, = a, for 
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all values of a, define Af, the modulus of the process. The 
process of the (n + 1)th order is built up from the process 
_of the nth order, as multiplication is built up from addi- 
tion. ‘Three general theorems were proved: I. If M, is 
the modulus of &.process of the nth order, then M,.1:M, is 
indeterminate. IT. If any process possesses a modulus, and 
is subject to the sub-associative law, viz. : 
atbto = OË, Lei, 

then azb — (ase). bie). 

IL. If in addition to the hypothesis of theorem II, the 
process is subject to the sub-distributive law, viz. : 


a Tib. Lupi = (anb) e, Lei 
then ^o Mapia = Al A 
The symbol Y, was defined by the equation 
Y, = 1 ul ELAR STA); 


for n = 1 this becomes Y, = ui For any process subject 


to the conditions of theorem I., Y, is indeterminate. If, 
moreover, the conditions of theorem II. and III. exist for 
the process in question, then by theorem II. 


Y; = (Mei ais Mui a) 


and by theorem IIL. Y = M, ,»M, that is, it will be 
possible to evaluate Y, provided Y, , can be evaluated. 
For n = 2 all the above conditions exist, and we have in 


fact 
zh) 
z= ios, b- 
The symbol oY was used to denote the forms thus defined, 


and the term quotiential coefficient was applied to them. A. 
table of quotiential coefficients accompanied the paper. 


Professor Roe’s paper found its origin in two letters of 
Gordan, one to Hermite (Comptes Rendus, 127 (1898), p. 
539), the other to the author, and arose from an attempt to 
remove certain difficulties suggested in the former of these 
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and to work out the formulas contained in the latter. Three 
functions i 

J= tae t+ H 

p= an + bat? + i2» + b. 

$-—1-b2z- bat Le, 


where the roots of ¢ are the reciprocals of those of p, are 
assumed, and the transcendental form of the resultant of f 
and ¢ is obtained as 


y= œ (— l)e tnt 
DP ExRVAbpE OS OA CO) 


S, (a) + Sy de - 


where p, + p, ++ =v and S, (a), S, (b) are respectively the 
sums of the.nth powers of the roots of f and e. It is seen, 
however, that E is also the resultant of f and A for any other 
degrees than m and n and the conclusion is reached: The 
transcendental form expresses all binary resultants formally in the 
same form and is a universal formula comprehending them all. It 
da the most general formula for binary resultants. 

The finite form of the resultant E, , is reached by drop- 
ping all the terms of R of weight greater than mn which, 
when expressed in the a’s and b’s for given functions f and 
d, are identically zero. We have, 


8 Š (—1)&^t*m»t:- 
E ETT TE DEN 


S, (a) Sa (5), 

with 22, + Ap, + e zm mn. This R,,, is still very general, 
formally representing all resultants E,,,, where n» = mn, in 
the same form, until the ae and 6’s for given equations are 
substituted, when it becomes definite. It may also repre- 
sent expressions which are not resultants. 


A one parameter group can, as Lie has noticed, be inter-- 
preted as representing the steady motion of a fluid. In Dr. 
Wilezynski's paper, Lie’s suggestion was followed out, a 
number of general theorems being thus obtained. The 
theory was then applied to the special cases which from this 
standpoint are the simplest and most important, viz., that 
the groups are projective, linear, or linearoid. If the forces 
which act upon the unit of mass have a potential, the most 
general ternary projective group which can represent a 
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steady fluid motion is the general linear group. This motion 
was studied in detail, one of the results being that, if the ' 
eoórdinate planes are appropriately chosen, the projection 
of the orbit of every point of the fluid upon the plane of zy 
is à conic section. All of these conic sections are similar 
and similarly placed. ; 

. If the motion is periodic, and aleo in other cases, the or- 
bits themselves are conics in parallel planes ; in the periodic 
case, of course, ellipses. A special case is the ellip- 
soid whose particles describe such elliptic orbits, a problem 
treated by Dirichlet and Dedekind. Interesting results 
‘were also found for the more difficult problem when the 
group is linearoid. The paper will be offered for publica- 
tion to the Transactions. 


At the Columbus meeting of the Society, August, 1899, 
a paper was presented by Mr. Moulton exhibiting twenty- 
eight particular solutions of the problem of four bodies, 
under the limitation that one of them should be infinites- 
imal. The first part of his present paper discussed the 
question of the stability of the motion of the infinitesimal 
body. Stability was defined as follows: The particular so- 
lutions have been already defined by those constant values 
of the coórdinates and projections of the velocity of the in- 
finitesimal body, satisfying the differential equations of 
motion. Itis now supposed that the initial conditions are 
slightly different from those of the exact solutions, 
dz, .dy, dz 


Ty Yo w “Gd? de dr 


Buppose z = z, LS, ete., at the origin of time, where z/, y', 
etc., are small quantities in terms of which the differential 
equationg are now developed. All terms of degree higher 
than the first in the new variables are neglected, and the 
resulting linear system solved. If the roots of the character- 
istic equation are all pure imaginaries the generating solution 
is said to be stable; otherwise it is said to be unstable. 

In the case where all four of the bodies lie in a line two- 
of the roots of the characteristic equation are found to be 
real and two pure imaginary for all masses of the finite 
bodies. In the case where the infinitesimal body does not 
lie in the same line with the others, the roots of the char- 
acteristic equation are all pure imaginaries, or all complex, 
depending upon the relative masses of the finite bodies. In 
the case where the finite bodies are equal in mass and are 
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at the vertices of an equilateral triangle, the roots of the 
characteristic equation are all pure imaginaries. 

The second part of the paper took up particular solutions 
of the problem of n bodies of the Lagrangian type. The 
Lagrangian solutions of the problem of three bodies may 
be defined, from the standpoint of their derivation, as those 
. solutions in which the ratios of the mutual distances of the 
bodies are constants; or, from the standpoint of their other 
properties, as those solutions in which each of the three 
bodies describes a conic section in the same period, and in 
Such à manner that the center of gravity is at one of the 
foci of each conic, and that the law of areas holds for each 
body considered separately. Adopting the second defini- 
tion, the necessary and sufficient conditions for solutions of 
this type of the problem of n bodies were written in alge- 
braic form. Jt was proved that for any given n bodies 
there are $n! solutions in which the bodies all lie in a line. 
There are doubtless solutions in which the bodies do not all 
lie in a line, but they are not proved to exist in the general 
case. In any particular example where the masses are 
given there is no difficulty in finding solutions if they exist. 
The associated problem, given n arbitrary points on a line, 
to find n masses such that, if they are placed at these 
points, solutions of the Lagrangian type will exist was also 
solved. 

A more extended paper on this subject by Mr. Moulton, 
of which the present one will form a part, will be pub- 
lished in the Transactions. 


The result due to Jordan (Traité des Substitutions, 
pp. 114-126) on the canonical form of a linear substitution 
on m variables with integral coefficients taken modulo p, a 
prime, may be readily generalized to substitutions in the 
GF [p"]. Instead of following Jordan’s method of proof, ` 
Professor Dickson in his first paper gave a simpler proof by 
induction. The theorem was supposed to hold for substitu- 
tions in the field which have the characteristic determinant 
(in the parameter JC) 


LECK)]* ^ EK) (Fp Fp irreducible) 


and was then proved to hold for every substitution in the 
field, which has the characteristic determinant 


FER. (m= ka + 16 + +). 
If we proceed by induction from m — 1 tom indices, we 
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fail to prove that part of the theorem concerning the conju- 
` gacy of the new indices. The author constructs explicitly 
the general substitution in the GF[ rel which is commuta- 
tive with any given substitution in the field. In particular 
the number of the former substitutions was determined and 
found to agree with that derived by a different analysis by 
Jordan (Traité, p. 136) for the case n = 1. 


Professor Dickson’s second paper leads to a revision 
and a generalization to the G.F[ p*] of certain results due to 
Professor Burnside (Proceedings of the London Mathematical 
Society, vol. 26, pp. 58-106) upon groups of substitutions 
with integral coefficients taken modulo p, a prime. Nu- 
merous variations from Burnside’s method of treatment 
were introduced, partly to avoid the separation of the 
two cases p=1 and p= — 1(mod 3) and to include the 
cases p = 2 and p = 3, and partly to minimize the calcula- . 
tions by the frequent use of known general theorems. 

Burnside's results are incorrect in two places. The fac- 
tor 2 should be deleted Honor E on pages 103 and 
104 ; in fact, fhe statements made on page 103, lines 15-23, 
do not lead to the conclusion Ess Of substitutions 
having the canonical form 


aw! = a, y-—yds g—idy 


there exist three conjugate sets of N/p substitutions, in- 
stead of one conjugate set of 3.N/p* substitutions. as stated 
by Burnside, p 102, lines 1-6. 

The generalization leads to an interesting result in the 
particular case p* = 2°. We have then a simple group of 
order 20160. The distribution. of its cyclic subgroups in 
sets of conjugates is given by the following table : 

960 conj. cyclic groups of order 7 with 5760 subs. period 7 


2016 5 8064 . 5 
680 DI tí DI [11 DI 4 [11 1260 Wi it 4 
630 (€ DI [14 «€ DÉI 4 DÉI 1960 ic ct 4 
630 It DÉI It CC DÉI 4 DI 1960 tí [11 4 
315 cc «t [11 DI DÉI ‘9 (€ 315 (c «6 92 

1120 [11 it £t DÉI DÉI 3 et 2940 (6 [11 8 

1 DÉI [2i 1 


Total number of distinct substitutions 20160. 

It follows at once that this group is not isomorphic with 
the alternating group on 8 letters having the order 20160. 
In fact, the latter contains substitutions of periods 6 and 15. 
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The two groups contain the same number of substitutions 
of period 7, the same number of periods 4 and2. This non- 
isomorphism was first proved by Miss Schottenfels under 
the direction of Professor Moore. The corresponding in- 
vestigation for three non-homogenous variables is now being 
made by Mr. T. M. Putnam. 

Both of Professor Dickson’s papers will appear in the 
American Journal of Mathematics. 


Lie, in an article in the Leipziger Berichte for October, 
1899, proceeding from Helmholtz’s assumptions, omitting 
one, namely, the monodrom axiom, has determined all the 
groups, satisfying the given conditions under the most gen- 
eral interpretation of the axiom, of ‘‘ unrestricted motion 77 
(freie Beweglichkeit). He finds, besides the groups of eucli- 
dian and non-euclidian motion, five others. Kowalewski, 
a pupil of Lie, in his inaugural dissertation, has extended 
Lie’s investigations in space of three dimensions to that of 
four and five. Besides the euclidian and non-euclidian 
groups, he finds in space of four dimensions three others A, 
B,and C. From analogy with the groups determined by Lie, 
he makes the statement, without proof, that group A satis- 
fies the monodrom axiom, while B and C do not. By suit- 
ably choosing the points of general position, which are to 
be held fixed, and by considering the invariants of these 
points, Dr. Westfall proved that A satisfies the monodrom 
axiom, without being compelled to resort to the long inte- 
gration otherwise necessary. In the case of group B, he 
showed that, contrary to Kowalewski’s statement, the group 
may or may ‘not satisfy this axiom, according to the mutual 
situation of the points held fixed. 

To prove that A always satisfies the monodrom axiom he 
proceeds as follows: 1. Hold the special triplet of general 
points 


P, = (0, 0, 0, 0), P,= (0, 0, 2, an 2) P = (0, 0, z,, 0) 


fixed and obtain the subgroup (z, p, — 2, 2) which has closed 
path curves. 2. The three invariants of this point triplet 
are positive and never equal to zero. They are, further, 
independent with respect to z, z, and z,’. If we choose any 
real positive values whatever, and set them equal to these 
invariants, we can solve for a, Z, aud z‘. 3. From the 
form of the general invariant of the group we see that 
all triplets of points of general position have positive in- 
variants which can never be equal to zero. If, there- 
fore, we choose any triplet of points whatever, we can 
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always determine z,, 2%, and z, so that the invariants of the 
one triplet will be equal to the invariants of the other, and 
we can, therefore, transform one into the other by means of 
a transformation of the group. In the special case the path 
curves were closed, and we therefore know they are closed 
in general. 

By suitable choice of the points to be held fixed and by 
consideration of the invariants in the case of group B, the 
following results were proved: 1. All groups obtained by 
holding fixed a triplet of general points whose invariants 
are all negative have closed path curves. 2. These are 
all the subgroups that have this characteristic. 


Professor Bolza’s paper gave a sketch of the theory 
of the elliptic sigma functions as they appear in the 
light of the theory of the hyperelliptic sigma functions. 
Section 1 contains systems of associated integrals of the first, 
. second, and third kinds ; section 2, Weierstrass's theta func- 
tions, (a) as functions of «, (b) in the Riemann surfaces ; 
section 3, the Al-functions and the function p(u) ; section 
4, the sigma functions and the functions Pu and their invar- 
iantive properties ; section 5, the partial differential equa- 
tion of the sigma functions and the recursion formule» for 
their expansion into power series. The paper has now been 
published in the Transactions (Vol. 1, No. 1, pp. 53-65). 


Professor Miller's paper dealt with the properties of 
certain modular elliptic functions, the rank of which is 
a square number. The major part of the discussion was 
given to the particular cases of functions whose ranks.are 
9 and 4 respectively. Certain theorems used in the treat- 
ment of these special cases are true when the rank is any 
square number, as was proved. In the course of the dis- 
cussion two groups were found; the one a quaternary 
group of linear substitutions of order 648, the other a 
ternary group of order 192. The letters of the substitutions 
of both these groups, the elements of the groups, and the 
operational character of the elements, were derived from 
the consideration of the A-functions, Z-functions, and. 
c, ,-functions, defined in many places, chiefly by Professor 
Klein. In case the rank n=9 it is possible to define- 
tala =1,---, +) as linear homogeneous functions of Z., and 
thereby to find a group of monomial substitutions on ta which 
is holoedrically isomorphic with the group G,, referred 
to above. It was shown that there are an infinite number 
of forms in LG which are invariant’ under G,,,. and in ac-- 


1900.] DECEMBER MEETING OF THE CHIOAGO SEOTION. 193 


cordance with the Hilbert lay the basis of this system of 
forms was found. The function e pp (1,,1,) was obtained 
as a linear homogeneous function of ta and by means of this 
the'basis of the infinite system was expressed as rational 
functions of o. g,, and A, where g,, g,,and A have the sig- 
nification usually given them in the treatment of elliptic 
functions. 

The treatment of modular functions the rank of which 
is four differs in some of its details from that of the pre- 
ceding, because the definition of X.(u) in case n is even 
differs slightly from that of X,(w) in case nis odd. How- 
ever, the ends to be reached in the two cases are nearly 
identical. In both cases an interesting linear homogen- 
eous connection has been found between 


94 p( nu, W, w,). and X. w, W,). 
nt 


n'n 


In Professor Aley’s paper it was pointed out that the isog- 
onal conjugate of the Brianchon point of any triangle, the 
center of the inscribed circle, and the center of the circum- 
scribed circle are collinear. 


Professor Maschke explained briefly the connection be- 
tween the well known Moebius unilateral paper strip and 
the ruled surfaces of the third order, illustrating his demon- 
stration by a model. A short account of the paper has 
been published in the Transactions (Volume 1, number 


1, p. 89). 


Professor Waldo’s paper contained a demonstration of the 
following theorem: The equation 


(e? ug Ee 


represents a skew surface with two rectilinear - directors 
whose equations are 





(y= 0, z=p) and (z—0, 2=4@), 


and a plane curve director lying in the XY plane, hav- 
ing for its equation f (x, y) = 0, the common perpendic- 
ular to the two rectilinear directors being chosen for Z- 
axis. By this theorem the equations of the whole family 
of skew surfaces having two distinct rectilinear directors 
can be at once written down and their principal deforma- 
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tions shown under cartesian form. The surfaces having 
for curvilinear directors z — y — D and sy—4=0 were 
studied in detail and models exhibited showing their prin- 


. cipal types. 


` Professor White’s paper was & further development of 
the topic considered in the paper presented by him 
at the Columbus meeting of the Society. ‘Each mixed 
concomitant (2, 2) of the cubic defines (as in the paper 
referred to) two covariant nets of conics. These are 
polars of two cubics of the syzygetic sheaf; the totality 
of such is exactly that entire sheaf of cubics. But these 
concomitants (2, 2) and all the concomitants (3, 3) serve 
to define also four covariant sheaves of cubics, not in the 
syzygetic sheaf, intimately connected on the one hand with 
the four inflexional triangles, and on the other hand with 
the eighteen collineations of the cubic into itself. This 
paper will be published in the Transactions, 
Tuomas F. HOLGATE. 
Secretary of the Section. 
EVANSTON, ILL. 


ON CYCLICAL QUARTIO SURFACES IN SPACE OF 
N DIMENSIONS. 


BY DR. VIRGIL SNYDER. 
(Read before the American Mathematical Society, December 28, 1899.) 


Tue generation of the cyclide as the envelope of spheres 

which cut a fixed sphere orthogonally and whose centers 
` lie on a quadrie can readily be generalized to space of n, 
` dimensions. 

In ordinary space it appears that the same surface is the 
envelope of five different systems ; that the quadric loci of 
centers are all confocal and the associated spheres are all : 
orthogonal; that the possibilities of the system are exactly 
coextensive with the oo” possible cyclides. 

Let 


G) (Gi 1) D yr = ës A + (n + ys) = 0 


be the equation of a sphere in R,; it contains n + 2 homo- 


1900.] ~ OYOLICAL SURFACES IN N DIMENSIONS. 195 


geneous constants z,, and if the radius be denoted by 


Ass 
z — i is 
the quadratic identity 
n+ 
(2) z= 5v = í 
r=1 


will exist among these n + 3 numbers z, which may be 
called the homogeneous codrdinates of the sphere. 
Two spheres a, 6 will intersect orthogonally when 


LE) 
Zä b, m 0, 


the terms defining the radii of the two spheres not oc- 
curring ; hence any linear equation of the form 


(8) l KEN 


represents the oo" spheres which cut a fixed sphere orthog- 
onally. 
Now consider à quadratic equation of the form 


(4) Palt Zorn Data) =0 


which does not contain zs and make it simultaneous with 
(8); between the two z + izp}: may be eliminated, leaving 
a quadratic equation among the point coordinates of the 
centers of the variable spheres. 

Hence, equations (3) and (4) define the o*~’ spheres 
which cut a fixed sphere orthogonally, and whose centers 
lie on a quadric surface J1; ,. These spheres envelop a new, 
surface whose equation may be found as follows: 

Let x, — ën be replaced by z, as z, + ix,,, has been 
-eliminated between (3) and (4). Similarly, let x, + tz, 
be eliminated between (3) and (1). Then, with a slight 
change in the meaning of the coefficients, the problem re- 
duces to that of finding the envelope of the sphere 


sz [Orsay ty E992) G] 2 Z 8 Gaga Ye ër 
= 0, 
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subject to the condition, say f(z,, z,, 2.43) = 0. 

Since the sphere s is to touch Ce envelope f, it may be re- 
garded as the equation of the point of contact, and f as the 
equation of the surface itself, in tangential coör dinates, hence 


sA n =s z = 0, 


and corresponding coefficients must be proportional, 


Between these n + 1 linear equations in z, and the equa- 
tion s — 0 the numbers z, and 4 may be eliminated, giving 





| of of Off WT l 

(00 Bei omon xps, “nt rade Ta 

| ey dfo of 

| Òs dr, Oe) ^ Oum, Kë 

(j| . ef BN f "— 

Sais ^ On, uox 7o 35e i 

éeseesonthosenoomososecetossesessecesosecossm equssasseqoquoseceveecovsos eso vs edo 

a, S? —a, d,—2yt uae 0 








or the Hessian of f bordered by the coefficients of x in s. 

This proves that the envelope is a cyclical surface, and the 
number of constantsin the most general surface of this kind, 
viz. (w + 5n + 2), exactly coincides with the number 
of constants in f, 4n(n + 3), plus the number in (3), n -+ 1, 
so that all quartic cyclical surfaces can be generated in this 
way. This does not show, however, in how many ways 
the same surface may be generated. 

Let the two forms 


x, Py F a, M 
be subjected to any linear transformation, such that x = 0 


may go into itself, and e, may become a sum of squares of 
the form 


©) F='S 8, 23-0; 
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further, suppose the restriction be also imposed that z,,, 
shall go into itself. Equation (b) represents a complex of 
spheres ; in the vicinity of any of its spheres z it may be 
replaced by the tangent linear complex 


so that all of the spheres which belong to F and touch z 
must touch it in points of its M}, of intersection with the 
fundamental sphere of the tangent complex. When 


u (2*)'- 0, 


r=1 Oz, 





these two spheres touch each other. The Jf”, reduces to 
a point, and z is a singular sphere. 

Let oF /dz = t,; now ¿is also a sphere which touches z, 
and the whole tangent pencil can be represented in the form 


m, = t, + dz, = bz, + 2z = z (b, +2). 


The sphere m touches z, which is also a sphere, hence 


24-3 n+B8 
= ma, = 0, 24 = 0, 
or, replacing z, by its values, 
os m m. 
A= 35 G7 % Eg pp 


Those values of m which satisfy these two equations de- 
fine the singular sphere of a quadratic complex for every 
value of 4, hence the whole pencil of complexes have the 
same surface of singularities. The original complex is con- 
tained in the series, corresponding to 4 = œ. 

The 2 eliminant of these two equations will give the equa- 
tion in tangential coordinates of the surface of singularities ; 
the gurface is geen to be of class 4n. 

Among the quadratic complexes of the pencil are n + 3 
simple ones counted twice, corresponding toi = — b. When 
A= — 6,4, this becomes the complex of points in R, which, 
combined with x — 0 and with the other terms of the 
complex 

n43 a, 0 


Ska 
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defines a general cyclical surface. But the envelopes of 
the other n + 2 systems corresponding toi’ = — b, (r= 1, 
=, n +2) define the same surface. Now x, = 0 represente 
the totality of spheres which cut a fixed sphere orthogonally, 
and when associated with 4 = 0 defines all those spheres 
whose centers also lie on a quadric, hence by (a) they en- 
velop a cyclical surface. The fundamental spheres of 
these n +2 systems are by (3) mutually orthogonal, and 
the quadrics are confocal since 4-0. Hence 

An Mi_,in (euclidean) R, which contains the absolute as a 
double My2, can be generated inn + 2 ways as the envelope of 
those hyperspheres which cut a fired hypersphere orthogonally and 
whose centers lie on a Mà., The fixed spheres are mutually or- 
thogonal and the quadrics are confocal. 

The M}? intersections of the M?_, and the hyperspheres, 
are all focal spreads of the cyclical surface. Through the 
center of each sphere passes a bitangent cone M; , whose ele- 
ments are perpendicular to the elements of the i ioAn 
cones of the AM. ,. 

By giving 4 different values in the system 





= 0, Taps = 0, 


a series of confocal cyclical surfaces is obtained. By sub- 
stituting the coórdinates of & point sphere in the equation, 
n different values for à can be found; hence, n cyclical sur- 
faces of a confocal system pass through every pointin space; by 
applying the tangent complex to each and using (3) it ap- 
pears that these cyclical surfaces intersect orthogonally. 

For n = 2 these surfaces (bicireular quartic curves) have 
been systematically studied, from a different point of view, 
by Casey, Darboux, Cox, Loria, and others; for n= 3 
(cyclides) by Casey, Maxwell, Cayley, Darboux, Reye, 
Loria, Bócher, Domsch, Loewy, Moutard ; and many special 
points have been noticed in numerous other papers. 

The method here given is a: generalization of that first 
employed by Darboux, using Lie’s more general coordinates. 
The latter were first systematically employed in an article 
by the author, read at the Toronto meeting of the AxER- 
IOAN MATHEMATICAL Soorery, and published in the Bur- 
LETIN, volume 4 (new series), pp. 144-154. 

For n = 4, the number of distinct types is 58, and for 
larger values of n the number of types has not been deter- 
mined ` 


CORNELL UNIVERSITY, 
November 2, 1899. 
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‘ON THE SINGULAR TRANSFORMATIONS OF 
GROUPS GENERATED DY INFINITES- ' 
IMAL TRANSFORMATIONS. 


BY PROFESSOR HENRY TABER, 
(Read before the American Mathematical Society, December 28, 1899.) 


By means of r independent infinitesimal transformations 
Yet NE : 

4 Xét 2, 77, ©) os (j= 1, 2, ^f) 
we may construct a family of transformations 


(1) Sept Zeie, + Seen, + - 
= Lë, Ut Bey 047 a,) (i zx 1, 2, B n) 


.with r essential parameters a, dg --, &. The transforma- 
tions defined by these equations, for assigned values of the 
op, may be denoted by T. Each transformation of this 
family is paired with its inverse. 
For finite values of the parameters a, the transformation 
T, (provided it is not illusory) belongs to a one parameter 
group generated by the infinitesimal transformation 


a, X, + - Loft, 


As the a/8 approach certain limiting values, one or more adi 
which is infinite, T, may have a definite finite transforma- 
tion Tasalimit. The transformation T may be regarded as 
a transformation of the family, and, if equivalent to a trans- 
formation T, with finite parameters, can be generated by 
an infinitesimal transformation of the family (namely, 
bX, LGE, but not otherwise. * 
Let it be assumed that. 


XX, — X,X,— Zo X, (k= 1, 2,5, 7), 





* Thus, if the transformation Ta, for one or more of the a’s infinite, is 
finite and definite, but is not equivalent to a transformation of the family 
with finite parameters, the transformation Te cannot be generated by an 
‘infinitesimal transformation of the family. To this extent Lie’s theorem 
on p. 65 of the Transformationseruppen, vol. 1, requires modification. 


200 ; BINGULAR TRANSFORMATIONS. - [Feb., 


the c’s being constante. Then, by the chief theorem of Lie’s 
theory, the family of transformations (1) forms a group G. 
with continuous parameters ; and each transformation of @ 
is, in general, generated by an infinitesimal transformation 
of the group. Thus from 


(1) tf = Lä Eny 87,2) (i= 1, 2, =n) 
. and ` 

(2) a fresa byb) (201,92, n) 

we derive 

(3) Bl fla m; 44) (612,94) 
f viaa 

(4) e — ën 7,0, b, zo Al (J= 1, 2, 7). 


For finite values of the a’s and b’s it may happen that 
: every branch of one or more of the functions ¢ is infinite. - 
.In this case, while each of the transformations T, and T, is 

generated by an infinitesimal transformation of the group, 

the transformation T,T,, resulting from their composition, 

cannot be generated "ilius, and the group cannot properly 

be said to be continuous. A transformation of G which 

cannot be generated by an infinitesimal transformation of 

G may be termed essentially singular. : 

In what follows I shall signify by T, T, etc., transfor- 
mations of the groups with finite parameters generated, 
respectively, by the infinitesimal transformations 

K+ aX to ta BX, 40%, 4+ 45,2, ete. 
Group G may contain a transformation T, (generated by 
an infinitesimal transformation) which, in composition with 
every transformation of- some one (or more) subgroups of 
G with one parameter, in particular with the infinitesimal 
transformation of such subgroup, results in an essentially 
singular transformation. Such a transformation 7, I term 
non-essentially singular. The values of the ap for which T 
is non-essentially singular may be termed critical values of 
the parameters. The critical values of the parameters are 
included among those for which one or more of the roots of 
the equation in p ` 
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MAR. MAS a 


DT 


is equal to an even multiple, not zero, of rV — 1. This 
condition is necessary but not sufficient. Thatis to say, 
for values of the a’s for which one or more of the roots of 
this equation is an even multiple, not zero, of zY — 1, 
T. is not necessarily singular. 

I find that every transformation of G, in particular every 
essentially or non-essentially singular transformation, can 
be obtained by the composition of two non-singular trans- 
formations. Also that, corresponding to every essentially 
singular transformation T of G, a non-singular transforma- 
tion T, whose parameters are functions of a variable A, can 
be found which can be made to approach as nearly as we 
please to T by taking 4 sufficiently small, and such that 
A 0 T, = KA 

In every group G EE essentially singular trans- 
formations which I have examined, non-essentially singular 
transformations also exist, and any non-singular transfor- 
mation T, whatever combined with some one, or more, non- 
singular or hon-essentially singular transformations T, re- 
sults in an essentially singular ` transformation. These 
relations undoubtedly hold invariably. 

Let JF, denote the bilinear form 


r T r 
Èu » Le Joan 


and let I denote the bilinear form S tuts. The coefficient 
H 


of u,v, in the bilinear form 


dI 
F. 


is a power series in, the a’s, which may be denoted by ` 
Parla), and which is convergent for all finite values of the 
a’ 8. Let now A, denote the determinant 


—Icij, dd 








* These theorems were given for subgroups of the projeotive group by 
the author in a paper read at the February Meeting of the Society, 1889. 
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Pala), Pala), = 
P,,(@), Pa), a 


and let-A,, denote the first minor of A, relative to P,,(a). 
Then, if we put à 


a= DCH UU, 0,4, 0) (J= 1, 2, UT) 


regarding a, a, b, b, as fixed and the a’s as func- 
tions of £, the latter satisfy the differential equations 


AS m AA +A,,b, SC T AS, l (J 1,2, r). 


The A’s are integral functions (transcendental or rational) 
of the a’s, and A, vanishes only if one or more of the roots 
of the characteristic equation of JF, is an even multiple, 
not zero, of za — 1.* 

'The functions e are multivalued. Returning to the orig- 
inal notation, let 


0, = El 7, 8; ba a b) GS, 2, +, 4). 


For assigned values of the de and Ae the difference be- 
tween any two branches of ¢,(a, b) is equal to 





IV TTS, m, due, b), 
1 


where thé m’s are integers, and the ¢’s are rational func- 
tions of the coefficients of the bilinear form eisen, 

The equations defining the transformations of one group 
may restrict the functions e, to fewer branches than in the case 
of another group of the same structure ( Zusammensetzung. ) 
Consequently, of two groups of the same structure, one 
may be continuous and the other may be discontinuous, 
that is, may possess essentially singular transformations.t 





PI we denote by Tu the transformation of G whose parameters are 
tbi, tbn ©, tbr, which is generated by the infinitesimal transformation 
b, X, + bh Es the transformation 77s is essential singular only for 
those values of ¢ for which the determinant {s zero of the bilinear form 
. ef tef s—I: 

Taf. 

e T My attention was first drawn to this fact ‘by my pupil, Mr. B. E. . 
ocum. - 
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If, however, the adjoined of any group G is discontinuous, 
G itself, and, of course, every group of the same structure 
is discontinuous, The bilinear form Jf, is closely re- 
lated to the adjoined group. In fact, if ¢, denotes the 
matrix of Jf, the infinitesimal equations of the adjoined 
are 


(a, a,', +, a.) = (1 + dta) (a, Gy, 7, &); 
and we have eFagfa = egy 


where Vp P Lë 775, B, 8) (j= 1, 2, =, 7). 


CLARK UNIVERSITY, 
December, 1899. 


PROOF OF THE EXISTENCE OF THE GALOIS 
FIELD OF ORDER p" FOR EVERY INTEGER 
r AND PRIME NUMBER p. 


BY PROFESSOR L. EK DICKSON. 
' (Read before the American Mathematical Society, December 28, 1899.) 


Existence proofs have been given by Serret* and by 
Jordan.[ The developments used by Serret are lengthy but 
quite in the spirit of Kronecker's ideas. The short proof 
by Jordan, however, assumes with Galois the existence of 
imaginary roots of an irreducible congruence modulo p. 

The proof sketched in this note proceeds by induction. | 
Assuming the existence of the GF[p"], we derive that of 
the GF[p"], q being an arbitrary prime number. Since 
the GF p] exists, being the field of integers taken modulo 
p; it will follow that the GF[p*] exists, and by a simple in- 
duction that the GT ol exists for r arbitrary. 

We employ the lemma : A factor of «^ — x, belonging to and 
irreducible in the GF[p"], can be of degree m if and only if m 
divides m. In particular, the irreducible factors of z""— z 
are of degree g orl. But the product of the distinct} linear 
factors x — » belonging to the GF[p"] is z" — z. l 


* Algèbre supérieure, 2, pp. 122-142. 

T Traité des substitutions, pp. 16, 17. 

f Two functions belonging to the GF[p"] are called distinct if one is 
not the product of the other by a constant, a mark of the fleld. 
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Every such factor æ — v, is a simple factor of s™— x. "The 
statement being evident for the factor x, we assume v, + 0, 
and proceed to prove that s — » is not à factor in the field of 


ng 
gri 


TEN 
cs gg (ar Myr! up ss fe (gr 71) 4-1, 
ELT ( "Ett ES 


where |- r= (p" —1)/(p"— 1). 


But for z = Weck 0, this function reduces in the OI ol to 
the value r, which is evidently not divisible by p. 

It follows that the quotient (z"*— z)/(z"— x) breaks up 
into factors of degree q belonging to and irreducible in the 
GF[p"]. Any such factor may be used to define the 
GF p"]. 


MÉRAY'S INFINITESIMAL ANALYSIS. 


Leçons nouvelles sur Vanalyse infinitésimale et ses’ applications 
géométriques. Par M. On. Méray, professeur à la Faculté des 
Sciencesde Dijon. Paris, Gauthier-Villars, Premiérepartie: 
Principes générauz,,8vo., 1894, xxxiii + 405 pp.; Deux- 
iéme partie: Etude monographique des fonctions principales 
d'ung seule variable, 1895, xi + 495 pp.; Troisième partie : 
Questions analyti classiques, 1897, vi-+ 206 pp.; Qua- 
triéme partie: Applications géométriques classiques, 1898, xi 
+ 248 pp. 

As a work of art—and mathematics is preéminently a fine 
art—this monumental work of Méray’s is a masterpiece; as & 
treatise to induct students of mathematics into the myster- 
ies of the infinitesimal analysis under the direction of any 
other than the author* its success is hardly so unqualified. 
Constructed so as to require technically as preliminary train- 
ing nothing but a knowledge of elementary algebra and the 
theory of systems of linear algebraic equations, the first 
volume would indicate either or both of two conditions: that 
the author is & most marvelous teacher, that his pupils 
are of a race superior to that brilliant body of mathemati- 
cians now at Paris. Itis one thing to be possessed of suffi- 


* The author states in the preface to the first volume (1894) that for 
twenty-four years he has found his method uniformly satisfactory in 
teaching. $ 
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cient elementary knowledge to undertake the serious study 
of Méray’s treatise and quite another thing for that prelim- 
inary training to have developed the power of abstraction. 
necessary to work through it. 

Méray seems never to have had a particular idea, except 
at second thought or second hand. He lisped in generali- 
ties, for the general ideas came. Near the beginning of his. 
career he wrote an elementary geometry in which the usual 
distinctions between the geometry of space and that of the 
plane were abandoned; the perusal of his present work 
leaves one with the impression that it must have been a life- 
long .regret to the author that his Euclid did not spring 
forth in n dimensions. 

The first volume, which is an elaboration of the author's. 
Nouveau précis d'analyse infinitésimale published in 1872, 
comprises in four hundred pages all the general notions of 
analysis from the integral number to theintegrals of partial 
differential equations, without mention of a particular func- 
tion, à straightforward, iron-heeled, uninterrupted march 
of general principles. The power of abstraction demanded 
is something terrific; the reader experiences all of the symp- 
toms of that peculiar malady encountered by travellers at 
high altitudes, and if modern theories be true, some of the 
author's ethereal oxygen ought to be replaced by the carbon 
dioxide of regions nearer us common mortals. It is upon 
this ground that the volume cannot be judged as cordially 
on pedagogic as upon esthetic principles; this criticism 
would be more unjust had not the author addressed his. 
- work not only to savants but primarily to students. It 
may be remarked here however, parenthetically, that the 
first volume is not half so disheartening when accompanied 
by the second. 

But on the other hand when the work is contemplated as 
the consistent and logical development of an idea, as the 
persistent adherence to a method until it had mastered the 
difficulties interposed by its critics, as the epic of a human 
_ ideal, Méray’s work is a triumphant success. No student wko 

has had sufficient discipline to maintain him in its perusal. 
can read the work without being profoundly grateful ; no- 
student who is endeavoring, for his own peace of mind ‘and 
safety of soul, to construct his own theory of the number: 
system and to frame his own theory of functions, can afford 
not to have availed himself of Méray’s admirable work ; 
many who cannot accept all of his dogmas—and dog- 
mas are as deplorable in science as in religion—will recall 
with regret that they never sat under the author’s tutelage. 
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A detailed analysis of this extensive treatise would ber 
times exceed the space that the BurLETIN can place at ‘the 
disposal of the reviewer ; in order to respect this restriction 
of space and at the same time acquaint the reader with the 
gist of Méray’s method, the writer undertakes a succinct 
account of the author’s memoir* on the theory of functions 
to which reference has already been made, noting what’ 
modifications or additions have been made in the treatise. 

In the first chapter of the memoir, and the first three 
chapters of the treatise. Méray constructs the ensemble of 
fictitious numbers employed by analysis, without the aid of 
any other notions than those of the integral number and of 
the addition of such numbers. He banishes all considera- 
tion of arguments from his study of imaginariem His 
notion of variant (almost identical with that of infinite 
rational sequence), employed to give precision to the most 
difficult concept of analysis, makes his exposition of the ir- 
rational both clear and luminous. In the preface to the 
first volume of the treatise, Méray substantiates the claim 
made by his friends that the latter solution was first given 
by him. The invention of this theory of incommensurables 
has been credited to Heine and the first use made of it to 
Lipschitz, Du Bois-Reymond, and G. Cantor. Heine’s mem- 
oir entitled ‘‘ Die Elemente der Functionenlehre’’ appeared 
in the seventy-fourth volume of Crelle’s Journal with the 
date of 1872 ; Méray’s Nouveau Précis is of the same date, 
1872, but three years previously he had presented the theory 
at a congress of learned societies in Paris, in a note entitled 
* Remarques sur la nature des quantités définiies par la 
condition de servir de limite à des variables données ” pub- 





. *Nouveau Précis d'Analyse infinitésimale, Paris, F. Savy, 1872 ; 8vo, 
xxiii-+ 310. This work is now included in the list of publications of 
Gauthier-Villars. The memoir was dedicated to M. Faurie, General In- 
speotor of secondary instruction, and was seriously designed to bring about 
a revolution against the traditional methods of teaching the infinitesimal 
calculus. For convenience of com parison the order of ideas exhibited in 
the subjects of the chapters is here appended :—1° preliminaries; 2° 
generalities on series ; 3° series arranged in the ascending, powers of ` 
the independent variables ; 4° olotropic fanotions, classification of their 
derivatives, general properties ; 5° limits of convergence of the develop- : 
ments of olotropic functions ; 6° composite functions ; 7° principles of the 
discussion of functions ; 8° various propositions on olotropio or quasi-olo- 
tropic functions of a single variable ; 9? fundamental principle of thein- 
1 calculus ; 10? theory of EA functions ; study of some implicit 
functions of a single variable defined by a unique equation ; 12? analytic 
theory of tbe exponential function and of its related functions ; 13? in- 
verse functions ; 14? ordinary differential equations, principal case ; 15° 
general case of the preceding ; 16° total differential equations ; 17° simple 


integrals. 
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lished in the Revue des Sociétés savantes (Sciences mathématiques, 
vol. 4, p. 284, 1869). 

The number system thus established in a manner that 
leaves nothing to be desired in the way of cold logic, the au- 
thor proceeds to present the properties of series, and in par- 
ticular those of integral power series. He loses no oppor- 
tunity to impress his conviction that all analytic functions 
are identical with integral series. To Méray’s mind no 
function exists which cannot be expanded by Taylor’s 

‘theorem. All other functions he rules out as “ phantasies of 
the mathematical imagination ;" but does the reader clearly 
understand the meaning of the last phrase? To the same 
exile he consigns the non-euclidean geometry. The de- 
mands of analysis required that the idea of the number 
system be enlarged to include certain fictitious elements that 
could equally be dubbed fantastic creatures of a mathe- 
matical imagination ; Méray fell in with the call of the hour 
and led the procession. For this, among other reasons, 
it is difficult to understand why the author refuses to respect 
the discoveries of the last twenty years and accord to the 
notion function the possibility of & similar enlargement. 
Méray is a pure mathematician, an analyst of power, and 
yet he would prescribe a definite boundary to the theory of 
functions and to all physical phenomena to come within the 
ken of men because ‘‘ Tout phénomène naturel est représent- 
able exactement par des séries entières, approximativement 
par leurs premiers termes, dont des observations de plus en 
plus précises fournissent empiriquemen(t les coefficients dans 
l'ordre méme où |’ Analyse les range." 

Lie averted the current objections to his method from 
being hurled against his volume on differential equations 
by limiting it to differential equations that admit of infini- 
tesimal transformations ` this was thoroughly scientific and 
did not carry with it the absurd denial of the existence of 
differential equations not admitting of infinitesimal point 
transformations, the number of which equations is legion. 
Similarly no complaint could be lodged against Méray had 
he contented himself with the study of functions developable 
by Taylor’s theorem, without defining analysis to be the 
systematic study of the general properties of functions. 
He got hold of a large idea, and exhausted it ten, perhaps 
twenty, years ago ; since then it seems to have been master 
of the man. Would: that the same vigorous analytical 
power had been turned in the meantime on those spurned 
subjects. > 

The exposition of the general properties of integral series 
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is considerably simpler in the treatise than in the memoir 
because of the introduction of the author's new demonstra- 
tion * of a lemma of Cauchy ; the demonstration gives the 
lemma the position of anew theorem. The discussion of 
. the continuity and convergence of series is admirable. 

Passing to the notion of function, of which more or less 

has been remarked already, the author defines a function 
to be olotropic in the areas S, A. --, with the olometers 
8,9, ^, when, for every system ‘of "numbers, z Zy Yor 77, taken 
within the areas in question, we can develop the. function 
in a convergent integral power series in x — $, y — Yp s 
provided that ee moduli of these differences are respectively 
less than 2,, 2, =. The areas S, S, --, are any whatsoever 
having simple or multiple contours. 

The successive derivatives of a function of one or more 
variables are naturally defined after Lagrange’s theory of 
analytic functions and Arbogast’s method of derivatives, 
the classical objections to these being avoided by consider- 
ing only olotropic functions. The derivatives are obtained 
algebraically without reference to infinitesimals by develop- 
ing the series f(x +h, y+ k, +) and Sho ae the develop- 
ment into the form f(s, y, : ch + Af,’ + kf’ + +, the quanti- 
ties f, f, ^ being convergent series. 

A Cani] element in the generation of new functions is 
the operation which the author calls cheminement; this 
operation is the ensemble of the following: To obtain in 
X, Y, = the value of a function f(x, y, =) it is necessary to 
start from an initial system z, 9, :-, and interpolate, if 
possible, between it and the proposed system X, Y, = in- 
termediate systems z,, y, °°} Ty Yor c0) c0; Tuy Yay Such 
that the differences between the corresponding values of the 
variables in two consecutive systems shall have moduli less 
than the olometers of the function for the values of the 
smaller index; then to calculate the function fy Yo) 
by Taylor’s formula, by putting 


fi Vet Gao a. cuo du ssi 


then f(z, y,, =) in a similar manner by means of f(z,, y,, ©); 
and finally f(X, Y, ---) from f(z, Yp |) 

The author studies the theory of indefinite integrals in 
jhe eighth chapter of the treatise under the title inverse 
calculus of derivatives. Up to, this point inclusive it has 
been a question only of isolated functions, that is to say 





* Bulletin des Sciences mathématiques, vol. 16 (1891). 
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functions considered independently, as if no other functions 
existed. The remainder of the volume is occupied with gen- 
eral operations which imply the composition of functions. 

In the tenth chapter of the treatise’s first volume the 
author demonstrates the convergence of the elementary de- 
velopments of the integrals of a system of total differential 
equations, by a direct examination of these developments 
themselves and without the intervention of auxiliary differ- 
ential equations. It is at this juncture that Méray intro- 
duces an auxiliary notion, attributed to Weierstrass but 
employed by Méray since 1868 and given at 8139 of the 
Nouveau Précis, and § 300 of the first volume. This aux- 
iliary artifice he calls the majorante and defines it as follows: 
Given an olotropic function f(z, y, =) of any variables, we 
call majorante of this function at z, y, = every function 
p(z, y, =) of the same variables, possessed of the property 
that, for z = Sun y= 9, its value and that of all its deri- 
vatives shall be real and positive, and superior to the moduli 
of the corresponding values of f(x, y, ---) and its derivatives. 

The memoir contains practically nothing of the chapter 
XII. of the first volume on partial differential equations ; 
the material is drawn largely from two papers published by 
the author with the collaboration of M. Riquier.* 

In the last chapter of the volume on systems of total dif- 
ferential equations all reference to unsolved equations and 
to those of order higher than the first is omitted. In his 
Nouveau Précis the author demonstrated for the first time 
the possibility of resolving normally the integral equations 
with regard to the arbitrary constants; a demonstration 
neither without use nor without value. 

Asremarked before, the first volume contains no reference 
to any special form of function ; the chapters of the memoir 
relating to particular functions were reserved for the second 
volume. , 

Among the elements of the first chapter we find the au- 
thor's more recent demonstration] of the existence of roots 
of every integral algebraic equation ; this demonstration is 
as simple and elegant as could be desired. 

The limits of space prescribed forbid calling attention to 
the details of this second volume. Certain striking ones 





iube scientifiques de D École Normale supérieure, vol. 6 (1889), vol. 7 


3 EE t4 Méthode direote fondée sur l'emploi des séries pour prouver l'exist- 
ence des racines dea équations entières à une inconnue par la simple exé- 
cution de leur caloul numérique," Bulletin des Sciences mathématiques, vol. 
15 (1891). 
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however demand & word. In the third chapter the author 
develops the theory of radicals as a simple corollary of his 
theory of implicit functions elaborated in the first volume. 
He incorporates his memoir* which treats of this question 
in harmony with the fundamental point of view of Abel, 
whom Méray places with Lagrange as the first to found the 
infinitesimal analysis on a solid basis. The author’s method 
is long, but he avoids all trigonometric considerations and 
thus adds & further illustration that the intrusion of geo- 
metric facts is not a necessity in analysis. 

In the fourth chapter he reproduces and improves the 
method given in the Nouveau Précis for extending the cap- 
ital discovery of Puiseux on algebraic irrationals to the roots 
of any olotropic equation. A principle is introduced under 
the name principle of the conservation of the number of roots 
which later brings into evidence certain fundamental prop- 
erties of biperiodic functions; the principle is one of those 
which exist only by virtue of extending the ordinary alge- 
braic operations to imaginaries. The author regrets, as does 
. the reader, that the inflexible rigor which he has made his 
law would not permit of abridging these earlier chapters. 

` The Napierian logarithm, being the first transcendent hav- 
ing & derivative, naturally suggests itself as the first trans- 
cendent to be studied. The author then presents the ex- 
ponential as the simple result of the analytic inversion of 
the logarithm. The inversion of the indefinite integral of 
a rational differential gives other functions, no longer in- 
definitely olotropic as the exponential, but indefinitely 
meromorphic ; in this way the circular functions are intro- 
duced. Méray returns to the differential equation as the 
starting point for his elliptic functions, regarding his 
demonstration} of the non-nullity of the moment of (the 
periods as sutficiently simple, and considering the dominant 
réle assumed by the theta functions in modern expositions’ 
as artificial. As usual, it is the most general function that 
he studies. ` 

As to the functions of Euler studied in the last chapter, 
they also have their origin in integration, not directly or in- 
directly from indefinite integrals considered as functions of 
their principal variables, but as functions of parametric 
v&riablés which accompany the principal variable in certain 





* ií Théorie deg radicaux fondée exclusivement sur les propriétés gónór- 
ales des séries entières,” Revue bourguignonne de D Enseignement supérieur, 
vol. 1 (1891). 

Ti Sur l'existence effective des deux périodes des fonctions elliptiques,” 
Ann, scient. del’ Ecole Normale sup., 3d series, vol. 1 (1894). 
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artificial definite integrals; by the latter Méray means the 
integral of f(z) from z, to X when the path of integration 
contains any value of z, singular for f(z), or when the path 
is unlimited in any direction. 

The course of the development of the whole treatise is ad- 
mirably exhibited by the subjects and order of the chapters 
of the several volumes, which are appended below in con- 
clusion.* The elegant applications presented in the last 
two parts are more than worthy of a direct reference, for 
they demonstrate again the success of the method in the 
hands of the author. 

I. 1° Preliminary generalities comprising a review of 
the fictitions quantities upon which the speculations of 
modern analysis are founded ; fractions, positive and nega- 
tive quantities; 2° continuation of the preceding, variants 
in general ; incommensurable quantities; 3° continuation 
of the two preceding chapters, imaginary quantities; 4° 
series in general; 5° integral series; 6° derivatives of olo- 
tropict functions, usual genesis of these functions; 7° 
fundamental properties of functions which are olotropic 
within given areas; 8° inverse calculus of derivatives; 9° 
composite functions; 10° essential principle of the theory 
of total differential equations; 11° implicit functions in 
general; 12° essential principles of the theory of partial 
differential equations; 13° further study’ of immediate 
systems of total differential equations; addition, 1? on an 





* Tie firat volume contains a list of Méray’s principal publications. 
The works have already been referred to ; the memoirs are to be found in 
the following journals: Nouv. Ann. de Math., 1st ser., vol. 13 (1854), 
3d ser., vol. 8 (1889), vol. 9 (1890), vol. 11 (1892) ; Comptes rendus, 
vol. 40 (1855), vol. 106 (1888) ; Ann. di Matem., 1st ser., vol. 3 (1860) ; 
Ann. scient. de De, Norm sup., 1st. ser., vol. 4 (1867), 2d ser., vol. 6 
(1877), vol. 8 (1879), vol. 12 (1883), 3d ser., vol. 1 (1884), vol. 2 (1885), 
vol. 6 (1889), vol. 7 (1890); Revue des Sociétés savantes (Sc. math., phys., et 
nat.), 9d ser., vol. 3 (1866), vol. 4 (1869) ; Liouvile’s Journal, 3d ser., 
vol. 10 (1884) ; Bull. des Sc. math., 2d ser., vol. 12 (1888), vol. b (1891); 
Revue bourguignonne de V Enseiyn. sup., vol. 1 (1891), vol. 2 (1892); 
Ann. de la Far, des Se de Toulouse, vol. 4 (1891). 

- T Mathematics of necessity mutilates language occasionally in the con- 
struction of its technical terms, but it is to be regretted that Méray did 
` not giye heed toa correction in the form of this term suggested by the 
editors of the Bulletin des Sciences mathématiques in 1874 ; orthography 
should respect etymology and the Greek derivative is Aoc. It is interest- 
ing to observe that Méray used this term in 1872, but that not until 1875 
did its successful rival holomorphic appear; see Briot and Bouquets 
Theory of elliptic functions, 2nd edition, p. 14. In the preface to the 
first volume Méray anticipates a day when both will disappear, namely at 
ihat epoch when mathematicians shall have opened their eyes to the ao- 
curacy of the conceptions of Lagrange and have ceased to contemplate 
funotions non-integrable, continuous but without derivatives, et czetera- 
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essential property of integral polynomials in a single vari- 
able. . 

II. 1? Olotropic functions of a single variable, in gen- 
eral; 2° meromorphic functions of a single variable, in 
general; 3° simple radical function ; 4? study of the princi- . 
ple critical phases of an implicit function of a single . 
variable defined by a unique equation; 5° Napierian log- 
arithm and exponential function; 6°.circular functions; 
7° development of circular functions in series of simple. 
fractions and in factorial series; 8° summary theory of: 
elliptic functions; 9° continuation of the preceding, 
biperiodic functions in general; 10° continuation of the 
two preceding chapters, developinent of biperiodie func- .. 
tions in series of simple fractions or of circular functions, 
and in factorial series; 11° continuation of the three pre- 
ceding, salient points of the theory of biperiodic functions 
of the,second order; 12° continuation, of the four preced- 
ing chapters, canonical elliptic functions; 13° notions on 
eulerian functions. 

III. 1? Indefinite integration of current differentials ; 
2°, calculation of certain definite integrals not demanding 
the knowledge of indefinite integrals; 3? elementary dif- 
ferential equations ; 4° partial differential equations of the 
first order; 5° questions of maxima and minima; 6° 
real multiple integrals, additions: 1? elementary. proposi- 
tion to be substituted for Cauchy’s lemma in the.general 
theory of functions; 2? direct demonstration of Cauchy’s 
lemma; 3? on the non-nullity of the differential determi- 
nant with respect to arbitrary constants of the general 
integrals of a system of total differential equations ; 4? on 
the possibility of making the modulus of an indefinitely 
olotropic function increase without limit; 5° on an ex- 
tended case in which interpolation permits of representing: 
a function with an indefinite approximation. 

IV. 1? Preliminaries, rectifications, quadratures, cuba- 
tures; 2? contacts in general; 8° contacts of surfaces and 
of lines with figures of the first degree; 4? enveloping fig- 
ures ; D? contacts of first order between the sphere or the- 
circle and' given figures; 6° salient properties of ordinary 
surfaces ; 7° contacte of higher orders of a line with the 
circle and the sphere; 8? questions relating, to contacts of 
second order of a surface with the circle and right line ;. 
addition, principal formule in polar coordinates. 

E. O. Lovzrr. 

PRINCETON UNIVERSITY. 
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NOTES. 


Tae first number has just appeared of the Transactions of 
the AMERIOAN MATHEMATICAL Boots, published by the 
Society with the coöperation of Harvard University, Yale 
University, Princeton University, Columbia University, 
Haverford College, Northwestern University, Cornell Uni- 
versity, The University of California, Bryn Mawr College, 
The University of Chicago; edited by Errr HasTINGS 
Moore, Ernest WinLLiAM Brown, Tuomas Soorr FISKE ; 
New York, The Macmillan Company. The first number, 
which consists of 96 pages, contains the following articles: 
—‘‘ Conies and cubics connected with a plane cubic by cer- 
tain covariant relations," by H. 8. Warte; ‘‘ Formentheo- 
retische Entwickelung der in Herrn White’s Abbandlung 
über Curven dritter Ordnung enthaltenen Sätze,” by P. 
Gorpan; “Sur la définition générale des fonctions analy- 
tiques, d’après Cauchy,” by E. Goursat; ‘On a class of 
particular solutions of the problem of four bodies," by F. 
R. Mouton; ''Definition of the abelian, the two hypoa- 
belian, and related linear groups as quotient groups of the 
groups of isomorphisms of certain elementary groups,’’ by 
L.E. Dioxson; ‘‘Note on the unilateral surface of Moebius,” 
by H. Masonxe; ‘‘On regular singular points of linear dif- 
ferential equations of the second order whose coefficients 
are not necessarily analytic," by M. Bóc&ER ; ‘‘ The elliptic 
sigma functions considered as a special case of the hyper- 
elliptic sigma functions," by O. Borza; “On the groups 
which are the direct products of two subgroups," by G. A. 
MinrER ; ‘On certain crinkly curves," by E. H. Moors ; 
‘(A new definition of the general abelian linear group," 
by L. E. Dicxaox. 


A New Annual Register of the AMERICAN MATHEMATICAL 
Socrery, including a list of members, directory, list of pub- 
lications, constitution, by-laws, and the reports of the 
Treasurer and Librarian has recently been published and 
distributed to the members of the Society. Copies of the 
Register may be obtained from the Secretary. 


Ar the third ordinary meeting of the eighteenth session 
of the Edinburgh mathematical society, January 12, 1900, 
an address was delivered by Dr. Denn on ‘‘ The dissipa- 
tion of energy in vibrating matter." Professor GrBson’s 
recent papers on the theory of proportion will be published 
in full in the society's Proceedings. 
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Tur Circolo matematico di Palermo elected the following 
council for the years 1900-1902 at its recent annual meet- 
ing :—Resident members, Professors M. L. Albeggiani, 
M. Gebbia, F. Gerbaldi, G. B. Guccia, G. Torelli; Non- 
resident members: Professors E. Beltrami, of Rome, L. 
Bianchi, of Pisa, A. Capelli, of Naples, V. Cerruti, of 
Rome, L. Cremona, of Rome, P. Del Pezzo, of Naples, A. 
Del Re, of Naples, G. Loria, of Genoa, G. Mittag-Leffler, of 
Stockholm, E. Pascal, of Pavia, G. Peano, of Turin, 8. 
Pincherle, of Bologna, H. Poincaré, of Paris, A. Tonelli, 
of Rome, V. Volterra, of Turin. ) 9 


Tur following papers were announced for the regular 
monthly meeting of the London mathematical society held 
January 11, 1900 :—'‘ A problem in resonance, illustrative 
of the mechanical theory of selective absorption," by Pro- 
fessor H. Laas, and rr Elementary distributions of plane 
Stress," by Mr. J. II. MIOHELL. 

At the preceding meeting of December 14, 1899, the list 
of papers presented was as follows :—'' A method for ex- 
tending the accuracy of mathematical formule," and 
* Central difference formulm," by Mr. W. F. SHEPPARD; 
** Circular cubics,” by Mr. A. B. Basserr; ‘The theorem of 
residuation, being a general treatment of the intersections 
of plane curves at multiple points," by Dr. F. 8. MACAULAY ; 
‘í The genesis of the double gamma functions, by Mr. E. 
W. Barnzs; ‘‘On the expression of spherical harmonics as 
fractional differential coefficients," by Mr. J. ROsE-INNES ; 
** Bums of greatest integers," by Dr. G. B. MATHEWS. 


At the meeting of the Royal Society of Edinburgh on De- 
cember 19, 1899, Professor Tait presented a ‘‘ Note on the 
claim recently made for Gauss to the invention of quater- 
nions," whose object was to show that what Professors Klein 
&nd Sommerfeld ascribed to Gauss in their treatise Ueber die 
Theorie des Kreisels was not the Hamiltonian quaternion, 
but à particular and limited kind of strain which consisted 
of a simple rotation combined with an isotropic expansion, 
and thus involving four constants only. Dr. C. G. Knorr 
contributed a detailed criticism of the section devoted to 
the discussion of the theory of quaternions in the treatise 
cited. 


Tue annual meeting of the British mathematical associa- 
tion was held January 20, 1900, and the following papers 
were presented :—‘‘ Dynamical applications of the theory 
of correspondences,” by Professor R. 8. Barr; ‘ Triangles 
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triply in perspective," by Mr. J. A. TurrD ; ‘‘ The teaching 
of indices and surds,’’? by Professor R. W. Genese; ''Il- 
lustrations of prismatic equations," by Mr. T. J. Brom- 
wIOH; ‘ A note on the focoids," by Mr. R. F. Davis. 


On the twenty-fourth of December, 1899, the Physico- 
mathematical society of Kazan celebrated a jubilee in honor 
of the twenty-fifth year of the scientific career of Professor 
VasiLIEV, who has been president of the society for fifteen 
years. 


.  Amoxa the various congresses in process of organization 
in connection with the approaching Paris Exposition there 
is to be one devoted to the history of the sciences. This 
congress proposes to consider the development of all 
branches of scientific knowledge. Professor PAuL TANNERY 
is president, and Dr. Stcagp pp PLavzoues is secretary of 
the organizing committee. The official address of this com- 
mittee is 10 boulevard Raspail, Paris. 


Tue last volume of the Revue de Métaphysique et de Morale 
contains an extended discussion on the axioms of geometry 
between Professor H. Porncar®é and Mr. B. RussELL, oc- 
casioned by the essay of the latter on the foundations of 
geometry. The discussion is continued in the January 
number of the current volume. In this connection it may 
be added that Mr. FREDERICK Purser contributes an elab- 
orate defense of the Kantian theory of the axioms of geom- 
etry to the twenty-fifth number of Hermathena, edited by 
members of Trinity College, Dublin. 


As owE of the by-products of the Encyclopedia of the 
mathematical sciences now in process of construction, Teub- 
ner, of Leipzig, announces the preparation of an elaborate 
series of text-books in the field of pure and applied mathe- 
matics, and seeks the coöperation of mathematicians in the 
project, whether or not they be members of the contributing 
staff of the Encyclopædia. The preliminary announcement 
is very meagre, but more precise details are promised at an 
early date. , The following members of the editorial staff of 
the Encyclopedia, among others, have signified their ap- 
proval of the undertaking :—Messrs. Bécher, Brunel, Castel- 
nuovo, Dingeldey, Enriques, Harkness, Kohn, Krazer, von 
Lilienthal, Mehmke, Netto, Pincherle, Segre, Seliwanoff, 
Simon, Stickel, Staude, Vahlen, Voss, Wiman, Wirtinger, 
and Zeuthen. 


Prorzssor V. BJERKNES, of the University of Stockholm, 
has just issued the first volume of his “ Vorlesungen über 
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hydrodynamische Fernkráfte nach C. A. Bjerknes’ Theorie." 
'This volume, illustrated with forty figures, gives an expo- 
Bition, together with the author's original contributions, of 
the theories which have constituted’ the life work of his 
father Professor C. À. Bjerknes of the University of Chris- 
tiania, and experiments which have brought to light the 
analogies between electrostatic and electrodynamic phe- 
nomena and the apparent attractions experienced by solid 
bodies plunged into moving liquids. 


THE approaching volume of the Jahresberichte of the 
German mathematical association will contain, among 
others, the following memoirs :—‘‘ Numerical solution of 
equations,” by R. Haussner; ‘‘The kinetic problems of 
scientific technology," by K. Des: ‘‘ Calculus of varia- 
tions,” by A. KxwzsEz ; ' Graphic methods,” by R. MEHMKE; 
The theory of manifoldnesses,’’ by A. SonoENFLIEs; ''Gen- 
eral dynamics," by PAuL SriokxEL; ‘‘The theory of finite | 
groups," by E. STEINITZ. ' 


Tux first volume of a French edition of TOHEBYOHEV’8S 
collected works has just appeared. The volume, which is 
edited by Professors Marxor and BoNrwE, contains thirty- 
four memoirs and a portrait of their author. A German 
translation of Vaseliev’s memoir on the mathematical work 
of Tchebychef is to be published immediately by Teubner, 
of Leipzig. 


M. Hermann, of Paris, announces the appearance of a 
memoir of Professor G. Husrert on singular abelian func- 
tions. 


Portraits of the following mathematicians are to be had 
of B. G. Teubner, of Leipzig:—Moritz Cantor, Alfred 
Clebsch, Hermann Grassmann, Hermann von Helmholtz, 
Leopold Kronecker, Sophus Lie, Nikolaj Lobatschefskij, 
and P. L. Tchebychef. With the exception of that of 
Grassmann, which is a woodcut, all are heliogravures. 


Tue Brussels academy of sciences has awarded its prize 
of six hundred francs to Professor Léon AUTONNE, of the 
University of Lyons, for his work in geometry. 


Paris ACADEMY or Scrences.—Professor CHARLES MÉRAY, 
of Dijon, has been elected a correspondent of the section of 
geometry.—The nominees of the academy for the post of 
astronomer at the Bureau des Longitudes held by the late 
Professor Tisserand are MM. Rapav and Bicourpan.—The 
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Bordin prize in geometry was not awarded but M. JULES 
'Deaon received an honorable mention. This was to have 
been awarded in 1898 for a successful memoir on a study 
of questions relative to the determination as to properties 
and applications. of systems of orthogonal curvilinear 
coordinates in n variables, indicating in particular and in a 
manner as precise as possible the degree of generality of 
these systems. But one memoir, of insufficient merit, was 
received in 1898; accordingly the competition was held 
open for 1899. Three new memoirs were received by the 
academy, only one of which was retained. This bore the 
unique device ‘‘ L’esprit ne peut se soumettre qu’ à ce qui 
est esprit. The commission consisted of Professors Poin- 
caré, Picard, Darboux, M. Lévy, and Appell.—The Francoeur 
prize in geometry was awarded to M.-L Corpisr, with a 
very honorable mention to M. Le Roy.—The Poncelet prize . 
was given to M. Cosszrat for the whole of his contributions 
to geometry and mechanics.—The extraordinary prize in _ 
mechanics, six thousand francs, was assigned to M. BArLLEs 
for his treatise on the geometry of indicator diagrams, 
supplementary prizes being given to MM. CHARBONNIER, 
GaALYv-AoBRÉ and Perrry.—The Montyon prize was awarded 
to M. Parriot, the PLumey prize to M. Bonsour, and the 
Fourneyron prize to M. A. RATEAU.—The Lalande prize iu 
astronomy was awarded to Mr. W. R. Brooxs for his dis- 
coveries in connection with comets, and the Valz prize to 
. M. NYRÉN, of Pulkowa, for his work in sidereal astronomy. 
—Of the general prizes, the Arago medal was conferred on 
Professor G. G. Stokes on the occasion of his jubilee at 
Cambridge, and the Petit D'Ormoy prize in mathematics 
was given to M. Movrarp.—In 1900 the subject for the 
Grand Prize in the mathematical sciences is ‘‘ to perfect in 
some important point the investigation of the number of 
classes of quadratic forms having integral coefficients in two 
indeterminates." The subject of the Bordin prize for the 
same year is ‘‘ to develop and perfect the theory of surfaces 
applicable on a surface of revolution." The Francoeur, 
Poncelet, Montyon, Lalande, and Valz prizes will be awarded 
the same year. The Comptes rendus for December 18, 1899, 
contains full details relative to all the prizes of the academy. 


Universtry or CarnrronNiA.— The following courses in 
mathematics are announced for the second term of the pres- 
ent session :—By Professor M. W. HAsxELL : Selected topics 
in higher mathematics, two hours; Theory of algebraic 
forms, three hours ; Spherical harmonics, two hours ; Bemi- 
nar, three hours.—By Professor G. C. Epwarps: Differential 


218 NOTES. [Feb., 


equations, three hours.—By Mr. A. B. Prerce: Analytical 
projective geometry, three honrs.—By Dr. E. J. WILOZYNSKI:- 
The hypergeometric function, two hours; Calculus of varia- 
tions, one hour.—By Mr. A. W. Wurrney: Theory of func-* 
tions of a complex variable, three houra.—By Mr. N. L. 
Perry: Determinants and theory of equations, two hours. 


Tue department of mathematics of the University of 
Pennsylvania announces a course of twelve lectures on 
space analysis to be given by Dr. ALEXANDER MACFARLANE 
during the month of February, 1900. 


Prysics was the most favored subject, and mixed mathe- 
matics rather more popular than pure mathematics, with 
the successful candidates for the B.Sc. degree at the recent 
examinations of London University. 


THE public discussion of the proposal to remodel the 
mathematical tripos at Cambridge University (see BULLE- 
TIN, 2d series, vol. 6, No. 4, January, 1900, p. 168) was, 
on the whole, favorable to the scheme; though the senior 
wrangler naturally found more than one advocate for his 
continued existence. Generally speaking, the younger 
mathematicians, many of whom had themselves headed the 
tripo8, were urgent that the present system is prejudicial to 
sound mathematical learning, and, in particular, to mathe- 
matical research. The older members of the university 
and certain of the private tutors, while more or less will- 
ingly admitting that the system produced imperfect results, . 
denied that the abolition of the order of merit was the 
proper remedy. They would prefer to see older and more 
experienced examiners appointed, together with some re- 
arrangement of the marks assigned to the harder questions, 
without indicating precisely how these suggestions would 

. meet the difficulties of the case. The question is exciting 
keen discussion in private, inasmuch as the title of senior 
wrangler is interwoven with the texture of Cambridge tra- 
dition. As regards titles it has been suggested that the 
first Smith’s prizeman might bear the title of first wrangler ; 
this would have the advantage of finality, since there is no 
further examination to displace the candidate. The ques- 
tion comes up for decision in the next Cambridge term. 


Tue Council of the Royal astronomical society has 
awarded the society’s gold medal of the year 1899 to Pro- 
fessor H. PorwNcARÉ for his researches in celestial mechanics. 


Proressors Q. DagBoux and H. Morsan are the dele- 
gates of the Paris academy of sciences to the approaching 
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celebration of the second centenary of the Berlin academy 
of sciences. 


Paorzsson G. G. Sroxrs, of Cambridge University, has 
been elected a foreign associate of the section of mathe- 
matics and physics of the Brussels academy of sciences. 


PRorEsBoR W. BunNsIDE has been made an honorary fel- 
low of Pembroke College, of Cambridge University. 


. Mr. B. H. OnENsHAWw has been promoted to an assistant 
professorship of mathematics at the Alabama Polytechnic 
Institute. 


Mr. N. L. Perry has been appointed instructor in math- 
ematics at the University of California. Dr. J. V. Weer: 
FALL and Mr. August von Eng have been m instructors 
in mathematics at the University of Iowa. ". EF. E. Ross, 
graduate student of mathematics at the University of Cali- 
fornia, has been appointed instructor in mathematics at the 
University of Nebraska. 


Dr. Jon Evcenr Davis, professor of mathematical 
physics in the University of HARE ODER; died at Chicago, 
January 23, 1900. 


Tue deaths are announced of Mr. Francis GUTHRIE, pro- 
fessor of mathematics in South African College, aged sixty- 
eight years, and of Judge J. B. SrArro, of Cincinnati, 
Ohio, a well known patron of philosophy and mathematics, 

, aged seventy-six years. 
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NEW PUBLICATIONS. 


I HIGHER MATHEMATICS. 


ALASIA (G.). Geometria e trigonometria della sfera. Milano, Hoepll, 
1900. 16mo. 6-+207 pp. (Manuali Hoepli.) 


Bonvar Wolfgangi Bolyai de Bolya Tentamen iuventutem studiosam 
in elementa matheseos purae elementaris ac sublimioris methodo 
intuitiva evidentiaque huie propria introducendi, cam appendice 
triplici. Editio secunda. Tomus I: Conspectus arithmeticae ge- 
neralis. Mandato academiae scientiarum hungaricae suis adnotatio- 
nibus adiectis ediderunt Iulius König et Mauritius Réthy, academiae 
scientiarum hungaricae sodales. Leipzig, Teubner, 1899. 4to. 12 
-+ 679 pp., 11 plates, 1 portrait. Half leather. M. 40.00 


BoNNEL (J. F.). Les atomes e$ hypothéses dans la géométrie. 3e 
édition, revue eb augmentée. Paris, Hermann, 1899. 8vo. 200 pp. 
` i Fr. 5.00 


Boyer (J.). Histoire des mathématiques. Paris, Carré et Naud, 1899. 
8vo. 226 pp., boards. (Bibliothèque de la Revue générale des 
sciences. ) Fr. 5.00 


Farror (L.). Sulle serie del Fibonacci; nota. Venezia, Visentini, 
1899. 8vo. 10 pp. . 


FORMULAIRE de mathématiques publié par la Revue de mathématiques 
( Rivista di matematica). - Direotear: G. Peano. Tome II, No. 3: 
Logique mathématique ; arithmétique; limites; nombres com- 
pesos vecteurs ` dérivées ` intégrales, Torino, Bocca, 1899. 8vo. 

pp. 


June (H.). Ueber die kleinste Kugel, die eine räumliche Figur ein- 
schliesst. (Diss) Marburg, 1899. 8vo. 26 pp. 


KrEPERT (L.). Grundriss der Diferential- und Integral-Reohnung. 
Teil IL: Integral-Rechnung. "te Auflage des gleichnamigen Leit- 
fadens von welland M. Stegemann. Hannover, Helwing, 1899. 8vo. 
20 + 617 pp. M. 11.50 


KLUSSMANN (R.). Syatematisches Verzeichnis der Abhandlungen, 
welohe in den Sohulsohriften sämtlicher an dem Programmtausohe 
teilnehmenden Lehranstalten erschienen sind. Nebstzwel Registern. 
Vol. III: 1891-1895. Leipzig, Teubner, 1899. Geo 8--342 pp. 

; M. 6.00 * 

Konic (J.). See BOLYAI. 


LEGENDRE (A. M.). Théorie dea nombres. Réimpreasion fac-simile de 
la troisième édition (1830). 2 volumes. Paris, Hermann, 1899. 
4to. 800 pp. . Fr. 40.00 

MILLER (G. A.). On several classes of simple groups. (Proceedings of 


the London Mathematical Society, Vol. 31, No. 688.) Geo, Pp. 148- 
150. ; 


PEANO (G.). See FORMULAIRE. 


PERZEWALSKI (IL). Analytic geometry, with a collection of problems. 
4th edition. Moscow, 1899. Ben, 310 pp. (Russian.) M. 7.00 
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Rérny (M.).- See BOLYAI 


RIOHARD'(J.). Leçons sur les méthodes de la géométrie moderne. 
Paris, Hermann, 1899. 8vo. 210 pp. Fr. 6.00 


STEGEMANN (M.). See KIEPERT (L.). 


“VuccHi (M.). Sulla funzione ( di Riemann ; gli zeri della funzione €. 
Parigi, Hermann, 1899. i Fr. 1.50 


IL ELEMENTARY MATHEMATICS. 


ANTOLINI (G.). Nozioni elementari di algebra per le souole tecnichee 
per la prima olasse delle souole normali conforme agli ultimi pro- 
grammi ministeriali. Empoli, Traversari, 1809. 16mo. 57 pp. 

Fr. 0.90 


ARBUZOV (V.), MININ (A.), MININ (V.), and Nazarov (D.). Bys- 
tematic collection of problems in arithmetic, for use in gymnasia, 
seminaries, etc. 8th edition. Moscow, 1899. 8vo. 244 pp. (Rus- 
sian. ) R. 0.75 


BAUR(L.) Sammlung arithmetischer Aufgaben. Durch Erläuterungen, 
Andeutungen und vollstándig ausgeführte Auflósungen eingerichtet 
für Lehrer und' Lehramts-Kandidaten (Reallehrer, Kollaboratoren, 
Volksschullebrer etc.), sowie zum Selbststudium. Horb, Christian, 
1899. 8vo. 8+ 211 pp. Cloth. M. 3.00 


BENOIT (P.) Essai d'une géométrie nouvelle.  Saint-Dié, Weiok 
[1899]. 8vo. 153 pp. 


BERTRAND (J.) ot GaRCET (H.). Traité d’algdbre. Première partie, 
à l'usage des classes de mathématiques élémentaires. 17e édition. 
Paris Hachette, 1899. 8vo. 4-+ 330 pp. Fr. 5.00 


BLUMBERG (Il). Complementary algebra, preceded by a paper on the 
application of algebra to geometry. 6th edition, revised. St. Peters- 
burg, 1899. 8vo. 148 pp. (Russian. ) R. 1.00 


CHEVAREL. SEE FITZ-PATRIOK. 


,. EIORHORN (W.). Arithmetisches Regelheft nebst Wiederholungstafeln. 
Mit einer Begleitschrift als Vorwort und Gebrauohsanweisung.' Als 
Ergünzung zu einem jeden Lehrbucheder Arithmetik zusammenge- 
stellt. Iu 4 Heften. (1. Quarta (Quinta): Rechnen als Vorstufe 
der Arithmetik. 40 pp. M. 0.40.—2. Untertertia : Grundrechnungs- 
arten mit allgemeinen Zahlen; Gleichungen. 32 pp. M. 0.40 — 
3. Obertertia: Proportionen, Potenzen, Wurzeln, Gleichungen. 
49 pp. M. 0.40.—4. Untersekunda : Logarithmen, Reihen, Zinses- 
zins- und Rentenrechnung. 23 pp. M. 0.30.) Leipzig, Teubner, 
1899. 8vo. 


EsrEL (V.). See SARCHINGER (E.). 


F. (F.). Solutions des exercices du Cours élémentaire de géométrie. 
Paris, Poussielgue [1899.] 16mo. '81 pp. (Collection d'ouvrages 
classiques rédigés en cours gradués, conformément aux programmes 
officiels.) 


FITZ-PATRICK ET CHEVREL. Exercices d'arithmétique, énoncés et go- 
lutions, avec une préface de J. Tannery. Deuxième édition, aug- 
mentée des énoncés de 800 problèmes d’arithmétique théorique et 
commerciale, d'un résumé et exercices d’arithmétique commerciale. 
Paris, Hermann, 1899. 8vo. 690 pp. Fr. 10.00 
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Furst (8. W.). Mensuration, with special application of the prismoidal 
formula. Harrisburg, Pa., Myers, 1899. 16mo. 72 pp. Cloth. 
$0.50 

Ganogt (H.). See BERTBAND (J.). 


GLésER (M.). Grundzüge der allgemeinen Arithmetik für die dritte 
Classe der österreichischen Realschulen. 4te anum Wien, We 
ler, 1899. 8vo. 3-++116 pp. Cloth. Mi 


——. Lehrbuch der Arithmetik für die erste und zweite Clases dor öster- 
reichischen Realschulen. 4te Auflage. Wien, Pichler, 1899. 8vo. 
5 +209 pp. Cloth. M. 1.80 


Kras (A.) Die Dreiteilang und. Finfteilung des Winkels auf dem 
Wege der elementaren Geometrie, allein mit Lineal und Zirkel 
gelöst und dargelegt. Wiesbaden, Ferger, 1899. 4to. 14 pp, 8 
plates. M. 1.20 


Lazzant (G.) Manuale di trigonometria piana. Livorno, Giusti, 
1899. 16mo. 4-+-124 pp. (Biblioteca degli studenti; riassunti 
per tutte le materie d'esame nei licei, ginnasî, istituti tecnici, eco. ) 

Fr. 1.00 


LOEWENSTERN. Answers to the questions in theoretical arithmetio set 
at the entrance examinations of the Polytechnio School. Moscow, 
1899. 8vo. 46 pp. (Russian.) R. 0.75 


Mune (W. J.) Key to Milne's Plane and solid geometry. New 
York, American Book Co. [1899.] 12mo. 313 pp. Half leather. 
$1.25 


MININ. Bee ARBUZOV (V.). 


Mora (P.). Appunti di trigonometria. Torino, Prete, 1899. 16mo. 
33 pp., 2 plates. (Collana scientifica. ) 


Murray (D. A.) Plane trigonometry; for colleges and secondary 
schoolg New York, Longmans, Green & Co., 1899. 12mo. 13 
+206 pp. Cloth. $0.90 


NAZAROV (D.). See ARBUZOY (V.). 


NIKULTSEV (P.). Course in arithmetic for secondary schools. 5th edi- 
tion. Moscow, 1900. 8vo. 277 pp. ( Russian.) R. 1.00 


PINCHERLE (S.). Geometria -metrica e trigonometria. 5a edizione. 
Milano, Hoepli, 1899. 16mo. 4- 158 pp. (Manuali Hoepli.) 


REINBEOK. Die planimetrische Aufgabe für Quarta und Untertertia des 
Realgymnasiume. Uelzen, 1899. 8vo. 12-4 80 pp. M. 2.00 


RoBiNSON. New higher arithmetic, for high-schools, academies, and 
mercantile colleges. New York, American Book Company [1899]; 
8vo. 527 pp. Half leather. $1.0 


BÄROHINGER (E.) und EsTEL (V.). Resultate zur zweiten Auflage du 
Aufgabensammlung für den Rechenunterricht in den Unterklassen 
der Gymnasien. 2tes Heft: Quinta. 58 pp. M. 1.60.—3tea Heft: 
Quarta. 26 pp. M. 0.70. Leipzig, Teubner, 1899. 8vo. Boards. 


SASSENFELD (I.). Die Hauptsitze der Elementar-Mathematik für dag 
Gymnasium. Nach den neuen Lehrplünen bearbeitet. In 6 Lehr- 
ngen. (1. Planimetrie. (Quarta.) 20 pp. 2. Planimetrie. 
Ee 20pp. 3. planimetrie. (Obertertia.) 20 pp. 4. 
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Plauimetrie; Einleitung in die Trigonometrie und Stereometrie ; 
Anhang: Die Logarithmen. (Untersekunda.) 24 pp. 6 and 6. 
Abschluss der Planimetrie, Trigonometrie und Stereometrie; Ein- 
leitung in die analytische Geometrie der Ebene. ( Obersekunda und 
Prima.) 64 pp.) Trier, Lowenberg, 1899. 8vo. M. 3.50 


——. Lehr- und Uebungsbueh der Arithmetik und Algebra für das 
Gymnasium. Trier, Lowenberg, 1899. 8vo. 7--111pp. M. 1.80 


BHMULEVIOH (P.). Collection of 1920 problems in algebra and arith- 
metic, with complete solutions. 2d edition. St. Petersburg, 1900. 
Bvo. 466 pp. (Rossian.) 


TANNERY (J.). See FITZ-PATBIOK. ` 


Testi (G. M.). Corso di matematiche ad uso delle scuole secondarie e 
pid specialmente degli istituti teonici. Vol. II: Algebra elemen- 
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MATHEMATICAL INSTRUCTION IN FRANCE. 
BY PROFESSOR JAMES PIERPONT. 


Introduction. 


: Tue following paper falls into two parts. In the first 
part, I propose to give an account of the way France is 
educating those of its youth who wish to become mathe- 
maticians, to indicate rapidly what positions a young man 
of talent may hope to reach, how he attains them, and what 
his duties are in the various stages of his career. In the 
second part, I wish to call attention to the advantages which 
Americans can enjoy in studying mathematics in France, 
particularly in Paris. 
An article of this nature seemed to me to be not only of 
general interest, but also of considerable importance, and 
- for this reason. We American professors discharge a double 
office: we are not only professors, in that we investigate and 
teach ; but we are also administrative officers. The direc- 
tion and form that our secondary and higher instruction 
takes depends in a large measure upon us. It is therefore 
advisable not only to know what England and Germany 
have to teach us on this subject, but also to inform our- 
selves of the system of mathematical instruction current in 
France. At the present moment our graduate schools are 
in a period of formation. Whatis plastic and easy to mould 
now will fifty years hence be difficult or quite impossible 
to change. It is patent to every one that our new university 
life is being moulded largely after German ideals. Ninety- 
nine per cent. of our younger men have received their inspira-~ 
tion In Germany ; ‘itis only natural that we should have 
German methods before our eyes in shaping the course our 
graduate instruction shall take. It is at first sight indeed 
remarkable how ignorant we are of the scheme of mathe- 
matical instruction that prevails in France. The land that 
has produced Cauchy, Poncelet, Laplace, Monge, Hermite 
is quite ignored by us. How many of us know anything 
of the famous Classe de mathématiques spéciales, or of the 
réle the Ecole Normale plays in forming the elite of French 
mathematicians. It is a question in my mind whether itis 
wise for us to imitate so freely German methods, and be so 
largely dominated by the German way of looking at things. 
America is not a New Germany. To counteract this exces- 
sive German influence, it seems desirable that we should ` 
have among us a respectable minority who have spent con- 
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siderable time under French influences. It is well, so it 
seems to me, that a part of our gifted youth should havere- 
ceived their inspiration from men like Poincaré and Picard, 
Darboux and Koenigs, Painlevé, Borel and Hadamard. 

The present moment is very auspicious for . Americans 
who wish to, study mathematics in France. The French 
are beginning to be very much awake to the desirabil- 
ity of not-remaining longer isolated in this particular. They 
are beginning to realize that the thousands of Americans who 
. study in Germany, who are there hospitably received, and 
after one or more happy and prosperous years return to 
America, become centers of propaganda for German ideas 
and help to establish between the two countries relations 
of no mean value, for which France has no equivalent. 


Certain it is that the American student of mathematics will. 


be well received and given most precious opportunities of 
study. But of this more in detail in the second part of 
this paper. j ` 


I. 


General Remarks on French Instruction. 


I begin by observing that practically all instruction given 
in France is given by the State; for one and the same grade 
it is therefore sensibly uniform. Remark also that France 
has made gigantic efforts in the last thirty years to improve 
instruction in every way. The State and the larger cities 


have spent prodigious sums to this end. New buildings. 


have been erected in multitude, chairs endowed, laboratories 
equipped, libraries provided, and salaries improved. The 
number of scholarships offered to encourage effort, particu- 
larly to enable young men of exceptional talent but slender 
means to go on with their studies, indicates strikingly how 
eager the French Republic is to avail itself of talent whérever 
found. So far as woare concerned, the instruction falls 
under two heads ; secondary, given in the lycées ; superior, 
given in the Sorbonne, the Collàge de France, the École 
Normale, and the École Polytechnique. Consider first the 
lycées. As the sexes are divided from the start we can con- 
sider here only those for boys. 


‘ELEMENTARY MATHEMATICAL INSTRUCTION. Tur LYCÉES. 


. The lycées are large schools scattered throughout all the 
cities of France. They take the children of parente in com- 
fortable circumstances as early as five years of age, and lead 
_ them to the baccalauréat when they are generally 17 or 18 


^ 
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years old. The élèves are of three kinds: 1? externes; who 
like the children of our grammar and high schools live at 
home and go to school only to recite; 2° internes or pen- 
sionnaires, who live entirely at the lycée, as in our great 
preparatory schools, Exeter and Andover; 3° demi-pensio- 
naires, who pass the whole day at the lycée andethe night at 
home. As internes children are not received before 6 years 
ofage. Many families do not send their boys to a lycée till 
they are 10 or 12 years old, preferring to educate them more 
privately tillthen. The expenses are fixed by the State and 
vary from one city tó another. For example, in Lyons, Bor- 
deaux, Marseilles I find : 


for externes, from 70 to 300 francs per year ; 
for demi-pensionnaires, from 375 to 625 francs per year ; 
for pensionnaires, from 650 to 950 franes per year. 


Here the first sum in each case dorresponds to the lowest 
cláss and the last sum to the highest class. In Paris the 
prices are a little higher, in small towns a little less. The 
boys wear a peculiar dress or uniform, whose cut is partly 
regulated by the State. Until about the age of 11 the in- 
struction is the same for all élèves. At this point a bifurca- 
tion takes place, into enseignement classique and enseignement 
moderne. The latter is without Latin or Greek. As the 

.number of careers open to youths who have had Latin and 
Greek is much greater, about 80 per cent. of the parents in 
their uncertainty what talents their boys are destined to 
develop choose the classical course. It is well, however, 
to remark that today in France neither Latin nor Greek is 
necessary to obtain a doctor’s degree in mathematics or the 
natural sciences.- For our educators in America this is 
surely & significant fact. Harvard is, I believe, the only 
prominent American university which takes a stand ap- 
proaching this. It is to be regretted that the exigencies of 
the French scheme of instruction fórce a choice when the 
children are at so tender an age. A delay of a few years 
would permit many an uncertain parent to decide for the 
modern course. : 

I wish to give now some details on the instruction given 
at the lycées. Perhaps the most flagrant source of weak- 
ness in our American system of higher education lies in our 
preparatory and high schools. We mathematicians have 
only to think of the entrance papers in mathematics to see 
the truth of this. Certainly at Yale we lose a good part 
of the Freshmen year training our inen'into form. It is 
therefore important for us to compare the training French 
boys get tn mathematics with that which our boys receive. 
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In the first place I remark that after the age of 7 or 8 
.French boys are taught by men. These men have all 
studied at the university and have passed the examen de 
licence. For the -higher classes the instructors have passed 
the extremely severe examen d'agrégationin the subjects they 
propose to teach. It is too humiliating for us to inquire here 

: what our teachers of like grades have done to prepare them- 
selves for their duties., That precious years are often lost 
to our youth by their'inferior instruction is apparent to, 
all. Add at once, however, that a brighter future is in 
store for us. As the country grows older our educators - 
must see that men teachers take’ many of the places 
now occupied by women. On the other hand, the number 
of students at our universities who are following graduate 
courses is so large that the greater part of these must be 
content with positions in high schools and the better pre- 
paratory institutions. li is thus to be expected that the 
quality of the candidates for admission to our freshman 
classes will improve steadily. 

In the limits of this article it is impossible to follow every 
turn of the instructions at the lycées. For this reason, 
I can speak only of the classical course. Aside from lack- 
ing Latin and Greek, the modern course differs from it but 
little. The bifurcation begins at the sixth class; the first 
class is called the classe de rhétorique. Here is a program, 
for the week : 
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In addition to these subjects, the élève has from 14 to 2 
hours per week in drawing, starting with Olass VI. The 
first feature that strikes us in this scheme is the number of 
hours the French boy has in class work. Next we observe 
that he has 15 to 16 hours of class work & week in lan- 
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guages and only 1, 2, or 3 in mathematics. Also we note 
that his studies in arithmetic, algebra, and geometry are 
constantly intermingled, and not kept apart as with us. To 
us it is rather surprising that so little time is given to 
mathematics. French parents complain that their boys 
forget one week what they learned the week before. We 
remark also that their native tongue is from thé'start placed 
on an equality with the classical languages. The modern 
language is usually German, since this is required at the en- 
trance examinations of many of the government schools, in 
particular the Ecole Polytechnique. 

Let us see what the French boy learns in the classe de 
rhétorique, at which time he is 16 years old. 

Latin. Selections from Cicero, Livy, Seneca, Tacitus, 
Horace. i 

Greek. Selections from Thucydides, Xenophon, Plato, 
Demosthenes, Homer, Aristotle, Aristophanes. 

French. Selections from authors ranging from the time 
of Montaigne to Hugo, a study of the principal features of 
the literature at each period, the theatre, the moralists, the 
eloquence of the church, letters and memoirs, the philoso- 
phers and savants, ‘etc. 

German. Selections from Lessing, Goethe, and Schiller. 

History. History of Europe, 1610-1789. 

Geography. Detailed study of France from the geolog- 
. ical, economic, and sociological standpoints. 

Arithmetic. Properties of integers, fractions, decimals, 
square roots, etc. , 
Algebra. Simultaneous linear equations, quadratic equa- 
tions. ` 

Geometry. Solid geometry. 

Astronomy. Elements. 

I wish to note here that arithmetic is taught as a science, 
not as an art. I do not believe our boys ever have the 
elementary processes of arithmetic: long division, extrac- 
tion of roots, etc., demonstrated to them till they reach the 
graduate school of the university. A peculiarity of great 
interest is this: mathematics is taught by lectures from Class 
| ILI., i. e., when the éléve, is only 14 years old, onward. 

Each lycée has a library which the éléves are encouraged 
to consult. But itisfrom his note books rather than from 
` a textbook that he learns his mathematics. To us this seems 
remarkable indeed. Even in most of our colleges, to say 
nothing of high schools, the student learns his lessons from 
his book. To my mind, our custom of teaching mathemat- 
ics from textbooks to boys of 18 years or more is pernicious. 
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It is ridiculous to say that our students are too immature to 
take proper notes at this age. Ihaveinspected anurmber of 
note books of boys much younger than this in Paris lycées, 
and was pleased to find them neatly and fully taken. In 
this respect Harvard is probably in advance of other uni- 
versities. 
We have now reached a new period in the school life of 
a French boy. The classe de rhétorique finished, he passes 
the first part of his baccalauréat. A peculiar feature of these 
examinations is that they are not held at the lycée, nor 
under the charge of its professors, but at the university in 
whose district the particular lycée is situated. Whether the 
: élève has the intention of attending a university is quite im- 
material. The degree of baccalauréat is a State. diploma. 
A considerable number of government positions can be oceu- 
pied by no one who has not this diploma. The State sees 
fit to entrust the charge of so important examinations to a 
class of men wholly independent of the lycées, namely, uni- 
versity professors. This is, no doubt, a relic of the days of 
the first Napoleon, when the lycées formed an integral part 
of that monstrous institution, / Université de France. The 
examinations are written and oral; only those who pass the 
written examination are admitted to the oral. In 1897, 
16,625 of these examinations were held in the classical 
course, and 5,691 in the modern. Of the first only 6,269 
were successful, of the second 2,328. We observe that less 
than one-half were successful in each category, a fact which 
shows they are no playful affairs. On returning to the lycée, 
to prepare for the second part of the baccalauréat, the lycéen 
has & choice of two courses, classe de philosophie and classe de 
mathématiques élémentaires. ‘Those who have little taste for 
mathematics will choose the first, the rest will choose the 
second. We are interested only in these last. The boys 
who enter this class have already a pronounced -taste for 
mathematics and the natural sciences. A considerable part 
of them will later try to enter the great government schools 
.as the École Polytechnique, the École Normale, the École 
Centrale, École St. Cyr, École Navale, etc. For all these 
the requirements in mathematicgare severe. Weshall not be 
surprised then to see, in thescheme of studies, mathematics | 
spring from two or three: hours a week to ten, while Latin 
and Greek disappear altogether and modern languages have 
one hour. Here is a scheme of studies : 
Mathematics, 10 hours per week ; physics and chemistry, 
6 hours; anatomy and physiology of animals and plants, 1 
hour ; philosophy, 2 hours ; modern history, 3 hours ; French 
or German, | hour. 


^ 
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: The total is 23 hours of class-room work for a boy of 17. 
When we recall that our young men in college from 18 to 
22 years of age have but 15 hours, we are compelled to re- 
flect which system errs; is one in excess, or the other in 
default? After visiting leading lycées in Paris, I can testify 
that the élèves seemed as buoyant in spirit and healthy in 
body as our own. The excess, if it be excess, seems to 
make them only more boisterous in their play hours. 

. I mention for lack of space only what is taught in math- 

'ematics: arithmetic, algebra, plane and solid geometry, 
conic sections by elementary geometry, plane trigonometry, 
descriptive geometry, mechanics, theory of simple mechan- 
isms, cosmography. We observe that arithmetic is still 
taught. The reason for this is that, like geometry, it is 

"taught as a science and not as & compendium of rules, to be 
learned by heart and practised mechanically. The presence 
of descriptive geometry is explained by the fact that the 
government schools just alluded to, being technical, require 
it for entrance. 

At the end of this year, the second partof the baccalauréat 
is taken. If successful, the élève receives a diploma from 
the minister of public instruction called the baccalauréat de 
l'enseignement secondaire classique. Those who have followed 
the modern course receive a similar diploma with the word 
classique replaced by moderne. Elèves of the enseignement 
moderne after passing the first part of the baccalauréat 
enter this class of mathématiques élémentaires which I have 

, Just described, if they propose to enter the government 
schools mentioned above. . 

. We have reached now & point where another peculiarity 
of French instruction meets us. Our young laureat who 

. has a taste for mathematical studies does not now enter the 
university, as'he has a right to and as his German or Amer- 
ican comrade does. Instead, he returns to his old lycée 
or enters a large Paris lycée, like St. Louis or Louis-le-Grand, 
which pays particular attention to fitting its pupils to succeed 
in the highly competitive examination of the great and 
celebrated government schools. For us only the École Nor- 
male and the Ecole Polytechnique are of interest. The 
‘difficulty of entering these is shown by the following figures. 
In 1897, 1,023 candidates presented themselves at the École 
Polytechnique ; 224, or 22 per cent., were admittd. At the 

cole Normale the number of candidates in science was 260 ; 
of these 13, or 5 per cent., were received. The number that 
will be received is fixed in advance and is limited by the 
capacity of the school. A student usually tries twice or 
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thrice, before he sueceeds or concludes that he had better 
give it up. -For the most persevering, however, there exists 
a limit. At the Ecole Polytechnique no élàve who is 21 
years or more of age will be received; at the Ecole Nor- 
^ male, the age limit is 24 years. What these schools are and 
what makes them so tempting I shall state later. Return now 
to our candidate. He re-enters, as stated, the lycée, pass- 
ing into the classe supérieure de mathématiques élémentaires. 
This class prepares him for the arduous work of the classe, 
de mathématiques spéciales. His studies in this preparatory 
class are largély the same as in the classe de mathématiques 
élémentaires, only more advanced. They are: arithmetic, 
plane and solid geometry, descriptive geometry, algebra, 
plane analytic geometry, physics and chemistry. In pass- 
ing, observe that from this point on to the agrégation or 
doctorate the studies of the French boy pursuing mathe- 
matics are in the highest degree technical and special. 
History, literature, philosophy, logic, psychology, in short 
the humanities have now disappeared from his program of 
. studies never to reappear except 4 hours of literature in the 
following class and enough German to pass the entrance ` 
examinations at the Ecole Normale or Polytechnique. 

Pass now to the famous classe de mathématiques spéciales. 
The amount of instruction in mathematics given in this 
class is I believe without parallel in any country in the 
world. When I looked over for the first time the field cov- 
ered by these boys of 18 or 19, I was amazed. It did not 
seem possible to me that they could survive the treatment. 
And yet they show no signs of fatigue, as far as I could see. 
Here is the scheme of their studies: mathematics, 12 hours 
per week ; physics, 4 hours; chemistry, 2 hours; literature, 
4 hours; German, 2 hours; design, 4 hours; épure, 4 
hours. The course is fitted exactly for the requirements 
of admission at the Ecoles Normale and Polytechnique. 
The topics examined on at both these schools are the same, 
but the examination at the Ecole Normale is the more 
searching. ‘The following works will indicate roughly the - 
scope of the mathematical lectures. 

Niewenglowski: Cours d’algébre, Vol. I., pp. 382 ; Vol. 
IL, pp. 508. By the same author, Cours de géométrie 
analytique, I., p. 483; IL, p. 292; III., p. 569. For 
trigonometry I mention the work by Vaquant (1 vol., pp. 
401), and for descriptive geometry that of Jarvary (Vol. 
L, pp. 265; Vol IL, pp. 702). These works are a little 
fuller than the actual courses; but even when we have 
made the necessary allowance, the amount that remains 
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seems overwhelming to us. In passing let me add that a 
very good idea of the courses given in the classe supérieure 
de mathématiques élémentaires can be formed by perusing 
the series of textbooks edited by Darboux, namely, the 
Cours complet de mathématiques. An exception is the 


arithmétique by Tannery. For this the Traité d'arithmé- ` 


tique by E. Humbert is yearer what is taught. 
. I have been present at exercises in these two classes at 
.Bt. Louis and Louis-le-Grand, and although I came at an 
unexpected moment, the exhibition of dexterity in attacking 
difficult problems and of accurately and rapidly performing 
long analytical calculations is nowhere even approached, I 
believe, in America. I express the sincere wish that our 
professors may attend these exercises. They will then re- 
alize how much we have to learn from the French lycées. 
After a year spent in the classe de mathématiques spéciales, 
those fitting themselves to follow the career of mathematics 
present themselves at both the École Normale and the 


Ecole Polytechnique. The élite, i. e., 2 to b per cent. of them, 
succeed at one or the other of these places at the.first trial ; 
the rest return to the lycée and repeat the classe de mathé- 
matiques spéciales. Theygo overthe same ground, but much 
that they understood beforeimperfectly now becomes clearer. 
They present themselves at the end of this year again. 
the second trial about 25 per cent. succeed. It is now a 
fact that less than half of those who enter the classe de 
inathématiques spéciales succeed even after a third trial. 
The rest either go to the Sorbonne as étudiants libres or give 
up their aspirations to become mathematicians and try to 
enter a government school where the examinations in math- 
ematics are less severe. ` 

This question arises: if only from 2 to 5 per cent. can 
succeed in the first trial and the rest have to return and go 
over the same ground again, why is it not more rational to 
divide this prodigious amount of matter crowded into one 
year and spread i6 over two? The answer seems to be this : 


The government is eager to pick its servants from the best: 


of the nation’s youth. This is done by these highly com- 
petitive examinations. At the same time if an élève is suf- 
ficiently gifted to succeed in one year of mathématiques spé- 
ciales, itis to his own and the government’s interest to push 
him forward in his high career. Almost all the young 
mathematicians of today who are adding new luster to 


France's fair renown in mathematics succeeded after a sin- | 


gle year in this remarkable class. 


Cr 


H 
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Dronen MaATHEMATIOAL INSTRUCTION. 


With this brief sketch of secondary instruction in mathe- 
matics, let us turn to the enseignement supérieure. This takes 
us to the Sorbonne, the Collage de France, the Ecole Nor- 
male, and the École Polytechnique. 


The Sorbonne. 


We describe in a few words the relation between the Uni- 
versity of Paris and the Sorbonne, a point not clear to all. 
Before the great upheaval of 1789 there were scattered 
about in France various universities whose foundation and 
' government were similar to those of other European univer- 
sities’ These universities were all suppressed in 1793. 
Under Napoleon they were again revived ; not, however, as 
separate corporate bodies. All the universities, the little 
collàges, and the lycées were united into one great body, 
D Université de France. This reducéd the universities to an 
association of faculties with no local self-government worthy 
of the name. Within recent years the desire became ever 
stronger to return to the old régime ` to give the universities 
each & separate existence, a budget, a power of local admin- 
istration ; they were however to remain, as elsewhere, more 

- or less dependent upon the ministère de l'instruction publique. 
The change eventually took place in 1896. The Université 
de Paris to-day consists of 5 faculties; Faculté des sciences, des 
lettres, de droit, de médecine, and de théologie. The faculties of 
science and letters have their offices, lecture rooms, labora- 
tories, etc., in the building called the Sorbonne. Here also 
are the university library and the central offices of university 
administration. In passing we remark that these two fac- 
ulties constitute what is called in Germany the philosophische 
Facultat. 

The Sorbonne, asit now stands, is a gigantic and magnifi- 
cent structure built to replace the old Sorbonne built by 
Richelieu. It was begun in 1885 and is now all but com- 
plete. Very picturesquely it encloses the old church of the 
Sorbonne also built by Richelieu and containing his magni- 
ficent tomb. 

Turn now to the mathematical department. Instruction 
is given by 1° professeurs who. occupy chairs each covering 
a definite part of what is called in France the sciences 
mathématiques ; 2° professeurs adjoints ; 3° chargés du cours; 4? 
mattres de conférences. There are no Privat-docenien in France. 
All instructors are appointed for life except in cases which - 
are obviously exceptional or temporary, and receive salaries 


D 
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according to æ fixed scheme of advancement. There is no 

competition among the universities, asin Germany which 

allows some professors to receive twice the salary they other- 

wise would or to enjoy exceptional privileges. There are 

nine chairs which interest us; I add their present occupants. 
1° Géométrie supérieure; Darboux. 

2° Analyse supérieure; Picard. 

3? Calcul différentiel et intégral; Goursat. 

4° Mécanique rationelle; Appell. 

5? Mécanique céleste ; Poincaré. 

3? Astronomie; Wolf. 

7? Mécanique physique et expérimentale ; Koenigs. 

8? Physique mathématique ; Boussinesq. 

9? Physique générale (2 chairs) ; Lippmann, Bouty. 

In mathematics the only professeur adjoint is M. Puiseux, 
while the chargós du cours and maitres de conférences are 
Raffy, Andoyer, Blutel, and Hadamard. Unlike the Ger- 
man universities, where instruction in these subjects ie free 
from the taint of examinations, the universities of France 


are required to spend a large part of their efforts to fit their | 


‘students to pass two State examinations, the licence, and 
the agrégation. These examinations, particularly the latter, 
require thé student to have an elaborate knowledge of cer- 
tain subjects and it is the duty of the university to see that 
students of a certain calibre of mind and degree of assiduity 
are prepared and drilled to pass them. For this reason the 
courses 8°, 4°, 6°, 7°, 9° are the same each year. On the 
contrary the courses by Darboux, Picard, Poincaré, and 
Boussinesq are variable. The wide range and the elegance of 
the courses given by Darboux, Picard, and Poincaré are 
known the world over through their published reproductions. 

The first peculiarity that meets us is that half the courses 
are repeated each year almost without change. The next 
feature that attracts our attention is that no professor gives 
more than one o course of lectures, 7. e., two lectures a week ; 
while Darboux, Picard, Lippmann, and Bouty lecture, but 


one semester, or less than four months a year. From this ` 


it results that the number of courses the university offers 
the student during an abode of two or three years is small 
in comparison with a large German university where each 
professor gives usually two or three courses a semester which 
often run through a cyclus of two or three years." Wenext 
remark that the maftres de conférences do not lecture on 
subjects which interest them, as does the privat docent in 
Germany, thus swelling the number of courses a German 
university offers, but that they employ their éfforts to drill 


236 MATHEMATIOAL INSTRUCTION IN FRANCE. [March, 


the students and elucidate more fully the lectures of the 
professor. Thus during the present semester Hadamard 
did this for Goursat ; Puiseux for Appell, and to some ex- 
tent for Koenigs ; and Raffy for Darboux. For the exam- 
ination of l’agrégation Andoyer, Hadamard, and Blutel are 
engaged in this kind of work. 


The Examinations. 


Perhaps this is the fittest place to state what the exam- 
inations for the licence, agrégation, and doctorat are. A. young 
man who wishes to follow the career of mathematics natur- 
ally aims at a professorship in a university. To attain such 
a position he must pass the doctorate; to do this he must 
previously have passed the licence. Now positions at the 
universities are relatively few, and only the most talented 
can hope to reach them. On the other band, the advance 
Dn the lycées to a larger salary is more rapid at the start 
Pec at the universities, and some who could rightfully 
/ aspire to a university caréer, are forced from pecuniary con- 
siderations to choose the lycée. The greater part of the 

tudents thus look to the lycées as their resting place for 
life. But to become professor in a lycée one must have ` 
passed the agrégation, which presupposes the licence. Let us 
consider these three examinations as far as they concern 


"fle Licence. Up to 1896 there were three sorts of licence, 
. viz.: licence ès sciences mathématiques, licence ta sciences 
physiques, licence ès sciences naturelles. Since then the program 
has been changed. Besides the 9 mathematical subjects we 
mentioned above, the Faculté des sciences gives instruction in 
9 more, chemistry, zodlogy, etc. A certificate of licence ès 
sciences without other qualification in the title, but with men- 
tion of the subjects passed on in the text of the diploma, is 
now given to any one who has passed exaininations on 3 of 
these 18 subjects. The examinations on the different sub- 
jects are taken at will; each examination successfully 
passed entitles the student to a certificat for that subject. 
The examinations are written and oral. The written ex- 
aminations consist of two parts, an épreuve écrite and an 
épreuve pratique; each lasts about four hours. The first of 
these two written examinations is more theoretical and ab- 
stract, the second is generally a numerical example with 
extensive calculations. The oral examination is held before 
a jury of three professors and lasts 15-20 minutes. 

Doctorat ès Sciences Mathématiques. There is no title of doc- 
tor of philosophy in France. As already mentioned, the 
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German philosophical faculty is represented in France by 
the faculty of letters and the faculty of sciences. The first 
gives the title docteur és lettres; the second faculty gives three 
. titles, docteur ès sciences mathématiques, docteur ès sciences physi- 
ques, docteur es sciences naturelles. We are, of course, inter- 
ested only in the doctorate of mathematical sciences. This 
requires the licence es sciences with mention of calcul différ- 
entiel et integral, mécanique rationelle, and a third certificate 
at the choice of the candidate. In addition a thèse is re- 
quired, which must contain original discoveries or present 
the subject in an original manner. The size of these théses 
averages 50-60 quarto pages, and their quality—so far as 
the University of Paris goes, and most of the mathematical 
doctorates are taken here—is considerably superior to that 
of the German dissertation. 

Remark that the French desire to maintain the exclusive- 
ness of the doctor title. For ten to fifteen years the quality 
of the théses has been slowly rising, so that now only asmall 
part of the German dissertations would be accepted at Paris. 
At the same time the thèses are written much more inde- 
pendently than is usualin Germany. Itis not considered 
good form in Paris to consult the Professor for assistance. 
A student who is not independent enough to carry on his 

"work without more than the slightest aid has very little 
chance of a university career. 

Besides this thèse, there is a seconde thzse on a subject as- 
signed by the faculty, which is generally one that the can- 
didate has an interest in but which is not in the line of the 
principal thése. There is no rigorosum in the German sense 
and no promotion at all. Everything turns on the princi- 
pal thèse. If this contains sufficient original work it is 
admitted and permission given to publish it. Of late years 
no thàse has been accepted at Paris which has not been pub- 
lished. Although there is no rigorosum, there is still an 
oral examination. This is the soutenance publique of the two 
théses. It is a very solemn affair, the examiners appearing 
in great state. As far asthe principal thesis is concerned, it ` 
is a mere form. In regard to the second thesis it is really ` 
a mild kind of oral examination. The candidate is expected 
to have prepared the second subject sufficiently well to be 
able to answer benevolent questions. 

The Agrégation. Unlike the baccalauréat, the licence, and 
the doctorate, the: agrégation is & competitive examination. 
Each year the number of candidates who will be received is 
determined in advance by the minister of public instruction, 
in accordance with the needs of the lycées. For the sciences 
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mathématiques it is at present about 7 or 8 each year; the 
number of candidates is about 100. For the doctorate in 
mathematics we said the licence must mention 3 certificats ; 
for the agrégation it must mention 4—the extra certificate 
being the physique générale. Also the certificate at the option 
of the candidate must be in mathematics. Usually at Paris 
it is Darboux’s course on higher geometry. The courses 
of Picard and Poincaré, being of very elevated nature, are. 
chosen less frequently. To pass the agrégation the student 
usually spends at least three years, and as follows: Each 
of the first two years he employs in passing two-of the four 
certificats. Having these off his hands, he turns his whole 
attention to preparing for the agrégation proper. This ex- 
amination is the most severe that I have any knowledge of, 
and is worthy of some detail. Remark first that it is an 
examination whose object is to choose among the candidates 
those: best fitted to teach in the lycées. The examinations 
thus turn largely on the subjects there taught. They con- 
sist, as almost all examinations in France do, of two parts ; 
a written and an oral part. The first two written examina- 
tions take questions from subjects taught in the classe de 
mathématiques élémentaires and the classe spéciale. The 
two following examinations which are based on the courses 
-heard at the university are: 1? Composition sur l’analyse et 
ses applications géométriques.. This usually involves the theory 
of partial differential equations and differential geometry of 
space, 2° Composition de mécanique rationelle. Each of these 
four examinations lasts 7 hours. The papers are the same for ` 
all France. Those that reach a sufficiently high standard 
are called admissible, and these, if living in the provinces, 
must go to Paris, where the final competition is held. Here 
the examinations consist of two parts. First, two new com- 
positions and, secondly two legons. The compositions con- 
sist of the solution of a problem in descriptive geometry, 
and the solution of a problem in analysis requiring nu- 
merical calculation. These two last each four hours. The 
two legons treat of subjects taught in the classe élémen- 

. taire and classe spéciale and take place as follows: The can- ' 
didate draws by lot óne question among 25. For the leçon on 
mathématiques élémentaires he has three hours, for the legon 
on mathématiques spéciales four hours to think over how 
he will present the subject of the leçon. They have no books 
to assist them. They appear individually before the jury 
and give the leçons as if before a classin the lycée. The ex- 
aminations last- at most an hour each. Some unfortunates 
are cut down before they have talked ten minutes. 
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We note the differences between the examination of the 
doctorate and agrégation. The first tests exclusively the 
‘originality of the candidate, the second his ability as a 
teacher in a lycée. The second is competitive, because it 
gives the successful candidate the right to demand a place 
as professor in a lycée ; the first is not, because it gives him 
no right to teach anywhere. Among the candidates who 
were admissible but not successful are chosen the chargés du 
cours and occupants of other inferior positions in the lycées. 


The Collège de France. 


This institution is independent of the university and has 
some 40 chairs, whose occupants are among the most dis- 
tinguished savants of France. For us, only the four fol- 
lowing chairs are of interest. 

Mécanique analytique and pue Lévy (Hadamard, 
suppléant). 

Mathématiques ` Jordan. 

Physique générale and mathématique ; Bertrand (Deprez, 

- suppléant). ` 

Physique générale and expérimentale ; Mascart. . 

The courses at the Collége de France are free to all; any 
one can enter a lecture and leave it when he chooses. The 
audiences in some courses are very mixed. Retired petty 
merchants, and amiable old ladies who seek a small diver- 
gion at no expense are not infrequent visitors. Many of 
these promptly begin to nod. They cannot well fall quite ' 
asleep, as the authorities have taken care to provide 
benches without backs. Even for those who have no 
desire to slumber, this is a serious discomfort. For the first 
time in my life I experienced how painful it is to sitan hour 
with nothing in front or behind to rest against. Fortu- 
nately for us mathematicians; our subjects are too esoteric 
to attract this kind of audience. The duties of the professors 
I have mentioned are simply to ; to lecture. Théy do not 
come in contact with the student by directing his work or 
subjecting it to examination. All attendance is voluntary 
and no official recognition is given for it. Where these 
chairs are held by strong and enthusiastic men, the lectures 
given at the Collége de France can become sources of the 
highest inspiration. 


The Ecole Normale Supérieure. 


The object of this school is to form the future professors 
‘of the lycées and universities, by supplementing the in- 
struction they receive at the Sorbonne and the Collége de 
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France. Asatthe École Polytechnique, its élèves live at the 
school asinternes. The Ecole falls into two distinct depart- 
ments, science and letters. Only the first interests us. 
The present year 166 candidates presented themselves for 
admission to the department of science; only’ 13 can be 
received yearly. Of these generally from 7 to 9 intend to 
study the mathematical sciences. The éléves in mathe- 
matics spend three years at the school preparing for the 
agrégation. The plan of study is as follows: During the 
first year they usually attend Goursat’s course at the Sor- 
bonne on the calculus and Lippmann’s and Bouty’s 
course on physics,. taking at the end of the year the exami- 
nations for these two certificates. At the Ecole, during this 
year, they attend each week a conference by Tannery 
‘and one by either Painlevé or Borel. These last each 
an hour and a half. They are like the conferences given at 
the: Sorbonne, elucidating the topics the élèves have heard 
there and exercising them in the solution of problems. 
Problems are given also to the élèves to work out of class 
and these are then criticised by the professor before the 
whole class. In the second year the two remaining certifi- 
cates are taken, viz. the mécanique rationelle by Appell 
and usually the géométrie supérieure by Darboux. For 
the first of these Painlevé gives conferences at the 
Ecole; for the second, Raffy. During the third year 
the éléves attend what courses they choose at the Sorbonne 

. or the Collége de France. At the École they are drilled in 
giving leçons preparatory to the agrégation : on algebra 
by Tannery, on analytic geometry by Borel, on ana- 

lysis by Painlevé. Élèves of the second and ‘third year 
also hear courses of an advanced nature given by Pain- 
levé and Borel. Last year they were on the theory of qif- 
ferential equations and ensembles, subjects to which these 
young savants have made important contributions. 

The training the éléves receive at this school is thus 
a happy mixture of theory and practice. To judge of its 
efficacy I have only to remark that of the100 candidates 
in mathematics at the'agrégation 7 or 8 are Normaliens. Of 
the 7 or 8 who succeed in this terrific competition, all but 
one or two are again Normaliens. 

Let me add that I should do these éléves a grave injustice 
if I left the impression on the reader that their efforts are 
bent exclusively to preparing for their examinations. Many 

' of them find time to make extensive studies and researches, 
often the commencement of & doctor's thése, in regions re- 
“mote from their examinations. 
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A few words on the life at the École. The building itself 
makes the impressión of a fine old palace in renaissance 
style, with beautiful court yard, fountain, trees, flower beds. 
‘Around its walls are busts of distinguished savants and 
anciens élèves. Instruction gnd.pension are gratuitous 
for those who afte tae The life at the school 
must be very pleasant and profitable. Living and studying 
here together for three years, surrounded by a quiet and 
studious atmosphere rendered more effective by the distin- 
guished past of the school, subject to the stimulating influ- 
ence of a generous rivalry among themselves, and enjoying 
daily and intimate intercourse with their professors, there 
éléves, the pick of France, certainly have ideal opportunities 
to unfold their latent talents. ‘The genius of the place as far 
as mathematics is concerned is the directeur des études scien- 
tifiques, M. Tannery. The affectionate respect and gratitude 
which the éléves cherish for him long after leaving the 
school is very touching. If we seek the two men whose 
influence has been most inspiringly and profoundly felt by, 
the present younger generation of mathematicians in France! 
we certainly would mention without hesitation Hermite 
and Jules Tannery. It is a pleasure to note that the privi- ` 
leges of this celebrated place of learning are open to Amer- 
ican students, either in part or even as internes. In the 
latter case.the pension would be 1200 francs a year. Fora 
student of limited means, but of: distinguished talents, this 
is an opportunity of great value. 





The Ecole Polytechnique. 


Until recent years, this school was famous not only for 
the great engineers it produced but also for its brilliant 
mathematicians. Cauchy, Poncelet, Lamé, Liouville, 
Chasles, Serret, Halphen, Laguerre, Jordan, Hermite, and 
Poincaré, not to mention a host of other celebrated mathe- 
maticians, were all trained here. But the demands made 
on an engineer to-day are so great that it is impossible to 

give the éléves more than a glimpse of modern mathematics. 
The: ‘spirit of the place has changed in accordance with this 


GE 


fact. An élève who has mathematical tastés on entering finds. 


them discouraged rather than encouraged by his stay at this 
school. Instead then, of being & great breeding place for 
d as it was during the first half of this cen- 


tury, it has now sunk into insignificance in this respect. I 


i 
\ 
| 


| 


should not devote much space to this school, therefore, if it ; 


were not that it still exercises on the élite of the French 


‘ 
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youth a truly remarkable fascination, which produces this 
curious and as it Seems to me unfortunate change in the 
destinies of so many of the young men we have been follow- 
ing. We have seen namely that the éléves of the classe de 
mathématiques spéciales who propose to follow a mathe- 
matical career present themselves not.only at the Ecole 
Normale but also at the Ecole Polytechnique. Those who 
succeed at the École Normale become mathematicians, the 
remainder have their plans of life changed completely, for 
statistics show that only an insignificant per cent. of the 
/ lélàves of the Ecole Polytechnique follow the mathematical 
V jqeareer. Observe too that since only 7 or 8 can possibly 
‘enter the École Normale, by far the larger part of the suc- 
cessful candidates of each year must needs enter the Ecole 
Polytechnique. The result of this system, so it seems to 
me, is that France. loses many a good mathematician and. 
receives in lieu a relatively poor enginéer or officer. 
“The élèves remain at the school only two years. Instruc- 
tion in mathematics is given during both these years, but 
not continuously. During 3-34 months each year, the 
élèves have 3 lectures a week each lasting 14 hours. The 
professors are Jordan and Humbert. ‘The lectures are 
supplemented by répétiteurs who are often mathematicians 
' of high distinction. At the present moment we find here 
Appell, Goursat, Koenigs, and Painlevé. At the same. time 
I must add bowever that the practical drill the éléves re- 
ceive is inferior to that given at the Sorbonne,not to mention 
the Ecole Normale where it reaches its highest excellence. 
We have seen how strong the attraction is which these 
two Ecoles exercise on the French youth; that ingtead of 
entering the university on passing the baccalauréat as is 
done elsewhere, they seek to enter these schools. The 
reason for this is not difficult to find. In France the strug- 
gle for existence is severe. The École Polytechnique offers 
all its graduates a career which is at once rapid, brilliant, 
and certain. The Ecole Normale assures its graduates at 
least a professorship in a lycée and prepares its éléves for 
this or for a university career better and more rapidly than 
the university can do it. 





Closing Remarks on the French System of Mathematical Instruction. 


Before leaving the subject of mathematical instruction 

let me note the difference between the attitude of mind of 

» the French and the German student while preparing for his: 
career as a mathematician. The German university re- 


D 
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quires 8 semesters to prepare for the doctorate. As there 
are no examinations till the close, the German student is 
free to roam about not only in mathematics but in physics, 


philosophy, history, etc. In fact a part of the rigorosum re- , 


quires a knowledge of philosophic studies. At the close, 
the examinations, which are oral, aim notso much at specific 
encyclopedic knowledge as a largeness of view and maturity 
of judgment. As. we Americans have so often heard at 
Commers, Frei ist der Bursch £ In France, on the other hand, 
from the moment the élève leaves the classe de rhétorique, 


i. e., from 16 years onward, he has an examination before him: 


at every turn. The plans of his studies are very largely 
marked out for him; care is constantly taken to see he 
makes no lost steps and that he is properly prepared to pass 
his examinations. The university and the Ecole Normale 
make the impression of a great institution wonderfully ar- 
ranged to turn out a certain product, in a certain amount, 
in & certain degreoe.of excellence, with the least loss of time 
and energy. The: Gollége de France is the only seat of 
learning which reminds us of the an university, both 
in Tegürd io its indifference whether the seeds scat, 
tered abroad with lavish hand bring forth fruit, and in re- 
spect to the liberty of its professors to teach what they 
choose and of the student to learn what he wil. While 
, making objectively these observations I wish to refrain from 

- passing any judgment as to which scheme is the better. 
Indeed, can we rightfully say more than that each seems 
best adapted to the needs and temperament of its people? 
Remark finally that there is to-day a tendency in Germany 
in official circles to restrict the Lern- und Lehr-Freiheit, how- 
ever one may be unwilling to confess it. On the other 
hand strenuous efforts are being made in France to increase 
the number of cours libres which shall be quite independent 
of the demands of any examination. 


CAREER. 
We have seen how France trains its mathematicians. The 


t en E- MM 


question we now ask is, what are the inducements it offers - 


young men to follow this career? This question is one of 
no mean importance if we are looking for the causes which 
make & country eminent for the steady growth in volume 
and quality of its output in a science. Because, if the 
career is slow and arduous, if it offers slight chances of re- 
ward in comparison with other professions or with com- 
merce, it is eyident that many of the best minds will be dis- 
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couraged from entering it. "This question has also ite lesson 
for us. If we wish American mathematics to take a place . 
alongside that of France, Germany, and Italy, we must look 
to it that the conditions under which the American mathe- 
matician has to work compare favorably with those which 
surround his colleague abroad. 

We observe in the first place that the position of a young 
doctor in mathematics is much better in France than in 
Germany. In Germany the young Privat-docent may be 28 
or 30 before receiving an ausserordentliche Professur. Until 
this time his salary is practically nothing. In France the 
young doctor who is Agrégé may enter a lycée as professor 
in mathematics, if "no place as maitre de conférences in a 
university is available. Here the lowest salary for Paris is 
5,600 franes, the highest 9,000. Promotion takes place, 1° 
by choice, 2° according to time in the service. From the 
sixth, i. e., the lowest class in rank, to the third the num: 
ber of those that can be advanced each year by choice is 
equal to that of those that are advanced by ancienneté, For 
the second and first classes, two advancements can be made 
by choice to one by ancienneté. Advance of those hors 
classe (a vanishing number) is exclusively by choice. The 
advancements are made December 31 each year, and : 
take place so that there are always 20 per cent. in the sixth 
class and respectively 18, 18, 16, 14, 14 per cent. in the 
others. Theadvantage of thisschemeis obvious. It leaves 
plenty of room to encourage unusual talent to exert itself ; 
atthe same time it does not dishearten the others from doing 
their duty with enthusiasm. The chargés du cours, i. e., 
those who did not succeed in the agrégation receive from 
2,800 to 4,800 francs. The number of hours a professor 
has to teach in a lycée varies from 12 to 14 a week. The 
remainder of the time is strictly his own. 

The majority of young doctors of promise prefer not to 
avail themselves of the lycées, and generally it is not long 
that they have to wait for a position ag maitre de conférences 
at_a university. At Paris the salary for such i position 
ranges js from 000 to 7000 francs. For this the incumbent 


- gives two conferences & week, each lasting 14 hours. This 


may well seem munificent ; for he not only has abundant 
time to carry on his own researches but has also ample 
means to live well. It often happens that a young man 
Gteupies other positions, as an examinateur, or répétiteur, or 
suppléant at one of the numerous other institutions of learn- 
ing at Paris. 

At the age of 30 à young maitre de conférences may be 
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made professeur. This however rarely happens now. The 
number of chairs is not large and promotion is not rapid 
by any means. This is offset by the relatively large sala- 
ries and by the fact that the occupants are often active in 
‘other capacities, as just mentioned. In Paris the e salary of 
a professor ie from 12000 to 15000 francs. In the provin- 
ces it varies from to 1100 he professor is expected 
to give but one course of lectures, viz., the course his chair 
calls for. These take place twice a week and last from one 
to one and one-half hours. "Those courses, which are re- 
peated each year, require but little preparation and hence 
but little labor. On the other hand the stimulating effect 
which is exercised on the mind of the professor when lec- 
turing on subjects which are interesting him is altogether 
wanting. The number of hours a professor has to lecture 
seems to us magnificently small. Even in Germany it.is 
not strange to see an grdentlicher Professor lecture 6 hours 
a week and even have in addition 2 hours Seminarübuüngen. 
Let me give here for comparison the salaries German pro- 
fessors receive. In Berlin these are: Professor ordinarius, 
5700 Marks and 100 Marks increase each four years, till 
after 24 years the maximum salary of 8100 Marks is reached ; 
Professor extraordinarius 3300 Marks with additions as before 
till a maximum of 5700 Marks is attained. 

In other Prussian universities the salaries are respectively 
for full professor 4000 to 6000 Marks ; for assistant professor 


2000 to 4000 Marks. In addition there is here a Wohnungs- 1 


geldzuschuss, which varies from case to case, but which may. 
roughly be put at 500 Marks. 
One feature of the life of a French university professor is 


——— 


certainly v disagreeable and wearisome; we mean the’ 


great number of examinations he is obliged 1 to hold. In the 
last report of the Doyen of the Faculté des Sciences at Paris, 
we read that its professors attended 9,946 examinations. 
Of these, 8,485 were those for the baccalauréat. From July 1 
to August 15, 4nd November 1-10, the time of the pro- 
fessor is more or less broken into. To indicate roughly 
the extent, I would say that on an average a professor may 
` expect to be called on to assist at 12 examinations of bacca- 
lauréat, which consume, taking into account the time spent 
in marking the compositions, five hourseach. Besides this, 
one may calculate on 20 examinations for certificates, of 
one hour each. In all 80 hours. 
In spite of these losses, I think the French professor has 
much more leisure for research and publication than his 
| German colleague. At any rate, we Americans have a les- 
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son to learn. How many of our professors have from 10 to 
12 hours a week to teach, besides faculty meetings, commit- 
tee meetings, and examinations in harassing multitude! At 
the present moment our universities for the first two years 
are gymnasia or lycées, and our professors are tied down to 
a régime which is proper to secondary instruction. At the 
same time most of us are expected to be conversant with the 
latest phases of our science and to advance it by our own 
researches, This anomalous state of affairs is certainly 
"transitional. Some way, the problem must be solved how 
to retain all the excellencies of our collegé life, which in my 
mind is one of the pearls of our American civilization, and 
at the same time create an environment for certain men of’ 
talent-which is conducive to the highest scientific activity. 


TI. . 
Taos AMERICAN STUDENT op MATHEMATIOS AT PARIS. 


In sketching the instruction given in mathematics at the 
Sorbonne, the Collage de France, and the Ecole Normale, I 
have indicated at the same time what the American student 
may get here. I wish now to give more specific informa- . 
tion on certain points. What are exactly the advantages 
and attractions which might induce an American to study 
in Paris? 

To begin with, there is Paris and the French people them- 
selves. To live in Paris as a serious student is an educa- 
tion in itself. Thereis, in the first place, the wealth of his- ` 
toric associations. Paris is saturated with ‘the spirit of 
bygone days which to the attentive and loving eye is mani- 

` fest on every side. Its galleries, churches, palaces, public 
squares, the Seine, St. Cloud, Versailles, Fontainebleau 
cause many a page of history to flash out before the mind’s 
eye with startling vividness. Then there is the spirit of the 
language to learn, and the customs and points of view of 
those that use it. Some insight gained in this respect, 
French literature takes on new meanings and presents fresh 
beauties. But itis impossible to go into detail here ; the 
Thé&tre-Frangais, the Opéra, the Salon, its fétes and exhi- 
bitions, a hundred influences are constantly at work to 
refine and educate if one is so disposed. 

Turn now to the ee side. An American stu- 
dent who intends to spend a year here, and since the courses 
run with a few exceptions through the whole year it is ad- 
visable-to calculate on at least a year, will do well to come to 
Paris as early as possiblein June. As the lectures close here 
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from the 10th to the 15th of June, he cannot count on hear- 
ing anything at this stage; the examinations however keep 
the university open until-well into August and many of the 
professors are still in town. He can thus look around and 
prepare for autumn. If he has no friends here, he will do 
well to visit the bureau of the Comité de patronage des 

étudiants étrangers, directed by the university. Here he 
will find some one who talks English and who will give him 
valuable information regarding the university, lodgings, 
etc. There are several clubs which he can join, and at this 
bureau he can get letters of introduction to them. I men- 
tion the Club Americain, the Cercle des étudiants protestants, 
the Association générale des étudiants. In these places he will 
be well received, will soon get acquainted and begin to feel 
at home. 

Many students will prefer not to stay in Paris after this 
first orientation. The weather is very hot and life is not 
pleasant or healthful bere in the summer months. It will 
be well, then, to go to a university town like Grenoble or 
Geneva. Here the Alps are at one’s very door and the ex- 
cursions they offer ‘are without end. Generally speaking 
the American student, while able to read French fluently, 
cannot speak it or understand it well when spoken. The 
summer should be devoted to acquiring proficiency in this 
respect. At Grenoble and Geneva as well as at Paris, sum- 
mer courses are given under high auspices and by profes- 

.Bors of the university and lycées on French language, litera- 
ture, art and history, supplemented by practical exercises of 
a most valuable kind. These should be frequented. The 
fees are insignificant. 

The university opens November 8d; it is well to re- 
turn some, time before to engage lodgings. Here two 
courses are open to the American; either he can engage 
rooms in a hôtel meublé or take pension. The latter seems 
preferable. The habit in Germany of obtaining rooms or 
pension in private families who have one or two chambers 
to let is not usual in the quarter about the Sorbonne. 

: Rooms can be had from 30 francs a month up. It is well, 

however, to count on paying from 40 to 50. Good pension, 
room and board, can be had for 200 francs a month. The 
prices, we observe, are a little higher than in Berlin. . Still, 
on 600 or 700 dollars a year a student can live nicely i in 
Paris, spending the summers elsewhere. | 
The formality of matriculation is quite as simple as in 

Germany. It is well to bring & passport and the diploma 

received at college. If one wishes to take his doctorate in 
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mathematics here, he has an advantage not procurable at the 
German universities ; for, as already observed, no Latin or 
Greek is necessary forthis. In regard to the courses he will 
wish to take ; this to be sure depends on what he has already 
had. It is safe tosay he will want to take, at the Sorbonne 
the courses of Darboux, Poincaré, and Picard; at the Collége 
de France, those of Jordan and Hadamard; at the École Nor- 
male those of Tannery, Painlevé, and Borel. The courses 
at the Collége de France being altogether public, there is no 
formality of inscription. To attend courses at the Ecole 
Normale it suffices to present oneself to M. Tannery. Be- 
sides these cours magistraux, the American student will de- 
rive exceptional benefit from taking part in the confer- 
ences (Seminarübungen) directed by Puiseux, Andoyer, 
Raffy, and Hadamard at the Sorbonne, and by Tan- 
nery, Painlevé, and Borel at the Ecole Normale. At the 
start he will find himself very inferior to his French com- 
rades, as is natural when we consider how long they have 
been trained in this rude exercise. But in my estimation, 
this training is of utmost value. It is, perhaps, the most 
characteristic feature of the French system and should not 
under any circumstances be neglected. 

Besides these courses in mathematics there are numerous 
courses in mathematical physics and allied subjects which 
I have not room to mention. Finally, I must call attention 
to the courses on history, philosophy, literature, ete., given 
in the Faculté des lettres by some of France’s most distin- 
guished savants. To attend these lectures it is necessary 
to be inscribed in this faculté; but this is a mere form and 

.involves no additional expense. 

Icome now to the last point, but also a most essential 
one. How is an American student to obtain the doctorate. 
At present there are two: the doctorat de D État and the 
doctorat de V Université de Paris. The first has always been 
available, the second was created in 1898 by virtue of a law 
passed the year before, authorizing all universities to create 
a university doctorate. I believe only Paris has availed 
itself of this privilege up to the present. Consider the re- 
quirements fot the doctorat de l'État. In the first place, 
the American student must have a B.A. or a B.S. to offer 
as an equivalent of the baccalauréat. To have this accepted, 
special permission, which will always be granted to a worthy 
candidate, must be obtained from the minister of public 
instruction. Next he must pass the licence with mention of 
calculus, mechanics, and a third certificate at will. To pass 
these three examinations the American student will find it 
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necessary to frequent with assiduity the conferences, in order 
to acquire the dexterity necessary to solve the searching 
questions of these written examinations. Finally, there are 
the two theses already mentioned. As observed above, the 
principal thesisis ordinarily worked out quite independently 
by French students. For American students this is not 
necessary. ‘They will find the professors under whom their 
work falls quite as ready to talk it over with them and to 
offer, suggestions as in Germany. 

Turn now to the doctorate of the university. Here the 
conditions are the same, except that two instead of three 
certificates are required. There is no question that the ordi- 

.nary American student who takes his doctorate in two years 
in Germany could satisfy the requirements for the doctorate 
of the university of Paris in the same time; and as to their 
value as testimonials of work accomplished, I see no dif- 
ference. 

In closing this article I wish to express my thanks to all 
the gentlemen, too numerous to mention here, who by their 
courteous and kind attentions assisted me in procuring the 
materials for it. My gratitude is due in a particular meas- 
ure to M. Paul Painlevé. 


PARIS, July, 1899. 


APPLIED MATHEMATICS. 


Cinématique et Mécanismes, Potentiel et Mécanique des Fluides. 
Cours professé à la Sorbonne. Par H. Pornoare. Paris, 
Carré et Naud, 1899. 385 pp. 


Tus certificates granted at the Sorbonne for proficiency in 
mechanics require the study of a certain programme of sub- 
jects—amongst others, those on the title page of this volume. 
The somewhat curious mixture is probably accounted for by 
the fact that the students who attend these lectures desire 
to obtain only a certain degree of information and that in 
as short & time as possible. To treat four subjects in ap- 
plied mathematics, within, the compass of a single volume 
is of course impossible, if an adequate account of each is 
to be given. Nevertheless, M. Poincaré has, on the whole, 
succeeded in setting forth the main ideas of all of them, and 
his treatise thoroughly studied will probably fulfil the pur- 
pose which it is intended to serve. 
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` The first chapter on kinematics contains the usual inves- 
tigations of expressions for the motion of & point. As ex- 
amples, the radii of curvature of a helix and of an ellipse are 
found directly from thé dynamical formule. In the next 
chapter we are given the general kinematics of an invariable 
figure sliding on a plane. The lecturer goes to the root of 
the matter by considering the loci of the instantaneous center 
on the fixed and moving planes; the motion is obtained by 
rolling one of these curves on the other. The former locus 
is called the base and the latter the roulette, and M. Poin- 
- caré justifies the latter term by the property just mentioned. 
The name is somewhat unfortunate, as it is usually applied 


E to the locus of a carried point and not to the rolling curve. 


Several examples are given, including the well known ones 
of the epi- and hypocycloids. The chapter is really one on 
geometry and the subject is treated as it.should be treated, 
not as a part of the science of motion with the time element 
present, but as a purely geometrical science of motion. 

The next stage is the motion of a body about a fixed point. 
As with the plane motion just treated, this can also be re- 
duced to the rolling of one curve on another ; but here the 
fixed and moving curves lie on a sphere with the fixed point 
as center. Hence, many-of the propositions for plane 
curves ean be applied to this extended case. In particular, 
spherical epicycloidal motion is of interest. 

When the solid rotates about an axis and has a transla- 
tion along the axis, we obtain helicoidal or screw motion. 
In the general case of the motion of a solid body, it is al- 
ways possible and generally necessary to divide up the mo- 
tion into a translation and arotation. But the instantaneous 
motion can always be considered to be à uniform ‘‘screw’’ 
and the investigation thus becomes much simplified. The ` 
motion may also be considered as made up of two simul- 
taneous rotations about two axes which do not meet, and 
the varying positions of these two straight linés as the solid 
moves constitute the main factor in determining its motion. 
A short chapter on relative motion and the theorem of Cori- ' 
olis concludes this portion of the subject. 

Under the heading ‘‘ Mécanismes ” M. Poincaré treats-the 
geometrical aspects of machines for transmitting motion. 
The principal problems to be solved are the transformations 
of continuous or alternating circular motion into continuous 
or alternating circular or rectilinear motion.’ The machines 
for this purpose can be generally divided into two classes— 
transmission by hinged bars and that by continuous contact. - 
The geometrical problem to be solved in the latter case is 
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this :—Knowing the motion of both parts and the form of 
one part, to find that of the other. Since the parts are in 
contact, the problem reduces to the discovery of the contour 
of the second part. This is obtained by finding the envelope 
of the successive positions of one part as seen by an observer 
rigidly attached to the.other. It is thus merely a problem 
in geometry or rather in kinematics. In most cases where 
toothed wheels are not present the problem is quite simple 
and is easily solved as soon as the two motions are given. 
But when wheels with teeth are used we have to determine 
the form to be given to the teeth, and further, the form most 
effective for the particular machine to which they belong. 
M. Poincaré goes into those points with some detail. He 
discusses the simplest case of two wheels of different diam- 
eters and in the same plane, by means of the work in the 
earlier chapters, especially that on epicycloidal motion. 
Then follow more complicated cases, including those where 
the wheels are notin the same plane. Finally several pages 
are devoted to eccentrics and other forms of transmission. 

The chapters on potential are excellent. The earlier part 
is perhaps a little condensed, but it contains all that is . 
necessary. Then follow Green’s theorem and many appli- 
cations ; and the final chapter ig one on the attraction of an 
ellipsoid, where full use is made of the theorems tending to 
shorten what may be'a long and troublesome piece of 
analysis. 

' Yn hydrostatics, after the usual preliminaries, most of the 
investigations are concerned with the action of liquids under 
gravity only. A complete solution of the barometric formula 
connecting the difference of height of two places with the 
difference of the barometric readings is given, with numerical 
results. M. Poincaré then deals with the metacenter of a 
floating body, which again gives him an opportunity to.pro- 
ceed mainly by geometrical methods, and of this he takes 
full advantage. 

The chapter on hydrodynamics is rather out of proportion 
in its various parts. One would hardly think that the pur- 
pose of the teacher is achieved when wave motion is confined 
to one short article and the theory of vortices is gone into 
with some detail In fact, there are 14 pages in which the 
general equations are briefly discussed, 7 pages on the efflux 
of liquids from a containing vessel, 4 pages on small move- 
ments of liquids (waves), 25 pages on vortices. Then fol- 
low 9 pages on the motion of a solid in a liquid, most of 
which are taken up with the problem of the mutual effect 
of two pulsating spheres. But if doubt is expressed as to 
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the reasonableness of M. Poincaré’s exclusion or insertion 
of matter, none can be entertained of the excellence of -his 
manner of exposition. Without long circumlocutions and 
yet with comparatively few symbols, he gets right into the 
heart of the problems he is discussing + it may be that he has 
chosen them from this point of view. No better example 
of his method can be furnished than the way he reaches the 
action of two rectilinear vortices on one another. The read- 
ing of this will appeal strongly to the student and whet his 


` appetite for more information. In all the hydrodynamical 


part—and, indeed, in the rest of the book—practically the 
only results of an at all advanced. nature that a student 
needs are those deduced from Green's theorem. But these 
have already been .dealt with in the chapters on potential. 
An instructor who wishes to give a short course on hydro- 
dynamics can hardly have a better model for the details than: 
this chapter, and he will not find it difficult to add to it the 
portions which are necessary in order that his hearers may 
obtain a general idea of the problems which arise in the 
subject. : 
Ernest W. Brown. 


SHORTER NOTICES. 


Annuaire pour D An 1900, publié par le Bureau des Longitudes. 

Paris, Gauthier-Villars. 

Tas handy little volume, brought out for popular and 
professional use, is as-usual improved by the addition of new 
matter, the omission of portions of no special value, and 
the alteration of details here and there. Among the addi- 
tions may be noticed tables of the right ascension of the 
sun at mean noon and of the right ascension, declination, 
and parallax of the moon, together with some auxiliary astro- 
nomical tables. The magnetic elements for the principal 
towns in France have been brought down to January 1, 


.1900. In the ‘‘ Notices,” M. Janssen gives his annual re- 


port of the work done at the observatory on the summit of 
"Mont Blanc ; he also contributes a note on the use of bal- 
loons for astronomical purposes. M. Lippmann describes. 
briefly but clearly the discovery and main properties of the 
newly found atmospheric gases. The longest article is on the 
theory and construction of dynamos, and this deserves special 
mention. Asis usual with French writers, M. Cornu be- 
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gins at the beginning, by explaining what is meant by a field 
of force, and then gradually leads the reader up to a clear 
comprehension of the principles used in the actual construc- 
tion of & dynamo. He promises to resume this subject 
ina future notice. Finally, the speeches of MM. Bassot, 
Poincaré, and Loewy at the unveiling of the monument to 
Tisserand are printed in full, M. Poincaré giving a short 
account of the services rendered by Tisserand in the domain 
of celestial mechanics. 

One important change, which itis hoped may become uni- 
versal, has been made—that of reckoning the day from mid- 
night to midnight, and numbering the hours from 0 to 24. 
Thisis already adopted in some European railway time tables. 
The great convenience of this plan will probably induce the 
editors of official publications, such as the Nautical Alma- 
nacs, to adopt it at a not very distant date. 

Ernest W. Brown. 


Elements of Precise Surveying and Geodesy. By MANSFIELD 
Mergan. New York, John Wiley & Sons,1899. 261 pp. 
Prorgsson MeRnIMAN'S latest work will be found to be of 

considerable value to one who wishes to become a practising 

Bürveyor and may be said to be almost indispensable to a 

, candidate for a post on the Coast and Geodetic Survey. In 

the government service operations are frequently on a 

much larger scale than in private practice, and the work 

culminates in the measurement of a meridian arc—a process 
requiring extreme care to obtain the accuracy demanded 
today. 

There are eleven chapters, the titles of which will suffi- 
ciently indicate the scope of the work. They are: least 
squares, precise plane triangulation, base lines, leveling, 
astronomical work, spherical geodesy, spheroidal geodesy, 
geodetic coordinates and projections, geodetic triangula- 
tion, figure of the earth, tables. In these not only are 
the ‘mathematical parts ‘of the eubject fully and clearly 
set forth, but the practical details, so necessary for success- 
ful results are so described that the reader may recognize 
their relative importance. On page 8, however, a remark 
is made which is somewhat dangerous for a beginner, namely, 
that observations affected with mistakes must be rejected. 
A ' mistake?" should be very clearly defined. It is true 
that this remark is qualified by a fuller statement on pp. 44, 
45, but a warning should be inserted then and there that 
this rejection must never take place without very good 
cause. Much astronomical work has been looked on with 
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suspicion where its authors have rejected.doubtful observa- 
tions. Professor Mérriman recommends that negative 
characteristics for logarithms should be used.in computa- 
tions. This is largely a matter of custom ; most computers 
prefer the use of positive characteristics, inserting —10 
when there is likely to be any doubt. 

One of the most interesting chapters is that on spherical - 
geodesy, containing a short historical account of the mea- 
surement of meridian arcs and the gradual approach to our 
present knowledge of the form and dimensions of the earth’s 
surface. The whole work is fully illustrated by solved 
problems, and the references to government reports and 
other works on allied subjects will enable the reader to ob- 
tain everything necessary for understanding ‘every part of 
the subject. ' 

Ernest W. Brown. 


Premiers Principes de Géométrie Modena: Par EgwEsr Du- 
POROQ. Paris, Gauthier-Villars, 1899. vii + 160 pp. 
Tus useful book is intended to give to students who have 

some acquaintance with analytic geometry, a liking for the 

purely geometric point of view. It is not a work on pure 
` geometry as a self-contained science freed from arithmetic ; 
for instance, the notion of imaginary points is sketched in 
the preliminary chapter from the historic algebraic stand- 
point. A purist (say von Standt) would energetically op- 
pose such statements as: ‘‘ Le point * * * ne représente 
rien de géométrique lorsqu’il est imaginaire’’ (p. 9); and 
would proceed, at any cost, to give & geometric meaning to 

' & point however imaginary. 

The book takes, then, a middle path. The ground won : 
by the application of algebra to geometry shall be handled 
geometrically whenever convenient. That it is very fre- 
quently convenient is to be shown, in a way that shall 
strengthen the geometric sense. For the cultivation of the 
geometric sense is & very important * aim of a mathematical 
course, toward which algebraic methods contribute little. 

‘The ground to be covered is that of the simpler trans- 
formations, viz., homography, correlation, inversion, quad- 
ratic transfor mation ofa plane, Lie's transformation of lines 
into spheres. 

The body of the book (Chapters I.-V.) is devoted to ho- 
mography and correlation, and covers the principal proper- 





* According to the author's introduction; it is the principal aim ; whieh 
seems too strong a Statement: 
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ties of the conie, of the range or pencil of conics, of conics 
‘‘ harmonically circumscribed,’’ or apolar, to a given conic; of 
the quadric, of the range or pencil of quadries, and of quad- 
rics and cubic curves ‘‘ harmonically circumscribed " to a 
quadric. 

The remaining transformations are handled in the last 
chapter (Chapter VI.) in briefer fashion; and the book ends 
with seventy exercises whose sonrces are not stated. The 
author has carried out his intention artistically and, given 
that he is addressing intelligences d'élite, excellently. 

The actual titles of foreign journals should be given. 
** Ann. de Math." might bean American, a German, or an 
Italian periodical. 

I see no reason for calling a circle discovered by La Hire 
*! cercle de Monge ” (p. 64). On the other hand the orthoptic 
sphere of p. 107 might fairly be called ‘‘Sphére de Monge." 

. On this latter page the reference of the footnote should be 
to No. 86, not No. 80. 

The “transformation par rayons vecteurs réciproques” of 
p. 11 is finally called inversion. It is attributed to Bella- 
vitis (1836). Some assign it to Plücker (1831). 

A smaller point of history may also be raised. An inter- 
esting theorem oecurring three timesin the book under dif- 
ferent forms (pp. 116, 1382, 188) is in effect as follows: that 
the tangents at the. points where a tangent of an asterpid 
(hypocycloid of class 4) meets the curve again meet on the 
cusp circle. This theorem is attributed to Laguerre. R. 
A. Roberts once told me that the theorem stated in the cor- 
relative form for the lemniscate, was well known in Dublin 
and was there attributed to Casey. It would be worth 
while to ascertain whether Casey anticipated Laguerre. 


F. MORLEY. 


Opinions et Uuriositéa Touchant la Mathématique d'après les 
Ouvrages Français des XVI, XVIL et XVILP Sièclee. Par 
* Grorers Mars, Paris, Carré et Naud, 1898. 199 pp. 


Tue book seems to be addressed, not to the mathematician, . 
nor to the historian of mathematics, but to the general 
reader, with tbe view of entertaining him and creating in 
him a love for the history of the science. In twenty-seven 
chapters there has been gathered together from old French 
writers, mostly unknown to our time, a miscellaneous mass 
of materia] relating to the squaring of the circle, the value 
of mathematical studies, pleas for the study of this science in 
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the French rather than in the Latin language, mathematical 

pursuits in the universities, the extent to which women 

should master this subject, and the relation of mathematics 
to religion. Some topics dre given which have nothing to 
do with mathematics—such, for instance, as the history of 

a conjurer, the expediency of higher education for women, 

the danger of long sermons, discussions of copyright and 

piracy and of gambling. 

Here and there are points of antiquarian interest to the 
mathematician. The pathological effusions and conceits of 
circle squarers seldom lose their charm. M. Maupin quotes 
from De Vausenville who addressed his solution ‘‘ to the 
monarchs of France, of Europe, and of the World.” The 
French academy of sciences disdainfully rejected the solu- 
tion and referred the memoir to a special commissioner, 
called, it seems, ‘‘le Commissaire des Enfans perdus.’’ 
The author was furious at this treatment and wrote a letter 
to D'Alembert in which he said, among other things, that 
Charles V. erected a statue to the inventor of the art of salt- 
ing and packing herring ; why not do as much for the dis- 
coverer of the quadrature of the circle? 

As an illustration of how mathematics was dragged into 
theological discussion, we may refer to Pardies’s demon- 
stration of the existence of God, drawn from the considera- 
tion of asymptotic spaces.  '' The knowledge of asymptotic 
spaces * * * brings out most clearly the greatness and the . 
spirituality of our soul, for by the light of its spirit alone, 
penetrating, as it does, "beyond the infinite, it unveils most 
clearly things which no sensory experience can reveal. 

. X * * These spaces, though infinite in ba &re equal 
to a circle or other determinate figure. * * * Of all knowl- 
edge which man can acquire through his own reasoning,' 
this comprehension of the infinite is without doubt the most 
&dfnirable." This power of man, which is independent of 
the sensory organs, was held to. demonstrate the exist- 

. ence of the human soul. “ Dare I go still further and say 
that in this demonstration we find also the proof of the ex- 
istence of God ?" 

In another chapter of the book is given Varignon’s quasi- 
mathematical argument of the possibility of the real presence 
of Christ’s body in the eucharist. No doubt this seems 
very strange discourse to modern mathematicians who are 
fond of speaking of their science as ‘‘die absolut klare 
Wissenschaft," who habitually resent attempts to drag 
metaphysical speculation into mathematics and are little 
giving to applying mathematics to theology. 
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Readers familiar with the name of François Barréme, the 
arithmetical writer of the seventeenth century, who enjoyed 
in France much the same popularity as did Adam Riese in 
Germany, Edward Cocker in England, and Nicholas Pike 
in the United States, will be interested in the facsimile re- 
production of the richly ornamented title page of his arith- 
metic of 1761, and in his dedicatory verses and other poetical 
outbursts. 

FLORIAN CAJORI. 


La Mathématique: Philosophie, Enseignement. Par ©. A. 

Larsant. Paris, Carré et Naud, 1898. 292 pp. 

Turis book is intended for teachers and students of math- 
ematice who are not specialists in this science. It deals 
with the philosophy and teaching of mathematics, and with- 
out much pretension to originality, presents the subject in 
an attractive and instructive manner. Separate chapters 
are given to arithmetic, algebra, calculus, theory of func- 
tions, geometry, mechanics, and to the practical application 
and the teaching of these subjects. The author does not- 
discuss methods of teaching in detail, but wisely confines 
himself to general principles. The book gives a good gen- 
eral idea of mathematical instruction in France. 

The author refers repeatedly to Comte’s philosophy of 
mathematics and it is interesting to observe that he is com- 
pelled to abandon Comte’s definition of mathematics, as the 
science which deals with ‘‘the indirect measurement of 
magnitudes." M. Laisant points out that Comte’s defini- 
tion does not include ‘‘ the notion of order, which is inherent 
in mathematics to the same degree as measurement," and 
warns the reader against such a.definition as carrying with 
it ‘a certain confusion which isnot withoutdanger." This 
point is just now of especial importance to us in the United 
States; for in the West certain theories of teaching arith- 
metic are being promulgated which assume that all mathe- 
matics deals solely with ratio and measurement and 
that the number concept is primarily and purely met- 
rical. M. Laisant, in his discussion of number, does not 
find its origin primarily in measurement, but bases it on 
the cognition of a group of objects which, by mental abstrac- 
tion, are considered alike. The primary number idea is 
non-metrical. On this point modern mathematicians are 
unanimous, and it is a sign of danger when the elementary - 
teachers go in a direction diametrically opposite to the 
advanced workers and, misled by wrong conceptions, write 
textbooks which give an unnatural and one-sided develop- 
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ment of arithmetic. The best pedagogical results can be 
reached. only when the elementary and the advanced teach- 
ers work together. During the seventeenth and eighteenth 
centuries the writers of arithmetical texts in England were 
not mathematicians and were ont of touch with the advanced 
workers. That period, with its wretched arithmetical 
' books, serves as a warning of the danger which confronts 
us in the West. 
The author insists on greater attention, in the class-room, 
to the theory of approximation in computation. He tells 
us the story of theillustrious Dulong, who was asked, ‘‘What 
is the use of seven or eight decimals in the ratio of refrac- 
tive indices in double refraction when the experimental de- 
terminations disagree in the third place?" Dulong replied 
with graveirony : “I donotsee why one should suppress the 
last decimals ; for, if the first ones are false, possibly the last 
ones are correct." M. Laisant might well have recom-, 
mended the revival of a sixteenth century method of multi- 
plication which begins, as in algebra, on the left, with the 
figure of highest denomination in the multiplier. In deci- 
mal multiplication, where only approximate results are 
usually needed, it is then easy to avoid the computation of 
` the last decimals in the product. This method was favored 
by Lagrange and is used by E. M. Langley in his Treatise 
on computation. i 
The author has a high and, we fear, somewhat exagger- 
ated appreciation of the mathematical research which has 
been carried on in the United States. That his estimate 
may not rest on & precise knowledge of affairs in this 
country is surmised from his statement that Sylvester was 
called to Boston and founded a mathematical journal there. 
FLORIAN CAJORI. 
^ 
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NOTES. 


Tue Seventh Summer Meeting of the ÀAwERICAN Ma- 
THEMATIOAL Society will be held, in affiliation with the 
American association for the advancement of science, at 
Columbia University, New York City, beginning Wednes- 
day, June 27th, 1900, and extending through three or more 
days. Papers intended for presentation at this meeting 
should be in the hands of the Secretary by June 7th. 


: Tue preliminary programme of the International con- 
gress of philosophy, to be held at Paris, August 2d—7th, 
has appeared. The following subjects from the section of 
logic and history of the sciences are of interest to mathe- 
maticians :—1° Algebra.of logie and theory of probabilities ; 
theories of ensembles, sequences, and groups; the trans- 
finite. 2° Principles of analysis! number, continuity, 
theory of functions, 3° The postulates of geometry, their 
origin and value ; intuition in mathematics ; non-euclidean 
geometries. 4° Methods of geometry ; analytical geometry ; 
projective geometry ; geometrical calculus. 5° Principles 
of ‘mechanics, their nature and value. 6° Methods of 
mathematical physics; theory of errors and approximation. 
7° The origins of the infinitesimal calculus. 8° The genesis 
of the notion of imaginary and the progressive elucidation 
of the theory of functions. 9° History of the discovery of 
the Newtonian gravitation, and of its influence upon the 
development of mechanics and physics. 


Tue following papers were presented at the regular meet- 
ing of the Edinburgh mathematical society on February 9th: 
" Remark on Dr. Peddie's proof of a theorem in potential," 
by Mr. R. F. MurguzaAD; ‘A general mechanical descrip- 
tion.of the conie sections," by Mr. ALEXANDER MORRISON; 
‘On Bessel functions and spherical harmonics,” by Mr. 
Jonn DOUGALL. 

Av a meeting of the Cambridge philosophical society on 
February 5th, Dr. A. C. Drxon presented a paper ‘‘ On 
differential equations with two independent variables.’’ 


Tue programme of the meeting of the Texas academy of 
science, held February 16th, included a paper by Professor 
L. E. Dioxson, of the University of Texas, entitled "An 
elementary account of the greater problems solved by the 
modern group theory." 
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Tue eighth volume (1900) of the Jahresbericht of the 
German mathematical association will consist of three parts. 
The first will contain an account of the annual meeting held 
at Munich, September 17-22, 1899, the constitution and by- 
laws of the association, a list of its four hundred and forty 
members, and appreciative biographical notices accompanied 
by portraits of six of its members deceased during the year 
1899: C. I. Germarpt, by M. Cantor; Sorxus Liz, by 
Friedrich Engel; EUGEN vor LoMMEL, by Ludwig Boltz- 
mann ; Frreprica Mayer, by G. Riehm ; HERMANN CHA- 
PIRA, by C. Koehler; KARL SoHOBEB, by W. Wirtinger. 
The second part of the volume will contain the papers pre- 
sented at the Munich meeting (see BULLETIN, current vol- 
' ume, pp. 38-34). The third will contain three extensive re- 
ports: ‘The analytico-arithmetical theory of algebraic 
functions of two variables," by K. HxwsEL; ‘‘ The kinetic 
problema of scientific’ technology,” by K. Dun ** Curve 
and point manifoldnesses," by A. SOHOENFLIES. 


BzrarwNING with the January number of this year the 
Nouvelles Annales de Mathématiques inaugurates a monthly 
supplement containing features quite analogous to the 
'* Notes?! and the ‘‘ New Publications’’ of the BULLETIN. 
This supplement consists of a chronicle of general mathe- 

‘matical intelligence, a bibliographical bulletin of recent 

periodicals and recent works, and a petite correspondance. 
The Bolletino di Bibliografia e Storia delle Scienze Matematiche, 
I? Enseignement Mathématique, and the Bibliotheca Mathematica 
have also recently promised to give their readers mathe- 
matical news. The Nouvelles Annales proposes occasionally 
to include portraits accompanied by brief biographical 
sketches; Lagrange is the first of the series. ` 


In the future the Mathematical Gazette of the British math- 
ematical association will be issued six instead of three times 
per year. The aim of the association in publishing the 
Gazette is to supply a journal of direct and special interest 
to teachers of mathematics. Among the special features an- 
nounced are articles suggestive of improvements in methods 
of teaching, others on subjects not satisfactorily treated in the 
textbooks, reviews of books of the first importance and of 
groups of textbooks on kindred subjects giving elementary 
presentations pf the history and treatment of the subject. 
The second volume which begins with the present year will 
contain a series of articles by Professor CHARLOTTE ANGAS 
Scorr, on von Staudt/s Geometrie der Lage. 
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Tux lectures on differential equations delivered by Profes- 
sor É. Proarp at the decennial of Clark University in J uly, 
1899, are appearing in the Revue Générale des Sciences. 


Messrs. Deighton Bell and Company, of Cambridge, Eng- 
land, now offer the second edition of Cayley’s Elliptic 
functions at seven and a half shillings. 


Messrs. D. Appleton and Company, of New York, have 
recently published ,Elements of the differential and in- 
tegral calculus based on the Lehrbuch der Differential- und 
Integral-Rechnung of Professors W. Nernst and A. Schoen- 
flies, by Professor J. W. A. Youne, of the University of 
Chicago, and Mr. C. E. LINEBARGER, of the Lake View 

. high school, Chicago. 


Te proposed changes in the examinations for the math- 
ematical tripos at Cambridge University, abolishing the 
order of merit and the senior wrangler, were defeated in the 
‘senate of the university, Febrnary 15th, by a vote of one 
hundred and fifty-two to one hundred and thirty-nine. 


CogwELL University. Among the courses announced for 
the summer session, July 5th.to August 16th, are courses 
in algebra, geometry, trigonometry, analytical geometry, 
and infinitesimal calculus, given by Professor Warr and 
Drs. Murray and Men, and the following advanced 
courses :—By Professor L. A. Warr: Analytic geometry, 
based on Salmon’s conic sections, three hours ; -Differential 
calculus, based on the treatises of Todhunter and William- 
son, three hours ; Integra] calculus, three hours.—By Dr. 
D. A. Murray: Differential equations covering parts of the 
author’s textbook, three hours.—By Dr. Q. A. MILLER : 
Projective geometry, dn elementary course in Cremona’s 
projective geometry, three hours; Theory of functions of a 
complex variable, the elements of the theories of Cauchy, 
Riemann, and Weierstrass, three hours ; Introduction to the 
theory of groups and theory of numbers, three hours ; 
seminar in groups, two hours. 


During the summer semester of 1900 the several uni- 
versities mentioned below offer the following courses in 
mathematics, the lectures beginning about April 20th and 
closing about July 31st: 


_ University op ERrLANGEN. By Professor P. Gorpan: 
Differential equations, four hours ; Invariants, four hours ; 
Exercises in seminar, three hours.—By Professor M. 
NozrHER: Synthetic geometry with exercises, four hours ; 
Analytical mechanics, four hours ; Mathematical exercises. 
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Untversity or GÖTTINGEN. By Professor G. BoHLMANN : 
Analytical geometry, four hours.—By Professor F. Souz- 
LING : Differential calculus, four hours; Axonometry and per- 
spective, one hour; Exercises in seminar, two hours.—By 
Professor D. HirsERT: Theory of differential equations, 
four hours; Selected chapters from the theory of surfaces, 
two hours; Exercises in seminar.—By Professor F. KLEIN : 
Theory of elasticity, four hours; Exercises in seminar, 
two hours.—By Dr. E. Zermeno: Elliptic functions, two 
hours.—By Dr. J. Goy: Theory of algebraic curves, 
four hours. 

University or HEIDELBERG. By Professor L. KoxNias- 
BERGER: Differential and integral calculus, four hours; 
Theory of lines and surfaces, four ‘hours; Mathematical 
seminars, two hours.—By Professor M. Canror: Analytical 
geometry of the plane, four hours; Arithmetic and algebra, 
three hours.—By Professor F. ExsENLOxR: Theory of prob- 
abilities, three hours ; Mechanics, four hours.—By Professor 
K. Konen: Synthetic geometry of the plane, three hours. 
—By Professor G. LANDSBERG: Theory of functions, three 
hours; Theory of determinants, two hours. 

Unrversiry op Kiet. By Professor L. PooRHAMAER.: 

Analytical geometry of space, four hours; On differential 


equations in one independent variable, four hours; Exer- . 


cises in mathematical seminar, one hour.—By Professor P. 
SrioxeL: Higher analysis, first part, four hours; Projective 
geometry, two hours; Partial differential equations, three 
hours; Exercises in mathematical seminar, one hour. 
Untversiry or Munros. By Professor G. BAUER: An- 
. alytical geometry of space; Exercises to the preceding 
course; Mathematical seminar.—By Professor F. LINDE- 
MANN : Integral calculus ; Theory of conformal representa- 
tion and linear differential equations; The fundamental 
concepts of geometry ; Mathematical seminar in the reso- 
lution of higher equations.—By Professor A. PRINGSHEIM : 
Selected chapters from the theory of functions; Definite 


D 


integrals.—By Dr. H. Bruyw: Elements of higher mathe-: 


matics for general students.—By Dr. K. DóRLEMANN: De- 
scriptive geometry, with exercises ; Geometric transforma- 
~ tions.—By Dr. E. Rırreg vos Wenn: Ordinary differen- 
tial equations; Elements of geometry.—By Dr. A. Korn: 
Analytical mechanics; Selected chapters in potential 
theory.—By Dr. Gäng. General theory of algebraic 
curves; Methodology and pedagogy of mathematical in- 
struction in secondary schools. 
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University or 'TünriNGEN. By Professor H. Braun: 
Elementary analysis, three hours; Theory of functions, 
three hours; Seminar, two hours.—By Professor A. von 
BRILL : History of the theory of algebraic functions, two 
hours; Analytical mechanics, five hours; Seminar, two 
` hours. -By Professor L. MAURER : Higher analysis, two 
hours; Exercises to the preceding course, one hour ; Poten- 
tial theory, two hours. 


* 


At the meeting of the Deutsche Mathematiker- Verein- 
igung, last September, Professor Dsg sketched briefly 
a new method for establishing existence theorems in the ` 
cage of boundary value problems, and gave two applications 
, of the method—one, to the proof that, on a given surface, 

a shortest line exists connecting two points, the other, to 
supplying the final step in ‘ Dirichlet’s Principle,’ as em- 
' ployed by Riemann in his dissertation. In the latter case, 
: Professor Hilbert gives a direct proof that a function exists 
satisfying the boundary conditions and rendering the double 


— o. must, 


a minimum. (Cf. theforthcoming Jahresbericht der Deutschen 
Mathematiker- Vereinigung.) The method promises to admit 
of wide application to the boundary value problems of mathe- 
matical physics and geometry. In the coming summer 
semester at Gottingen, Professor Hilbert intends to give a 
course in which the essential features of the method, together 
with some of its applications, will be treated in detail. 


Prorzssor BrxoN Newooms has been elected correspon- 
dent of the Bureau des Longitudes of Paris. 


Proressors H. G. ZEUTHEN, of Copenhagen, and Q. 

"MirrAG LEFFLER, of Stockholm, have been elected corre- 

' spondents to the section of geometry of the Paris academy of 
sciences, the former in place of the late Sophus Lie. 


PROFESSOR A. GUTZMER, of the University of Jena, has 
been made professor ordinarius at the same institution. 


Ds. L. Rarry, maitre de conférences of the faculty of 
Sciences of the University of Paris has been promoted to an 
adjunct professorship of mathematics. 
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Mr. ALBERT M. Sawin haè been made instructor in math- 
ematics at Syracuse University. 


The deaths are announced of Dr. HERRMAN SCHAEFFER, 
honorary professor of mathematics at the University of 
Jena, of Professor CHARLES Prazzı Swrrm, the astronomer, , 
and of Mr. LEANDER J. MoCormiox, founder of the ob- 
servatory bearing his name at the University of Virginia. 


Two errors in noticing appointments have occurred in 
recent numbers of the Der Dr. H. LIEBMANN has 
become privat docent at Leipzig, not Königsberg, and Mr. 
F. E. Ross has been appointed instructor at the University 
of Nevada, not Nebraska. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


CANTOR (M.). Vorlesungen über Geschichte der Mathematik. Vol. 2, 
zweiter Halbband: 1650-1668. 2te Auflage. Leipzig, bape 
1899. Geo, 12 pp. and pp. 481-943. . 12.00 


FREDHOLM (L). Sur une équation aux dérivées partielles du EE 
ordre. (Ofversigt af Kongi. Vetenskaps-Akademtens Förhandlingar, 
Stockholm, 1899.) 8vo. Pp. 935-940. 


FUHRMANN (W.). Beiträge zur Transformation algebraisch-trigonome- 
trischer S nes eil II. Königsberg, 1889. 4to. 30 pp. 
M. 1.50 


GERLACH (R.) Die Metrik in projektiven Koordinaten. (Diss.) 
Zürioh, 1899. Svo. 114 pp. 


Lisa (G. H.) and MILLER (G. A.). Proof that there is no simple group 
whose order lies between 1092 and 2001. (American Journal of Dathe- 
matics, Vol. 22, pp. 13-26.) dro 


MILLER (G. A.). Note on Netto’s Theory of substitutions. (Annals of 
Mathematics, 2d series, Vol. 1, pp. 71-73.) 4to. 


Orrr (H.). Eigensohaften der Besselechen Funktionen zweiter Art. 
(Diss.) Bern, 1899. Geo 55 pp. 


ROTHROOK (D. A.). Invariants of the finite continuous groups of the 
plane. (Diss.) Leipzig, 1899. Svo. 31 pp. 


BTENDER (H.). Invariante Flächen und Kurven bei honformen Grup- 
pen des Raumes. (Dies) Leipzig, 1899. Gen, 69 pp. 


IL ELEMENTARY MATHEMATICS. 


ADAM (V.). Taschenbuch der Logarithmen.  98ate Auflage. Wien, 
1899. 12mo. 9+ 99 pp. Cloth. M. 1.00 


ANDRÉ(P.). Nouveau cours de géométrie à l'usage de tous les étab- 
lissements d'instruction, contenant plus de onze centa problèmes ré- 
&olus et à résoudre, trois traités completa (levé des plans, arpen- 
inge, partage des terrea), des notions de nivellement et un grand 
nombre de questions usuelles. 24e ódition. Paris, Andró, 1900. 
18mo. 7-+ 497 pp. 
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——. Algèbre élémentaire (No. 1), théorique et pratique, à l'usage des 
institutions, des écoles professionnelles et des écoles normales. 20e 
édition. Paris, André, 1899. 18mo. 216 pp. Fr. 1.60 


BERTRAND (J.). Algebra, translated by M. V. Pirozhinkov. Pari I. 
Bt. Petersburg, 1899. Geo, 6581 pp. (Russian.) 


BURENIN (K.). See MALININ (A.). 


Bxoukov (F.). Collection of problems and examples in elementary 
Lë 15th edition, revised. St. Petersburg, 1899. 8vo. 580 
(Ruseian. ) M. 5.00 


B (J.). Algèbre. 12e édition. Paris, Delagrave [1899]. 8vo. 
286 pp. Fr. 4.00 


GAvuss(F.G.). Fünfstellige vollständige logarithmische und trigonome- 
ER Tafeln. 60ste Auflage. Halle, 1898. Svo. 166-35 pp. 
oth. M. 2.50 


GAZZANIGA (P.). See VERONESE (G.). 
GopDAED (E. C.). Bee LYMAN (E. A.). 


LYMAN (E. A.) and GODDARD (E. C.). Plane Trigonometry. Five- 
place logarithmic and trigonometric tables, adapted from Gauss’s 
Tables, Boston, Allyn and Bacon, 1899. 12mo. 8-91-66 pp. 
Cloth. 


MALININ (A.) and BURENIN (K.). Text-book of algebra, with a col- 
lection of problems, for gymnasia, ete. 10th edition. Moscow, 
1900. . Geo, 416 pp. ( Russian.) M. 3.50 


NixunrSEV (P.). Algebra, with a collection of problems. Part I. 
Theoretical part. 4th edition. Moscow, 1900. ` Geo, 377 pp. 
(Russian. ) M. 5.00 


PINCHERLE (B. 1. Gli elementi dell'aritmetica ad uso delle scuole secon- 
darie inferiori. 9a edizione riveduta e migliorata. Bologna, Zani- 
chelli, 1900. 16mo. 8- 343 pp. . Fr. 2.00 


PIROZHINKOV (M. V.). See BERTRAND (J.). 


BaGoRSKI(E.). Anleitung zur Aufstellung der Determination geome- 
- trischer Konstruktionsaufgaben. Pforta, 1898. 8vo. 74 pp. 
4 S M. 1.50 


BEIFFERT (A.). Die Herstellung der Raumgebilde als A ngspunkt, 
Entwicklungsprincip und Endziel des geometrischen Unterrichts. 


Charlottenburg, 1899. 4to. 24 pp. e M. 2.20 
Simon (P.). Guide méthodique de résolution des problèmes de géomé- 
trié élémentaire. Paris, 1899. 8vo. Boards. Fr. 4.00 


BKERRY.. Practical papers in mensuration. London, 1899. 8vo. 140 
pp. Cloth. 28. 


VERONESE (G.) e GAZZANIGA (P.). Elementi di geometria ad uso del 
nasi e licei. Parte I e Parte IT. Verona, Drucker, 1900. 16mo. 
8 -I- 119 and 6 +240 pp. 


ViOLA (F.) La planimetria indipendente dal concetto di misura. 
Padova, Prosperini, 1899. 8vo. 80 pp. 
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Ill, APPLIED MATHEMATICS. 


ALASIA (C.).  Caleolo grafico ed applicazioni della statica grafica: 


Città di Castello, Lapi, 1899. Svo. 97 pp., 7 plates. Fr. 4.00 + 


Dessau (B.). See Pro (A. R.). 


FELIOI (A. R.). Ueber die mathematische Theorie der eleotrodyna- 

mischen Induktion. Uebersetzt von B. Dessau. Herausgegeben von 

E. Wiedemann. Leipzig, Engelmann, 1900. 12mo. 121 pp. Cloth. 
(Ostwald's Klassiker der exakten Wissenschaften, No. 109.) ` e 

M. 1.80 

* 


Gross (T.). SeeBSrURu (C.). 


MASOART. Eléments de mécanique, rédigée conformément au prog:amme 
de l'enseignement scientifique dans les lycées. 7e édition. Paris, 
Hachette, 1900. 8vo. 200 pp. _ Fr.3.00 


RAYLEIGH. See STRUTT (J. W.). 


Srrurr (J. W.) [Baron Rayleigh]. Scientific papers. Vol. I: 1869~ 
1881. London and New York, Maomillan, 1900. 8vo. . 16 + 562 
pp. Cloth. (Cambridge University Press series. ) $5.00 


Strona (C.). Lehrbuch der Mechanik (cours de mécanique). Ueber- 
setzt von T. Gross. Vol. II. Berlin, Calvary, 1900. Bro, 23-- 
403 pp. M. 8.00 


WIEDEMANN (E.). See FELIOI (A. R.). 
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THE FEBRUARY MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY.. 


A REGULAR meeting of the AMERICAN MATHEMATICAL 
` Bocræry was held in New York City on Saturday, February 
24, 1900, extending, as usual, through a morning and'an ` 
afternoon session. The first part of the afternoon was de- 
voted to a joint meeting with the American Physical Society 
at which Professor J. K. Rees presented the paper noted in 
the list below. The total attendance during the day ex- 
ceeded fifty persons, and included the following thir ty-five 

members of the Society: 

Dr, E. M. Blake, Professor Maxime Bécher, Professor E. 
W. Brown, Professor F. N. Cole, Professor E. S. Crawley, 
Dr. W. 8. Dennett, Professor A. M. Ely,. Professor T. S. 
Fiske, Mr. A. 8. Gale, Dr. G. B. Germann, Mr. H. E. 
Hawkes, Dr. G. W. Hill, Dr. J. I. Hutchinson, Professor 
Harold Jacoby, Mr. 8. A. Joffe, Mr. C. J. Keyser, Dr. G. 
H. Ling, Dr. Emory McClintock, Dr. Alexander Macfarlane, . 
.Dr. James Maclay, Dr. Emilie N. Martin, Dr. G. A. Miller, 
"Professor E. H. Moore, Professor F. Morley, Professor James 
Pierpont, Dr. M. B. Porter, Professor M. I. Pupin, Profes- 
sor J. K. Rees, Mr. C. H. Rockwell, Professor T. J. J. See, 
Professor E. B: Van Vleck, Professor J. M. Van Vleck, Miss. 
. E. C. Williams, Miss R. G. Wood, Professor R. 8. Wood- 
ward. 

The President of the Society, Professor R. S. Woodward, 
occupied the chair. The Council announced the election of 
the following persons to membership in the Society: Pro- 
fessor Anne L. Bosworth, Rhode Island College, Kingston, 
R. I. ; Mr. H. L. Coar, University of Ilinois, Urbana, Ill. ; 
"Dr. F. R. Moulton, University of Chicago, Chicago, Il. ; 
My. F. G. Radelfinger, U. S. Hydrographic Office, Wash- 
ington, D. C. Two applications for membership were re- 
ported. 

A, revision of the By-Laws, simplifying their arrange- 
ment and removing certain obsolete features, was adopted. 
Notice was also given of a proposed amendment of the Con- 
stitution, recommended by the Council and ordered to be 
submitted to the Society for action at the April meeting. 
By this amendment it is provided that the Ex-Presidents of 
the Society shall be life members of the Council, and that the 
number of members of the Council, other. than officers, 
elected annually shall be increased from three to four. The 
presidential term of office is also extended to two years. 
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The eene: papers were presented at this meeting : 

(1) Dr. ALEXANDER MAGFARLANE: ‘‘On the nabla of 
quaterniong." 

(2) Dr. M. B. Porter: “On the enumeration of the 
roots of the hypergeometric series between zero and one.” 

(3) Mr. H. W. Kuan: '' List of the imprimitive groups 
of degree fifteen." 


(4) Dr. G. A. Men: On the groups of isomor- 


phisms." — 

(5) Dr. J. I. HuronmiNsoN: ‘‘ The Hessian of the cubic 
surface, I.” 

(6) Professor Maxime BócugR: ‘Some theorems con- 
cerning linear differential equations of the second order." 

(7) Professor J. K. Rezs: “The variation of latitude at 
New York, and a determination of the constant of aberra- 
tion from observations at ‘the latitude observatory of Co- 
lumbia University.” 

(8) Dr. G. W. Hur: ‘ On the extension of Delaunay’s 
method in the lunar theory to the general problem of plan- 
etary motion." 

(9) Professor E. B. Van Vrxox: “On linear criteria for 
determining the circle of convergence of a power series."' 

(10) Professor F. MonLEYv: '''The metrical geometry of 
the plane n line." . : 

(11) Professor L. E. Droxson: ''Two triply infinite 


systems of non-isomorphic simple groups of equal order.” . 


(12) Professor L. E. Dioxson : ‘‘ Isomorphism between 
certain systems of simple linear groups.’’ 

(13) Dr. L. W. Rerp: "A table of class numbers for 
cubic number bodies, with the method of their calculation.” 


Mr. Kuhn’s paper was presented to the Society through | 


Dr. G. A. Miller. Dr. Reid was introduced by Professor 
H. B. Fine. In the absence of the authors, Mr. Kuhn’s 
paper was read by Dr. Miller, and Professor Dickson's 
papers were read by title. The papers of Professor Bócher 


and Dr. Porter are published in the present number of the 


Burret ; those of Dr. Miller and -Dr. Hutchinson, and 
the second paper of Professor Dickson will appear in later 
numbers. Abstracts of the remaining papers are given 
below. 


In a paper on ‘‘ The principles of differentiation in space 
analysis, read before the Society, January 26, 1895, Dr. 
Macfarlane pointed out that in space analysis there are two 
essentially distinct ways of differentiating a product: one 
result is obtained when the factors are first differentiated 
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and the product then formed ; a different result is obtained 
when the product is first formed and then differentiated, 
The main features of the second kind of differentiation as 
regards scalars were there developed. In the present paper 
Dr. Macfarlane applies the second kind of differentiation 
to the space operator denoted by Nabla, v. The paper 
- shows how to form perfectly general expressions for Y and 
for v7’, of which latter Laplace:s operator is a special case. 


Mr. Kuhn’s paper is in abstract as follows: In construct- 
ing the imprimitive groups of any degree, the first problem 
is to find all the intransitive groups that may be used as 
heads. The systems of intransitivity of these heads are 
transformed according to & transitive substitution group 
whose degree is equal to the number of systems of intransi- 
tivity of the given heads. For degree fifteen the number 
of these systems is either three or five. Hence every im- 
primitive group of degree fifteen is isomorphic with at least 
one of the seven transitive groups of degree three or five. 
Where the imprimitive group contains no substitution be- 
. sides identity that transforms each one of its systems of im- 
primitivity into iteelf, this isomorphism must]be simple. 
There are just two such groups. They are simply isomor- 
phic respectively to the alternating : and the symmetric group 
. of degree five. 

There are 21 groups that may be used as heads for the 
groups which contain three systems of imprimitivity ; for 
those with five systems there are 9 such groups (including 
identity). The heads having been found, the next problem 
is to find the remaining substitutions in the possible im- 
primitive groups. There are 55 distinct imprimitive groups 
of degree fifteen that contain three systems of imprimitivity, 
and 56 that contain five such systems. Of the latter, 13 
also contain three systems. Hence the total number of 
imprimitive groups of degree fifteen is 98. Of this number, 
64 are solvable and 34 are unsolvable. 


The latitude observatory under Professor Rees’s charge 
wa8 first placed on the present site of Columbia University 
near the corner of 118th Street and Amsterdam Avenue, 
New York. Observations were made at this station from 
April 24, 1893, to December.5, 1895. When the new 
. buildings were begun, the latitude observatory was moved 
to the corner of 120th Street and Broadway. Here the 
observations were made ‘from January 9, 1895, to the 
present time. The two stations were connected by & care- 


D 
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ful survey which showed the second position to be north of 
the first 77.337. All observations made at the second point 
were reduced to the first. The zenith telescope made by 
` Wanschaff of Berlin was employed throughout. Its aper- 
sure‘is 80 millimeters, and its focal length one meter. The. 
observers were Professors Rees and Jacoby and Dr. H. 8. 
Davis. Four groups of stars were used, having mean right 
ascensions approximately as follows : 


Group I, 6hours; ` Group II, 14 hours; 
Group IIT, 18 hours; Group IV, 22 hours. 
Each group contained seven pairs of stars, and the groups 


were observed both morning and evening whenever the 
weather permitted. 


Series A. : 
April 24, 1893, to July, 1894 : 818 pairs by Rees, 
: 302 “ “ Jacoby, 
A 654 .“ " Davis. 
Ser B. ; 
July, 1894, to January, 1896 : 771 “ ** Rees, 
310 * “ Davis. 
SERIES C. 
January, 1896, to January, 1808: 1065 “  '' Rees, 
. 774 . ** Davis. 
SERIES D. 
January, 1898, to December, 1899: 951 “  *'* Rees, 
873 “ ** Davis. 


Total pairs: . 6, 5,518 


This table shows the individual observers to have meas- 
ured: Rees, 3,605 pairs; Jacoby, 302 pairs; Davis, 2, SS 
pairs ; total, 6, 518 pairs. 

The record shows that observations were taken on 158 
nights. The computations give the accompanying tableand 
curve which show the variation of latitude. The curve re- 
quired by Dr. 8. C. Chandler’s formula -( Astronomical Journal, 
No. 446) is shown in the dotted line. From 1896 the obseryed 
epochs of maxima and minima follow the computed in time. 

The four series of observations gave the following values 
of the aberration constant : 

Series A. 2074588 weight 18 Series C. 2074695 weight 28 
*' B. 20 4525 * 16 D. 20 4704 D" $T 

. Taking the probable error of a single latitude observation 
as 0".16, the constant of aberration is 20.464 + 0.006. 
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OBSERVATORY OF COLUMBIA UNIVERSITY. 

















Date. . | 40° 48’ $— by No. pairs. 
1893. May 9 27,222 _ —.082 TT 
. 19 . .144 —.160 44 
27 .162 —.142 49 
June 8 ý .178 —.126 . 59 
17 .198 —.108 45 
] 28 .959* —.046 32 
July 8 -262 —.042 30 
` 19 177 —.127 38 
26 i 141 —.163 46 
Aug. 6 029 —.275 46 
Oct. 6 -377 +.073 31 
15 . 244 —.060 43 
30 941 .— 063 - 44 
Nov. 9 Jr —.193 46 
90 ` .204 —.100 48 
Dec. 3 .932 —.072 18 
11 255 —.049 28 
23 209 —.002 43 
1894. Jan. 2 ` .192 —.112 36 
11 | 4168 —.136 65 
23 .198 —.106 61 
Feb. 2 214 - —.090 56 
t 12 .148 —. 156 59 
24 .193 —111 86 
Maroh 5 .934 —.070 68 
21 -083 — 9221 51 
Apr. 1 .192 —.112 33 
11 .199 —.105 65 
23 .918 —.086 83 
May :2 .153 —.151 89 
12 .995 — 079 62 
29 .916 —.088 50 
June 8 .079 —. 225 68 
17 .193 —.111 64 
July 1 114 — 190 34 
18 -120 —.184 38 
Nov. 15 «226 — 078 39 
29 274 —.030 43 
Deo. 18 .367 +-.063 25 
1895. Jan. 2 .305 +.001 20 
. 15 .419 +..108 63 ` 
Feb. 2 .380 +.076 39 
14 332 +.028 40 
e 26 .425 J-.191 35 
Maroh 10 .500 +.196 18 
21 .846 +.042 24 
Apr. 8 .298 —.006 30 
20 353 +.049 48 
May 7 .354 -4.050 44 
18 .213 —.091 47 
June 4 .184 —.120 28 
KR 13 .957 —.047 BL 
July 6 217 —.0R7 45 
1 . 288 — 018 23 
28 222 — 082 46 








1 w 
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Date 40? 48 $— % No 
1895. Aug. 10 277.995 —.009 
23 .103 —.201 
Sept. 15 26 .943 , — 3861 
Oct 1 .996 — 308 
18 27 111 —.193 
Nov. 6 .118 —.185 
18 .063 —.241 
Dec. 2 020 —.934 
1896. Jan. 14 ATA +.170 
28 .416 .1729 
Feb. 11 .542 +.238 
22 600 -I-.296 
March 5 .560 +.256 
17 .627 +.323 
28 464 -1-.180 
April 9 ATI -L.173 
19 .967 +.063 
May 5 .513 4.209 
18 .539 +.228 

June 4 .551 +.247 . 
90 .554 +.250 
July 1 ..501 J-.197 
12 .437 +.133 
31 .458 4.154 
Aug. 19 .379 +.075 
Sept. 9 .331 +-.027 
26 ` 240 —.064 
Oct 13 .135 —.169 
.142 —.162 
Nov. 10 .193 —111 
.118 —.186 
Dec. 5 +232 —.072 
15 .314 +.010 
28 .219 —.085 
1897. Jan. 8 .945 +.041 
25 .214 —.090 
Feb. 5 .887 +.083 
18 362 -I-.058 
' 28 .378 +.074 
Maroh 10 .459 -+.148 
23 .283 —.021 
April 25 .583 +.279 
May 21 - pp +.261 
June 1 .378 +.072 
17 578 7 -F.209 
July 2 .595 +.291 
.597 +.293 
Aug. 4 .522 4-.218 
22 .639 .335 
Sept. 30 .503 +.199 
Oct. 16 .924 +.020 
Nov. 4 361 +.057 
16 +254 —.050 
26 .089 —.916 
Dec. 10 .193 — A0 
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Date. | 40? 48' i $ — % No. Pairs. 
1897. Deo. 26 t 277.100 : — .204 23 
1898. Jan. 10 ! .205 | — .099 33 
96 | .139 — .185 43 
Feb.10 ., 177 — .127 53 
Mareh 1 246 i — 058 88 
17 mm i  — 135 95 
April 4 .285 1 - og : 
19 '! 46400641 4.157 22 
May12  , 365 ' + .001 69 
90 | .429 $  - 126 28 
June 13 | .501 + .197 64 
oe ^ 539 . 4.935 h9 
Julyl9  ' 488 © GR 75 
26 .430 i + .126 23 
Aug. 12 .506 (ocRe2902 32 
Sept. 6 un ^. + .245 47 
17: .295 — .009 28 
Oct. 2 | 488 =; + 184 45 
15 490 + + .186 2 
Nov. 1 i .485 : + .181 59 
dos 4 .354 + .050 40 
Deo. S l +261 — .053 48 
.264 — .040 28 
1899. Jan. 14 .138 ' — .166 38 
23 .291 — .013 44 
Feb. 3 1561 — .153 28 
23 .146 — .168 35 
March 13 .060 — .944 24 
` 26 .055 — .249 16 
April 6 e .189 — .115 28 
.386 4- .062 48 
May 9 | 275 — .029 29 
44 ,194 — .110 39 
29 : Ki — .037 61 
June 16 : .459 t + 155 11 
30 1 Kr — .029 46 
July 14 I .309 + 005 48 
25 .391 -- .087 2t 
Aug. 12 .418 + 114 51 
EES + .154 42 
Sept. 4 i 322 + .018 63 
30 ` 207 + .093 21 
Oot. 17 .451 + .147 35 
Nov. 5 ,3931 i| T .057 61 
4 |! .369 i .065 53 
Mean 27/7.304 








Probable error of one observation of unit weight +0”. 16 
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In Dr. Hill’s paper, which will be published in the 
Transactions, Delaunay’s method is explained us it would 
be applied to a planetary system, like the solar system. 
The attribution of greater generality to the method has 
the effect of rendering its establishment much easier. The 
limits of the domain in which the method is applicable 
are considered and are shown to be quite simple in their 
character. In the Delaunay transformation the special 
form of the equation of the conservation of energy consti- 
tutes a relation between the principal linear and angular 
variable. This relation is graphically exhibited by a plane 
curve. The general properties of this curve are noted. 
These curves are divisible into three classes. Delaunay’s 
formulas of transformation are established by applying the 
theorem of Poisson to the deduction of the value of the 
Jacobian of the old variables with reference to the new. 
Some simplifications have been found for the expression of 
the partial derivatives of the general linear variable with 
reference to those conjugate to the angular variables em- 
ployed. The subject is illustrated by making an applica- 
tion to the asteroid of the Hecuba type acted on by Jupiter ; 
two cases are separately considered, viz., first, where the 
motion of the principal angular variable is continuous 
through the circumference, and second, where it executes a 
libration. 


The criteria given by Professor E. B. Van Vleck for 
determining the radius of convergence of a power series 
a, + a,c + ax +- have a close connection with one of the 
two well known criteria which are based upon Cauchy’s 
theorems concerhing the convergence of an infinite series. 
According to one of these two criteria the radius of converg- 
ence is the limit of 1/|a,’"| or, in case no limit exists, it is 
the greatest affix of a point of condensation of the sequence 
(lost (n= 1, 2,3, =). The other criterion gives the 
radius of convergence only when there is a limit for |a,/a,_1 |. 
The reciprocal of this ratio is then the desired radius. But, 
thaugh the former criterion is perfectly general and of the 
highest value for theoretical purposes, it nevertheless has 
little or no superiority as a practical test for determining 
the radius of convergence of a given series. For in most 
cases in which Toi, ,| does not approach a limit, the de- 
termination of the limit of the sequence 1/|a,'^| or of its 
points of condensation is extremely difficult. The object of 
Professor Van Vleck's paper is to establish criteria which 
apply in certain cases where the ratio test fails; namely, in 
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the cases in which a number of coefficients of the power 
series are connected together by a linear relation which 
tends to take a limiting form as n increases. 

The first of four theorems obtained in the paper is as fol- 
lows: Given a series a, + a,¢ + a + in which, after 
some fixed term, p + 1 consecutive coefficients are con- 
nected by & linear relation 


a, = (b, + e/?)a, + (5, Ee a, HF + (5, T ed? 


if, for an arbitrarily assigned positive value c, a positive in- 
teger m can be found such that for nz m every |e,” | will be 
less than e, the series will converge within a circle whose 
center is the origin and whose radius is the distance from 
the origin to the nearest root (or roofs) of the polynomial 
1— be cba — bat, A special case of this theorem 
is that in which p= 1, The root of the polynomial 1/b, is 
then also the limit of a, ;/a,, and we have Cauchy’s ratio 
test for the determination of the radius of convergence. 

The existence of a limiting relation between p + 1 coeffi- 
cients of the series necessitates also the existence of other 
limiting linear relations containing a greater number of co- 
efficients. Among all these linear relations there is, how- 
ever, one and only one containing the minimum number of 
coefficients. If in the above theorem this relation be used, 
the circle will be, in general, the circle of convergence. 

The second theorem of the paper is a restricted extension 
of the first to the case in which the number of terms in the 
linear relation increases without limit with increasing m. 
In place of the above polynomial an infinite series 1 — bs 
— Aaf — -- is then to be introduced. Thé theory can also 
be extended to cover power series containing two or more 
variables. + This extension is made for the case of two 
variables in theorems III. and IV., which may possibly be 
of special interest, since criteria for the convergence of series 
‘in two or more variables seem as yet to be very rare. 

Professor Van Vleck’s paper is to be published in the 
Transactions. The results of the paper will be applied in a 
subsequent article to the theory of linear differential equa- 
tions. 


Professor Morley’s paper, which will be published in the 
April number of the Transactions, first establishes for n lines 
of & plane the existence'of a circle, previously detected for 
4 lines by Steiner and for 5 lines by Kantor ; and shows that 
for all n — 1 lines included in the n lines, such circles pags 
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through a point. The method used is a general analytic 
method of handling ^ lines of a plane, by means of certain 
characteristic constants. The circle and point form the be- 
ginning of a series of figures, of which Clifford’s circle or 
point is the end ; accordingly Clifford’s theorem is proved 
by the method, and the coordinates of his chain found. 

The curves considered are included in x= rat. alg. t, 
where ¢ isa point on the unit circle; and it proves to be de- 
sirable to consider in connection with the curves those ob- 
tained by polarizing the expression in ¢, somewhat aa is 
done in the theory of oseulants. The curves so obtained 
are examined in the case of a limacon, which first presents 
- itself; and in the case of an ellipse, where it appears that, 
given 2p lines of an ellipse, the Clifford circle of any 2q — 1 
lines and that of the remaining lines are partners in a com- 
plex involution J5. 

The fact that the theory of D lines takes a peculiarly 
simple form when the lines touch a hypocycloid of class 3 
suggests special examination of hypocycloids. The theory 
as given by Kantor for 5 lines is thus generalized at once, 
and further itis indicated how the theorems of the memoir 
itself, which concern merely the intersections of n lines, can 
be replaced by theorems in which the lines are taken 8, 4, 
or more at a time. 


In a résumé of the known finite simple groups published 
in the Botter, July, 1899, p. 470, Professor Dickson noted 
that for p > 2 the simple abelian group A(2m, p") had the 
same order as the simple orthogonal group O(2mH, p") and 
that the two were isomorphic for m — 1 and 2. [For the 
case m = 1, p^ — 3, the groups are notsimple.] The present 
note announces* the truth of the conjecture there made, that 
' the two groups were not isomorphic for m7» 2. Besides these 
two triply infinite systems, there has been noted} but a single, 
isolated, case of non-isomorphic simple groups of equal or- 
ders, viz, for the order 4 8!. By an elaborate investigation, 

Professor Dickson establishes the following theorems : 

The general abelian group on 2m indices in the GF[p"], 
p> 2, contains exactly m sets of conjugate substitutions of 
period two, those of the rthset being conjugate with the 
product T, , T, H nn where 7,. , merely changes 
the signs of E and o, It contains a single conjugate set of 





* The complete investigation was offered January 25th to the Quar. 
Jour. of Math. 

TCL BULLETIN, 1889, p. 473. An immediate proof is given by the 
writer in an article to appear in the Amer. Jour. of Math. for July, 1900. 
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substitutions whose squares give T= Ti; D10 T, 
the only self-conjngate substitution of the abelian group, 
_the set being represented by M, M, --. M. sog 

From these theorems the following result is derived con- 
cerning the quotient group. of the Abelian group by its 
maximal self-conjugate subgroup $1, Z}, the case m=1, 
Q^ = 8 being excluded : 

According as mis even or odd, the simple group A(2m, 
p^), p 2, has exactly &(m + 2) or $(m + 1) distinct sets 
of conjugate operators of period two. 

We readily see.that the simple subgroup O(2m + 1,p") 
of the orthogonal group contains at least m substitutions of 
period two which are not conjugate, for example, 

GC, QGQGC, ^, AGOGO C6 


Im? 


where C, denotes the orthogonal substitution altering &, 
alone whose sign it changes. Tt follows that for m > 2, the 
orthogonal group contains a greater number of distinct sets 
of conjugate operators of period two than the simple group 
A(2m, p*) of equal order. 


` Dr. Reid’s table gives the class number h, the discrimi- 
nant A, and a basis for each of 161 cubic number fields, and 
the factorization of certain rational primes into their prime 
ideal factors. When h=1, the prime number factors of 
these primes are given. Units are also given for a majority 
of the fields. The method employed in the calculation of 
his based upon the following theorem of Minkowski’s: In 
every ideal class of an algebraic number field, b, there ex- 
ists an ideal, whose norm is 


4X [m 

es 

* m 

where m is the degree and A the discriminant of the field, 
and r the number of pairs of imaginary fields which are 
found among the-m conjugate fields b, H, , Eech, The 
process consists: 1° in obtaining all ideals satisfying the 
above condition ; 2° in determining the number of ideal 
classes into which they fall. All primeideals which satisfy 
the above condition are obtained by factoring the rational 


primes l 
«Cl 


This is effected in the case E sk 0 (mod. p) by means of 
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the theorem: If p satisfy the condition Wg 0 (mod. p), 


and if f (z)be resolved into its prime factors with respect 
to the modulus p: 


fG)mipPG)pP(G)- (mod. p), 


where P(x), P'(z), ... are different prime functions with ro- 
: spect to p, of degrees f, f', ... respectively, then 


(p) = (p, PC) Y (p, P(0))" = 


is the required factorization of (p), where (p, P(0)), 
(p, P'(0)), ...are different prime ideals of degrees f, f', = 
respectively. 0 isan integer defining the field, f (zx) —0 
the equation of lowest degree satisfied by 0, and d(#) the 


' discriminant of this equation. When a) 2o (mod. p) the 


‘factorization of (p) can be effected in the case of cubic fields 
by à method due to Woronoj. The determination of the num- 
ber of classes into which these ideals fall is made to depend 
upon the determination of the lowest power of a given ideal 
which is & principal ideal, and this upon the determination : 
whether & given principal ideal (4) is the pth power of a prin- 
cipal ideal. Attention: is called to the saving in reckoning 
effected by observing that, when we have N — n + k <2K, 
then À = K, where Nis the number of ideals to be investi- 

: gated, n the number of these ideals whose classes have been 
determined, k the number of the-known classes which have 
found representatives, and K the number of known classes. 
If the sth and fth are the lowest powers of j and a respec- 
tively, which are principal ideals, then a necessary condition 
that j belong to one of the classes represented by a power of a 
is ¿= 0 (mod. s), in which case there are p (8) of these classes : 
to one of which it is possible for j to belong. They have as 
representatives a”, where ¢= Ca and € is prime tos. The 
question whether j belongs to a given class is decided by 

‘multiplying j by an ideal belonging to the reciprocal class 
and ,determining whether jj is & principal ideal by the 
method indicated. See Hilbert: ‘‘ Bericht über die Theorie 
der algebraischen Zahlkorper,’’ Jahresbericht der deutschen 
Mathematiker- Vereinigung, Vol. 4 (1894-5), SS 11, 24; Min- 
kowski: Geometrie der Zahlen; Woronoj: ‘‘ The algebraic 
integers, which are functions of a root of an equation of the 
3d degree," (translation of the Russian title). 

F. N. Core. 


COLUMBIA UNIVERSITY, 


+ 
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SOME THEOREMS CONCERNING LINEAR DIF- 
FERENTIAL EQUATIONS OF 
THE SECOND ORDER. 


BY PROFESSOR MAXIME BOOMER. 
(Read before the American Mathematical Society, February 24, 1900. ) 


I wish to communicate to the Society certain results at 
which I have arrived, reserving the proofs and also further 
developments for another occasion. We shall be concerned 
with differential equations whose coefficients are not as- 
sumed to be analytic, and we consider the case in which 
z=0 is a regular singular point* of the equation, that is, the 
case in which the equation is of the form: 


d d D 
o G4 (440) 5+ Grau)» 


- where # and » are constants, and | p,| and æ |q, | can be inte- 
grated up to the pointz=0.t For the sake of simplicity 
I shall not here refer to the case in which the exponents of 
the point = 0 are equal, although this case might easily be 
included. By methods analogous to those which I have 
sketched in a simpler case (BULLETIN, Second sas Vol- 
ume 6, p. 100) we obtain the 

First THEOREM OF COMPARISON : Jf the exponents of @=0 
in (1) are real and unequal, and y, is the solution of (1) which cor- 
responds to the larger exponent, and if y, vanishes when x = z, > 0, 
but does not vanish between O and x, ; if moreover we have a sec- 
ond equation of the same form as (1) which differs from it only 
in that throughout the interval O < 2 =x, the coefficient of y in 
the second equation = »/x* + q, (the equality sign not holding 
throughout the whole interval) ; and finally if y, is the solution of 
this second equation which corresponds to the larger exponent of 
x= 0; then y, has at least one root in the interval O < z < z. 

In order to compare the solutions corresponding to the 
smaller exponents, we must restrict our differential equa- 
tion further by assuming that a constant k < 1 can be found 
such that cn, and z**!g, remain finite as x approaches zero. 
We will refer to this as restriction (A). We then have the 

THEOREM : The sohition of (1) corresponding to the exponent 





* For the meaning of this and other terms used, see my paper in the 
January number of the Transactions, p. 40; or an earlier paper in the 
. BULLETIN, 2d Series, vol. b, p. 275. 

t For à more precise statement see my papers just referred to. 
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with the smaller real part can be developed by the method of succes- 
sive approximations exactly as the solution corresponding to the ex- 
ponent with the larger real part is developed tn my article in the 
Transactions, provided that Rz <1 — k, where xis the difer- 
ence of the exponents at x = 0 80 taken that Rx — 0. 

By using this theorem we deduce the 

SECOND THEOREM OF COMPARISON: If the conditions of the 
first theorem of comparison are fulfilled, and if moreover both equa- 
tions have the same exponents, and both satisfy restriction (A) ; 


and if y, and 9, o are the solutions corresponding to the smaller ex- 


ponent ; and if y, vanishes when x = q, > 0, but not in the inter- 
val 0 « z az, then Y, will vanish at least once in this interval 
provided that x «1-—k. 

Finally I should like to mention a fact which had escaped 
my notice until after my paper in the Transactions was 
printed, namely that the class of singular points which I 
there discuss under the name regular can be brought into 
very close connection with the class of singular points pre- 
viously studied by Kneser ( Crelle’s Journal, Volumes 116,117, 
120 ; Mathematische Annalen, Volume 49). This can be done 
by replacing tbe independent variable z, which I use, by 
z where z= €", Although many of my results can be de- 
duced by this method from those previously found by Kneser 
and vice versa, the results in the two cases are by no means 
coextensive, nor does cither include the other. Ishall come 
back to this matter more at length on a subsequent occa- 
sion. It may be noted that the method of successive ap- 
proximations can also be applied directly to Kneser's case. 


HARVARD UNIVERSITY, CAMBRIDGE, Mass. 


NOTE ON THE ENUMERATION OF THE- ROOTS 
OF THE HYPERGEOMETRIC SERIES 
BETWEEN ZERO AND ONE. 


BY DR. M. B. PORTER. 
(Read before the American Mathematical Society, February 24, 1900.) 


In the May number of the BurrLETIN for 1897, the writer 
gave asolution of the problem of enumerating the real roots 
of F(a, B, y, z) between zero and one which depended on 
two well known theorems of Sturm—there referred to as [A] 


D 


a 
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and [B]*—and Gauss’ expression of F(a, P, y, z) in terms 
of the two linearly independent solutions of the hyper- 
geometric equation about the point z — 1. The investiga- 
tion there given can be considerably simplified and Gauss' 
formula avoided by the use of the following theorem [C] : f 


Jf S(x)— S ac” is divergent for x =r but convergent for 
o 
la| « | e], and if S(z) diverge to + co (— œ ) as z approaches 
v, then lim S, (7) = +% (— o) where S, (=a, v, 


In the p paper &bove mentioned it is shown that the prob- 
lem of determining the number X of roots of the solution 
of the hypergeometric equation corresponding to the larger 
exponent of z — 0 can be reduced to the case where A, m, 
and vt (the exponent differences of 0, co, and 1 respec- 
tively) are not less than zero. 

To determine X in this case it is only necessary to deter- 
mine the number of roots lost by F(a, B, y, x) when f, by 
the decrease of 4, increases from some initial negative value 
to zero. 

By the first theorem of Sturm quoted, F(a, P, y, 2) is 
losing or certainly not gaining roots when, under the con- 
ditions laid down, » decreases. 

Moreover since v= 0, F(a, 8, y, 1) is divergent; and by 

C] F(a, B, y, 1 — 0) changes from + to —( — to +) when 
increases through an odd (even) negative integer. 

But when F(a, f, y, 1—0) changes sign, f increasing 
(i. ep decreasing), an odd number of roots must have been 
lost by F(«, B, y, x) in the interval 0 — 1 and it is easily 
seen (by considering the polynomials obtained when f is 
integral) that exactly one root is lost. Thus when 4, u, and 
y are not less than zero, 


XeFü-8. (8) 


In the same way it may be shown that in any case 
z= g(e- E bl+?) 
= 5 ] 


When 2<0, the number N of roots of F(a, f, y, £) 


* Theorem [B] is a slightly generalized form of the theorem given by 
Sturm, Liouville’s Journal, vol. I. 

f Cf. Stolz, Allgemeine Arithmetik, p. 279. 

fA =y—1, p-a—,v-a--—y. 

$ E(n) is uber to denote the largest positive integer Jess than n, so that 
E(n) = Oifn Zl. 
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between 0 and 1 is by [B] either X or X + 1, the even or 
odd value of JV being chosen according as F (a, f, y, 1.— 0) 
is greater or less than 0, viz., 1° If »> 0, according as 
E(— a) + E( — 8) + E( — y) is odd or even; 2? if » «0, 
according as .E(a—y)-- E(8—y)-4 E(—7y) is ‘odd or 
even, If, however, in 1? either — a or — f is integral and 
positive F(a, 2, y, v) ceases to be linearly independent of 
the solution corresponding to the larger exponent of z = 1, 
so that, by [B], N = X. Similarly in 2°, if a — y or B8—r 

isa positive integer, N= X for the same reason. ' 


YALE UNIVERSITY, 
February 12, 1900. 


THE SUMMER MEETING OF THE DEUTSCHE 
MATHEMATIKER-VEREINIGUNG AT 
MUNICH, SEPTEMBER, 1899. 


PROBABLY no mathematical society in the world brings 
together at its annual meetings so many illustrious mathe- 
maticians and exhibits an activity of such multifarious 
nature and far-reaching importance as the Deutsche Math- 
ematiker-Vereinigung. Founded about a decade ago 
through the efforts of G. Cantor, W. Dyck and others, it 
has enjoyed the utmost prosperity. It is indeed to be re- 
gretted that its meetings are held so late in the summer 
that it is impossible, save in exceptional circumstances, for 
our own members to be present. Such a piece of good 
fortune befell me last year, and I hope the following 
personal reminiscences may prove interesting enough to 
justify their publication. For more details of scientific 
character J refer to the Chronik of the Vereinigung, the 
article by E. Lampe in the Naturwissenschaftliche Rundschau, 
(1899), p. 537, and the official Verhandlungen der Gesell- 
schaft Deutscher Naturforscher und Aertze, Vogel, Leipzig, 1900. 

The summer meetings of the Vereinigung are always held 
in connection with those of the Gesellschaft Deutscher 
Naturforscher und Aertze, which corresponds in Germany to 
our American Association for the Advancement of Science. 
This year the meeting was held September 17th to 23d at 
Munich, a city justly celebrated for its scientific institu- 
tions and collections of art, for its beautiful surroundings, 
and for the good nature and kindly spirit of its population. 
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Our first meeting was a general reception, of a purely 
social nature, held in the large Kaimsále, Sunday evening. 
But large as these rooms were, the immense throng which 
had gathered in thousands from all parts of the world, but 
particularly from Germany, Austria and Switzerland, so 
filled them that it was all but impossible to move about. 
To find one’s friends in such a crush was almost impossible, 
and I had almost given up the hope when I spied Wirtinger 
absorbed in an exchange of views on algebraic functions 
with Hensel. Near them were Gutzmer, Gordan, Czuber, 
Lampe, Pringsheim, Noether, and others. Some, like my- 
self, were accompanied by their wives. Of course this first 
greeting after a long absence was animated and pleasant. 

The business of the week began Monday morning and 
lasted till Friday afternoon. The Vereinigung held some 
of its meetings apart, and some in joint session with sec- 
tions of the Gesellschaft. There were also general sessions 
in which everybody joined. The opening session of the 
Gesellschaft was of this last kind. This was held in the 
royal theater, which was literally crowded. Speeches of 
welcome were held by- the first Geschäftsführer v. Winckel, 
by the honorary president, H. R. H. Prince Dr. Ludwig 
Ferdinand of Bavaria; by the Cultusminister v, Landmann; 
the Mayor, v. Borscht; the president of the Academy pf 
Sciences, v. Zittel; the prorector of the University, v. 
Heigel; the director of the Polytechnicum, v. Hoyer ; and 
finally by the president of the Gesellschaft, Wirkl., Geh. 
Admiralitatsrat, Dr. Neumayer of Hamburg. Then after 
the customary telegrams of courtesy had been read before 
being sent off to the Emperor of Germany, the Prinzregent 
Luitpold of Bavaria, and H. R. H. Duke Dr. Karl Theo- 
dor of Bavaria, the addresses of the day were in order. The’ 
lion of the occasion was Nansen who was greeted with pro- 
- longed and hearty applause. His theme was: ‘‘ Meine 
Forgchungsreise nach der Nordpolregion und deren Ergeb- 
nisse." . 

The first session of the Vereinigung took place the same 
afternoon in the Polytechnicum. Addresses of welcome 
were made by Bauer on the part of his colleagues in Munich 


' and by Noether as president of the Vereinigung. These 


were followed by the only address of the day, an appre- 
ciative sketch by Engel of the life and labors of Sophus Lie. 

All day Tuesday was devoted by the Vereinigung 1n sepa- 
rate session to the reading of papers. The first address 
was by Klein who made some extremely interesting and 
valuable remarks in addition to Engel’s paper of the day 
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before. Lie and Klein were fellow-students at Paris. At 
* the outbreak of the Franco-Prussian war Klein returned to 
Germany but remained in correspondence with Lie, who at 
that time was deeply absorbed in his new Kugelgeometrie. 
As the Germans began to close in on Paris, Lie who was 
celebrated even in Norway, the home of such men as Nan- 
sen, for his powers as a pedestrian, proposed to make his 
way into Italy on foot. He got as far as Fontainébleau 
when hé was arrested as a suspicious character. Suspic- 
ion was only heightened when his very unplausible in- ' 
tentions were learned. The examination of his scanty bag- 
gage confirmed the impression. His mathematical papers 
were supposed to be notes written in cypher on the military 
condition of the country he was traversing. Various mathe- 
matical terms were given a military meaning. The word 
Kugel was constantly occurring; these passages were 
thought to refer to the artillery. The word Complex was 
also frequently repeated. Through imperfect knowledge of 
‘German script this was read Lomley and was thought to 
refer to a certain Monsieur Lomley, perhaps another spy, 
at leastto some officer or military agent. Lie protested his 
innocence, maintaining that his papers were not written in 
cypher, that they had nothing to do with military affairs, 
and in short that they were mathematics pure and simple. 
If this were indeed so, Lie’s statements could be easily tested. 
As every one knows, the mathematics taught at the great 
military schools of France is of a very elevated nature. 
Bo an officer was summoned, doubtless one who was reputed 
to be expert in his mathematics and Lie was given a chance 
to prove his assertions. But, alas! Lies Kugelgeometrie 
had never been taught at the Ecole Polytechnique nor at 
, St. Cyr, and 80 was utterly incomprehensible to his exami- 
nator, who became convinced that he had before him not. 
only a spy, but a crazy one at that. So Lie was cast into 
' prison until some weeks later, when at the instance of Dar- 
boux and other. friends in Paris, he was released. 
. The two lprincipal papers of the day were by Hensel, 
“Ueber die analytisch-arithmetische Theorie der alge- 
braischen Functionen von zwei Variablen’’; and by Hil- 
bert, ‘‘ Ueber das Dirichlet’sche Princip.’ The latter, 
treating an old and celebrated problem with striking orig- - 
inality, excited universal surprise and admiration. As 
everyone knows, Riemann’s epoch making researches in 
abelian functions rest on & half-mathematical, half-phys- 
ieal principle which Riemann called Dirichlet’s Principle 
and which relates to the minimum of a certain integral. 


4 


1900.] DEUTSCHE MATHEMATIKER-VEREINIGUNG. 28b 


After Weierstrass’s criticism ib became necessary to give 
Riemann’s theory a new foundation, which marred its orig- 
inal beauty and simplicity. Hilbert showed how the theory 
of ensembles, of partial differential equations, and the 
calculus of variations enable us to remove Weierstrass’s ob- 
jection and-so return to Riemann’s original treatment. 

Another paper of general interest was by Noether, ‘‘ Mit- 
theilungen uber Riemann’s Vorlesungen von 1861-62 tiber 
Abel’sche Functionen." This was another step in the un- 
dertaking which has been some time on foot to collect and . 
make accessible everything connected with Riemann’s sci- 
entific activity. 

On Tuesday evening there was a grand banquet given in 
the Odeon. High dignitaries and world renowned savants 
were present. There were toasts and speeches in profusion. 
I could not stay to the end, but had to hasten away to take 
part at a festivity of a more enjoyable kind. This came 
about so. The members of the Mathematische Verein- 
igung seem to consider great official banquets rather a tire- 
some superfluity. At any rate ib was well known by past 
experience that hardly anyone would attend, and so Profes- 
sor and Mrs. Pringsheim took this opportunity to extend to 
the members of the Vereinigung and their wives the hos- 
pitality of their house, or rather palace, for such it really 
is in the noble proportions of its rooms and its rare collec- 
tions of objects of art. Here we were indeed royally en- 
tertained. After a rich collation, cigars and the genial flow 
of mathematical, postprandial speeches were in order. 

Wednesday morning was spent in joint session with the 
naturwissenschaftliche Hauptgruppe of the Gesellschaft. 
The subject of the papers was the ‘‘ Decimal division of the 
circle and unit of time.’’ These gave rise to a lively and 
prolonged discussion. In the afternoon there were various 
excursions to points of interest in the surroundings of 
Mtnich. The most interesting was to Schleissheim, where 
a splendid medisval pageant and an inspection of the 
treasures of the old castle were the attractions. 

Thursday morning the two most interesting papers read 
were by Brill: ‘‘ Ueber ein Beispiel des Herrn Boltzmann 
zur Mechanik von Hertz," followed by an instructive dis- 
: cussion in which Boltzmann took part; and by Study: 
* (Geometrie der Dynamen.’’ Theword Dyname, is Plück- 
er’s term for a system of forces acting on a rigid body, which, 
as well known, can be replaced by & couple and a resulting. 
force. Study gave an account of his new geometrical repre- 
sentation of such a system and illustrated its great value ; 
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one paper by him on this subject has already T in the 
Leipziger Berichte. 

In the afternoon a joint session with the Abtheilung für 
mathematischen und naturwissenschaftlichen Unterricht of 
the, Gesellschaft was held. The papers by H. Weber and 
Hauck were of great interest. The subject of discussion . 
was the '£ Ordnung des mathematischen Universitatsunter- 
richts auf Grund der neuen preussischen Priifungsordnung.’’ 
This refers to the new requirements in descriptive geometry, 
technical mechanics, graphical statics, geodesy, and the ad- 
justment of observations in the state examinations for gym- 
nasial teachers in mathematics. They have been imposed 
with the purpose of laying more emphasis on applied mathe- 
matics and so help fill up to some extent the great gap which 
is beginning to separate pure mathematics from the practical 
needs of present sociological conditions. Klein has been 
identified with this movement from the start and is perhaps 
its chief exponent. 

From 11 to 1 o’clock the same day the business meeting 
of the Vereinigung took place. Various reports were made. 
In the election to replace Hauck and Voss, whose term of 
office on the council expired, A. Mayer (Leipzig) and Dyck 
(Munich) were chosen. Later, Mayer has begged to retire 
in favor of Minkowski, who had received the next highest 
number of votes. The president for the ensuing year is 
Hilbert. 

I may mention here that a meeting of the academic com- 
mission and the editors of the Mathematical Encyclopedia 
took place some days later and the following arrangement 
was made for the remaining volumes: Vol. IV, Mechanics, 
editor, F. Klein; Vol. V, Physics, editor, A. Sommerfeld ; 
Vol. VI, (a) Geophysies, Geodesy, editor, E. Wiechert; 
(6) Astronomy, editor, H. Burkhardt. 

Thursday evening there was a gala presentation at the 
court theater. 'The members of the Vereinigung did not 
care to attend; they had a private entertainment. This 
was & Kneipe given by the Munich members. It took place 
in one of the halls of the Nener Ratskeller, and, as usual, 
was graced by the presence of the ladies. It was a very 
pleasant and cordial occasion. 

Friday there was again a general session in the royal 

‘theater. The address of chief interest to mathematicians 
was the remarkable paper by Boltzmann, of Vienna: ‘Ueber 
die Entwickelung der Methoden der theoretischen Physik 
in neuerer Zeit. The Vereinigung also had a meeting of 
its own the same day, at which various mathematical papers 
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were read, and one by Rudel (Nürnberg) on “Die neue 
bayrische Prüfungsordnung für das Lehramtsexamen der 
Lehrer für Mathematik und Physik." This was followed: 
by & long discussion on the questions involved in it and in 
the previous papers of Weber and Hauck. : 
Before closing, let me add that the mathematical papers 
mentioned here, together with many others, will appear ere 
long in the eighth volume of the Jahresbericht of the Vereini- 
gung. The few remarks I have made will indicate suff- 
ciently their importance and scope. I have, finally, the 
pleasure of thanking the amiable secretary of the Vereini- 
. gung, Prof. Dr. Guizmer, for notes of the sessions I could 
not attend. 
JAMES PIERPONT. 
YALE UNIVERSITY, 
March, 1900. 


HILBERT'S FOUNDATIONS OF GEOMETRY. 


Grundlagen der Geometrie. Von Dr. DAvrp HILBERT, o. Pro- 
fessor an der Universitat Göttingen. (Festschrift zur 
Feier der Enthüllung des Gauss-Weber-Denkmals in Göt- 
tingen. Herausgegeben von dem Fest-Comitee.) Leipzig, 
Teubner, 1899. $8vo, 92 pp. 

THE committee in charge of the unveiling of the Gauss- 
Weber monument at Göttingen has published a memorial 
volume intended to commemorate the celebration and to 
.Serve'as œ worthy tribute to the genius of the two great men 
of science. Two professors of the University of Gottingen 
present in this volume their investigations concerning the 
foundations of the exact sciences: Professor Hilbert treats 
of the foundations of geometry; Professor Wiechert dis- 
cusses the foundations of electrodynamics. The present 
notice deals only with the former of these memoirs. 

It is the object of geometry to analyze and describe our 
space intuition. The abstraction from spatial intuition 
leads to three systems of objects: points, straight lines, and 
planes, which as elements of such intuition, must lie at the 
basis of any description of space. By means of definitions 
these elements are brought into certain correlations for 
which geometry tends to establish general laws. In order 
to obtain in this way a logically consistent system of propo- 
sitions certain requirements, called azioms, must be satis- 
fied by all imaginable mutual relations between the elements. 
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Among the axioms of geometry two types can be distin- 
guished: axioms of position and axioms of magnitude. 
The axioms must have immediate general validity and 
form a system of propositions independent of each 
other, not further reducible, and not in contradiction one 
with any other. Only on the basis of such axioms is any 
geometrical definition possible ; that is, a definition provided 
it be thinkable, gains its meaning only when it can be 
shown from the axioms that it bas a real content. In ad- 
dition to these requirements it can be demanded of a sys- 
tem of axioms that it be simple, in. other words, that the least 
possible number of propositions be used to establish and 
Sharply cireumscribe the relations between the elements, none 
of the axioms being redundant, i. e., deducible as a corollary 
from any of the others. The addition of the requirement 
of completeness of the system of axioms will have a meaning 
only with regard to the particular purpose in view. It is 
possible to detach (as Professor Hilbert repeatedly does in 
his researches) certain axioms from the system and build 
up by means of them alone a geometry fornring a logically 
consistent system and leading to no contradictions. Itis, 
however, perfectly legitimate to inquire what is the com- 
plete system of axioms required for laying the foundation 
of analytic geometry. 

Euclid’s system of geometry has always been open to ob- 
jection on two points: the introduction of the axiom of 
parallels, and the doctrine of proportions and areas. While 
the latter point, since Euclid’s times, has hardly been es- 
sentially improved, it is well known how numerous have 
been the investigations concerning the former. The ques- 
tion whether Euclid’s eleventh axiom can be deduced from 
his other axioms has firially been answered in the negative, 
a non-euclidean geometry having been constructed by : 
Gauss, Lobachevsky, and Bolyai. The new methods that: 
brought about this final settlement of the old controversy 
over & much debated problem have led to entirely new 
views concerning the investigation of the axioms in general. 
They made it possible for Riemann, Helmholtz, and Lie 
to found geometry on an analytical basis, a method yery 
different from Euclid's. By,;conceiving of space as a mani- 
. fold of numbers these authors dispose at once of a number 
of geometrical axioms without the necessity of investigating 
them in detail. In sharp contrast to these analytical at- 
tempts we have the purely geometrical researches of Profes- 
E Veronese, and.also the investigations of Professor 

bert. 
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It is our author's aim to lay the proper foundations for 
euclidean geometry, and beyond this, for analytic geometry. 
His system thus finds its conclusion with the final recogni- 
tion that space can be regarded as a manifold of numbers. 
Among the more important points in which Professor Hil- 
bert’s memoir marks a distinct advance I wish to call par- 
ticular attention to the following: 

(1) The introduction of the axioms,of congruence, and 
the definition of motion as based on these; (2) the syste- 
matic investigation of the mutual independence of the 
axioms, this independence being proved by producing ex- 
amples of new geometries which are in themselves interest- 
ing; (3) the principle of not merely proving a proposition 
in the most simple way but indicating precisely what axioms 
are necessary and sufficient for the proof; (4) the theory 
of proportions and areas without use of the axiom of con- 
tinuity, and more generally, the proof that the whole of 
ordinary elementary geometry can be treated without refer- 
ence to the axiom of continuity; (5) the various algebras 
for segments (Streckenrechnungen ), in connection with the 
fundamental principles of arithmetic. 

We now proceed to the discussion of particular points. 

In the first chapter all the axioms are classed in five main 
groups. Group I. comprising the axioms of combination ( Ver- , 
knüpfung), contains two plane axioms, viz: (T, 1) Any two 
different.points A and B determine a straight line a; (I, 2) 
any two different points of a straight line determine this 
line; and five space axioms (the only space axioms of the 
whole system), viz: (I, 3). any three points not on the same 
straight line determine a plane; (I, 4) any three points of 
& plane, not on the same straight line, determine this plane; 
(I, 5) if two points of a straight line lie in a plane, every 
point of the line lies in this plane; (I, 6) if two planes have 
‘a point in common, they have at least one other point in 
common; (I, 7) on any straight line there exist at least two 
points, in any plane at least three points not on a straight 
line, and in space at least four points not in a plane. 

The group IL, forming the avioms of order (Anordnung), con- 
tains four linear axioms, about theorder of points on a straight 
line, such as (II, 3) among any three points on a straight 
line there always is one, and only one, that lies between the 
other'two; ‘and one plane axiom, viz: (II, 5) Let A, B, C 
be three points not on a straight line, and a a straight line 
in the plane ABC, nob meeting any one of the points A, B, 
C; then, if the line a passes through & point within the 
segment "AB, it will always pass through a point of the seg- 
ment BC, or through & point of the segment AC. 
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These axioms are sufficient to show that a straight line 
contains an unlimited number of points, that it divides the 
plane into two regions, that any one of its points divides the 
line into two half-rays. It becomes possible to define 
polygons andit can be proved that a simple polygon divides 
the plane into two regions. The following very convenient 
definition of an angle might find its place here: an angle is 
the system of two balf-rays issuing in a plane a from the 
same point O and belonging to different straight lines. The 
interior of the angle is the region that contains completely 
the segment joining any two internal points. 

Euclid's aviom of parallels (group III), ‘‘ whose intro- 
duction simplifies the foundations and facilitates the building 
up of geometry’’ is given in the form: In a plane a it is 
always possible to draw through & point A, not on the 
straight line o, one and only one straight line not meeting 
the line a. 

In the fourth group we find, besides the axioms about the 
congruence of segments and angles, the following: (IV, 6) 
If for two triangles ABC and A’ B'O the congruences 


= AB, AC=A'C, XxBACz B'A'C 
are true, then the congruences 
XABCZxXA'BC and XACB=A'CB 


are also satisfied. It is to be noted that, according to Pro- 
fessor Hilbert’s definitions, congruence and symmetry are ` 
originally not distinguished. 

Among the corollaries of the axioms of congruence atten- 
tion may be called to the proof for the congruence of all 
right angles, a proposition which in Euclid appears as the 
fourth postulate. I6 is obvious how the four groups of 
axioms 80 far mentioned can serve to define motion in space, 
even in a non-euclidean space. The circle is defined in the . 
usual way; 

The aziom of Archimedes (or axiom of continuity), forming - 
group V, completes the system, which contains in all 8 
linear, 7 plane, and 5 space axioms. It is stated as fol- 
lows: (V) Let A, be any point on a straight line between 
two arbitrarily given points A and B ; construct the points 
A,, A,, A 80 that A, lies between A and A. A, between 
A, and A,, and so on, and that the segments 


AA, AA, ERR A,A, as 


are all equal; then among the points A,, A,, A,, here 
will always be a point A, such that B lies between A and 
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A, While this formulation of the axiom enables us to de- 
fine thé equality of segments in the sense of general projec- 
tive measurement, it does notinvolve the continuity of the 
straight line-in the ordinary sense ; it only furnishes a con- 
dition necessary for an algebra of segments. It would be 
best to avoid in this connection the use of the term con- 
tinuity altogether; indeed, the axiom of Archimedes does 
not relieve us from the necessity of introducing explicitly an 
axiom of continuity, it merely makes the introduction of 
such an axiom possible. Thus, for the whole domain of 
geometry, Professor Hilbert’s system of axioms is not suffi- 
cient. For instance, while it follows from this system that 
a circle and a straight line have in common two points, or 
one point, or no point, it would be impossible. to decide 
geometrically whether a straight line that has some of its 
points within and some outside a circle will meet the circle ; 
in other words, it remains undecided whether or not the 
circle is a closed figure. It also follows, for instance, that 
&right-angled triangle cannot in general be constructed from 
the hypotenuse and one side. 

Is the system of axioms outlined above consistent in 
itself? Does it not contain any statement, or statements, 
. whose application may finally lead to something unthinkable 

or self-contradictory? As geometry is built up by the in- 
definitely repeated application of the axioms, the possi- 
bility is not excluded that a contradiction might appear 
- only after an unlimited repetition of such application. J. 
H. Lambert compares the axioms to as many equations that 
can be combined in innumerable ways. Professor Hilbert, 
to decide the question of consistency, imagines the domain 
of an enumerable ensemble of numbers and represents a 
point by two numbers of the domain, a straight line by the 
ratios of three numbers. With the aid of certain conven- 
tions about the order of the points on a line, etc., about 
translation and rotation, a geometry is thus defined for 
which all five groups of axioms hold. The question is thus 
transferred from the domain of geometry to that of arith- 
metic; any contradiction in the geometry must appear in 
the arithmetic of the imagined domain of numbers. But 
just because the question is merely transferred, the same 
problem remains open for arithmetic. It would seem de- 
sirable to find a decision in the geometrical domain itself 
and not to leave it to a lucky chance of future times. The 
importance of a final decision as to the absence of contra- 
dictions among the axioms is apparent; itis higher even 
` than the question as to their mutual independence. 
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In the present memoir the author discusses the axiom of 
parallels, the congruence axiom for triangles, and the axiom 
of Archimedes, each as to its independence of the axioms 
of the other groups. An exhaustive investigation of the 
whole subject of the mutual independence of axioms was 
given by Professor Hilbert in a course of lectures on euclid- 
ean geometry in the University of Göttingen, 1898-99, 
which thus supplements tlie printed memoir. The method 
of proof in every case consists in showing that there exists 
& consistent system of postulates by means of which it is 
possible to construct a geometry in which the axiom under 
discussion does not hold. 

Thus, to prove the independence of axiom (I, 5) of all 
` other axioms of the first group, Professor Hilbert proceeds 
as follows. Let the points of the new geometry be those of . 
euclidean space with the exception of a single one, O; let 
the planes be planes; and let us take as straight lines the 
circles through the point O, which does not exist in the new 
geometry. For this geometry all the axioms of the first 
group hold excepting the fifth. It should be observed that 
in this method of reasoning ‘‘the properties of euclidean 
~ space are used merely as abbreviating notations for certain 

arithmetical relations. 

'The proofs for the independence of the axioms become the 
more involved the greater the number of axioms regarded 
as valid. In his lectures Professor Hilbert enters upon a 

: broader discussion of these questions, especially in regard to 
non-euclidean: geometry, the proof of the congruence the- 
orems in this geometry, etc. 





Fro 1. 


For the further development of plane geometry two well- 
known propositions appear to be of fundamental importance; 
the recognition of this fact must be regarded as an important 

. advance. The author denotes these propositions briefly as 
Pascal’s and Desargues's, formulating them as follows: 
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Pascal/s proposition: Let A, B, C and A’, B’, C', respec- 
tively, be any three points on each of two intersecting 
straight lines, all different from the point of intersection ; 
then, if CB’ be parallel to BC’ and CA’ parallel to AC, 
BA! will be parallel to AB’. 

Desargues’s proposition: If two triangles be situated in a 
plane in such a way that any two corresponding sides are. 
parallel, then the joins of the corresponding vertices pass 
through one and the same point or are parallel. 

The proof of Pascal’s proposition, as a theorem of plane, 
geometry, is readily obtained by means of the axioms (I, 1), 
(I, 2), II, III, and IV (axioms of congruence), without the 
aid of the principle of Archimedes. The essential difference 
between the two proofs given by Professor Hilbert for this 
proposition lies in the fact that in the second proof not all 
the axioms of congruence are used, the axiom of congruence 
for triangles being replaced by one for isosceles triangles. +{ 

By devising an algebra of segments (Streckenrechnung) 
based on Pascal’s proposition the true import of this theo- 
rem for the construction of the system of geometry is 
brought out very clearly. The sum of two segments on the 
same line being defined in the usual way, let the product 
be defined as follows: On one side of a right angle lay off 
from the vertex O the segment a, on the other the Segments 
1 and 6; then draw 1a and through b the parallel to 1a; thi 
parallel will cut off on the 
othér side a segment c 
(counted from O) which is 
defined as the product aus 


ess a.b 


of the segment a into the ^ 


segment b. 
In this algebra of seg- 2 
ments the commutative and 
associative laws hold of 
course for the sum; but Fig. 2. 
they hold also, and this is 
the meaning of Pascal's E for multiplication. 
Finally, i$ can be shown that the distributive law, 


: a(b + c) = ab + ae, 
holds likewise. 

It is obvious how closely this algebra is connected with 
the theory of proportions. Let the proportion 


a:b=a':8, 
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where a, b, a’, b’ are any segments, be defined as equivalent 
to the equation of segments : 


b. =bg. 


If, moreover, similar triangles be defined in the usual way, 
. itis easy to prove, with Professor Hilbert, on the basis of 
the algebra of segmente, the general validity of the theorem 
of proportions, and it can further-be shown that a straight 
line is represented by a linear equation. 

While this use of Pascal’s proposition for the theory of 
proportions is certainly an important advance it is still more 
surprising to see the great importance assumed by this 
proposition as basis for the theory of the areas of plane 
figures. 

Two polygons are said to have equal area (flachengleich) 
if they can be resolved into a finite number of triangles that 
are congruent in pairs. They are said to have equal content 
(inhaltsgleich}) when it is possible to add to them polygons 
of equal area so that the new polygons so arising have equal 
area. These two definitions are quite distinct because the 
investigation is to be carried on independently of the 
validity of the axiom of-Archimedes. It can then be proved 
thgt rectangles, parallelograms, and triangles of equal bases 
and equal altitudes have equal content. The fundamental 
theorem formed by the converse of the last proposition, viz., 
if two triangles of equal content have equal bases, they must have 
equal altitudes, requires the introduction of the idea of measure 
of area (Flachenmass), which in the case of the triangle is 
simply half the product of base and altitude; the theorem 
is then readily proved by very clear, though somewhat 
lengthy, considerations. Asan elegant application of these 
results appears finally the proposition (previously discussed 
by other authors): 

If, after cutting up a rectangle by means of straight lines 
into a number of triangles, any one of these triangles be 
omitted it will be impossible to make up the rectangle from - 
the remaining triangles. 

As regards Desargues’s proposition ib is known that it can 
easily be proved with the aid of all the axioms of group I 
(including the space axioms) as well as those of groups IT 
and III. This fact can be expressed by saying that the ex- 
istence of Desargues’s proposition in the plane is a neces- 
sary condition if the plane geometry is to be part of a solid 
geometry, or the plane a part of space. Leaving out the 
space axioms it is impossible to prove Desargues’s proposi-- 


H 


1900.] HILBERT’S FOUNDATIONS OF GEOMETRY. 295- 


tion with the aid of the remaining among the above-named 
axioms. Indeed, Professor Hilbert shows that this proposi- 
. tion cannot even be true in à plane geometry in which all 
axioms hold excepting the axiom of congruence for tri- 
angles. This proof will be read with great interest inas- 
much as it leads to the construction of such a geometry 
which invites further investigation. It must, however, not 
be regarded as proved that the axioms of Hilbert’s system 
are all necessary for the truth of Desargues’s proposition ; 
it is not impossible that its existence is independent of the 
axiom of parallels. 

The importance of Desargues’s proposition in the system 
of geometry and its relation to Pascal’s proposition appear 
clearly from an algebra of segments based upon it. In this 
algebra, in which the constructions do not differ from those 
of the algebra referred to above except in so far as an arbi- 
trary angle takes the place of the right angle, the asso- 
ciative and commutative laws hold for addition ; for multi- 
plication the associative and distributive laws are true, but 
not the commutative law. 

The equation of the straight line i is found to be of the 
form 

ar + by +e=0, 


a, b, c being segments of the given system, s and y coördi- 
nates ; in the products az and by the order of the letters is 
essential. It can now be shown analytically that a solid 
geometry is possible in which all the axioms I to III hold. 
It follows that, the plane axioms of group I and the axioms 
of groups II and III being assumed, the existence of 
Desargues’s proposition is the necessary and sufficient con- 
dition under which the plane geometry is part of the solid 
geometry based on those axioms. 

To examine further the relations of Desargues's to Pas- 
cal'8 proposition we may proceed as follows, with the aid of 
the algebra of segments based on Desargues’s theorem. 

Let us take on one side of an arbitrary angle the seg- 
ments 

OA — a, OB =b, OC zg, 


and on each side of the angle a unit segment 
OE=1, OE—1. 


If through A, B, or C a parallel be drawn to the “ unit 
line" EE’, meeting the other side at A’, D. C’, then we put 


OA = O4'— a, OB = OB'= b, ete. 
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'The sum of two segmenta b and c is formed by the usual 
rules: In the figure, B’Z is drawn parallel to OC, CL parallel 
to OB’, and LD parallel to BB’, which is parallel to EE; 
hence 
d OB = CD 
and OD =b +c. 





The product of the segment a into the segment b is de- 
fined simply by drawing through. B a parallel BF” to EA’ 
and putting , 

: OF'= a-b. 

'The commutative law does not hold for this product be- 
cause we have not introduced the axioms of congruence, 
nor the axiom of Archimedes, so that these axioms cannot 
be used for the proof. Professor Hilbert has shown, how- 
ever, that the distributive law holds for our multiplication, 
i. e., we have for instance 


a (b + c) = ab + ac. 


The figure shows the construction of the two expressions 
a(b +c) and ab + ac: we have 
OF'— ab, OG'— OG = ae, 
OD=b+co, OP= OP a(b + c) = ab + ac. 


r 
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The distributive law requires that the line PP’ which is 
parallel to AA’ should pass through K. 

It is now seen without difficulty that there exists one and 
only one segment « corresponding to the equation 


£-a(b + c) = ab 


' At this stage we add explicitly to the axioms so far used, 
viz. (I, 1), (1, 2), II, III, the assumption that in our alge- 
bra the commutative law shall hold for multiplication on a 
straight line. Then the equation 


_ax(b + e) = ab 
is true, and hence the segment z also satisfies the equation 
z(b 4- c) — b, 


which means for the figure the parallelism of the lines F'P 
and B'D. 

Thus the sides of the triangles PE and B’DL are 
parallel in pairs so that, according to the converse of 
Desargues’s proposition, the points O, K, L lie on a straight 
line. From the triangles P" GK and B’ CL it follows further 


. that 
F'G is parallel to B’C. 


In the hexagon BF’GG' CB’ the points B and OH can be 
selected arbitrarily, also the directions 


BF parallel to CG', and BB’ parallel to GG". 


We are thus led to Pascal’s proposition for two straight 
lines; and it canf now easily be shown that the commuta- 
‘tive law of multiplication and E proposition hold for 
the whole plane. 

Without introducing the new assumption it would not 
have been possible to show that 


. F'Pis parallel to B'D ; 


i. e., Pascal’s proposition would not hold. 

Let us.sum up these results in the two propositions: 

(1) Paseal's proposition can be proved by means of the 
axioms I, IT, III, and the commutative law of multipli- 
cation, t. e., without any use of the axioms of congruence. 

(2) Pascal’s proposition can not be proved by means of 
the axioms I, IT, III alone, i. e., without using the axioms 
of congruence and the axiom of Archimedes. 


- : 
298 HILBERT'S FOUNDATIONS OF GEOMETRY. — [April, 


The algebras of segments based on Desargues’s and 
Pascal’s propositions, in which the totality of all segments 
is regarded as a number system, leads the author repeatedly 
to discussions concerning the principles of arithmetic. 

The real numbers form a system of objects subject to cer- 
tain laws of combination and order and to the proposition 
of Archimedes. The twelve laws of combination enumerated. 
by Professor Hilbert refer to addition, multiplication, divi- 
sion, and involve the laws of association, distribution, and 
commutation. There are four propositions of order. The 
proposition of Archimedes is as follows : 

If a > 0 and b> 0 be any two numbers, it is always pos- 
sible to add a a sufficient number of times to itself so that 
the resulting sum shall have the property : 


atat-+a>d 5b. 


Any system of objects that satisfies at least some of these 
17 propositions is called by Professor Hilbert a complex num- 
ber system. 

The two algebras of segments, which do not satisfy the 
17th postulate, are called non-archimedean number systems ; 
the segments of the algebra based on Desargues’s proposi- 
tion, in particular, form an arguesian number system. 

Of particular importance is the following result of the 
investigation as to the mutual interdependence of the 17 
propositions : 

In any number system in which the proposition of Archi- 
medes holds, the commutative law of multiplication can be 
deduced from the other laws of operation ; and: 

There exist non-archimedean number systems in which 
the commutative law of multiplication can not be deduced - 
from the other laws. 

In connection with the investigation of the principles of 
geometry Professor Hilbert discusses geometrical construc- 
tions. The old problem of constructions performable with 
the ruler or with the compasses alone is generalized to the 
question of indicating all problems solvable only by draw- 
ing straight lines and laying off segments. It appears that 
this condition is satisfied by the geometrical problems that 
can be solved by means of the axioms I to V. The closely 
related question as to whether any given geometrical prob- 
lem can be solved by drawing straight lines and laying off 
segments alone, is answered by Professor Hilbert on the 
basis of profound speculations in the theory of numbers 
published by him elsewhere. 
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I conclude this review by expressing the hope that the 
important new views on the foundations of geometry opened 
up in this memoir may soon become generally known and 
‘be introduced into the teaching of elementary geometry. 


J. SOMMER. 
GÖTTINGEN, OoTOBER, 1899. 


KOENIGS’ LECTURES ON KINEMATICS. . 


Leçons de Cinématique professées à la Sorbonne par GABRIEL 
Kornas, avec des notes par MG Darsovux et par 
MM. E. et F. Cosserar. Paris, Hermann, 1897. 8vo., 
x + 499 pp. 

Wire this book Professor Koenigs begins the publication 
of a treatise consisting of two or three volumes, which is to 
present the development of & course of lectures on kinematics 
delivered annually either at the Ecole Normale or the Sor- 
bonne for the last eight years. The first volume, the first 
ten chapters of which were printed in 1894, is devoted to 
theoretical kinematics ; the rest of the work will be occupied 
with applied kinematics. 

Kinematics as & distinct science is of comparatively re- 
cent origin. The formule which give the variations of the 
coordinates of the points of a movable solid in space were 
published by Euler in 1750. D'Alembert suggested the im- 
portance of studying the laws of movements separately. 
Ampére drew a definite demarcation between mechanics 
and the geometry of movement, but his object was to de- 
velop kinematical science solely for its use in the theory of 
mechanisms; the term kinematics is due to Ampère. Pre- 
viously, in his geometry of position, Carnot predicted a 
much wider career for this science then to be, by calling at- 
- tention to the fact that mechanics and hydromechanies 
would be infinitely simplified if the theory of geometrical 
motions were thoroughly investigated, since then the ana- 
lytic difficulties encountered in the study of equilibrium and 
motion would be reduced to the general principle of the 
communication of motions, which is only another form of 
the principle of action and reaction. In 1838 Poncelet in- 
cluded. the geometric properties of moving bodies in his 
course at the Faculty-of sciences of Paris ; with the excep- 
tion of the notions of Chasles, we owe to Poncelet the theory 
ofthe continuous motion of a solid in space. Willis, of 
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Cambridge University, published a treatise on kinematics 
in 1841, and twenty-one years later Resal’s treatise on pure 
kinematics appeared, 

The present form assumed by this body of doctrine in the’ 
exposition of mathematical science in France is due largely 
to the lectures of Bouquet, Darboux, and Tannery, who 
have treated kinematical questions with that absolute pre- 
cision and unflinching rigor demanded by mathematics. 
The influence of Tannery’s course, given for several years 
at the Faculty of sciences of Paris, is especially notable; here 
we find the time relegated toits proper réle as an auxiliary 
variable, and kinematics itself interpreted as the geometry 
of displacement. 

Koenigs’ treatise promises to be a classic. In facing the 
formidable array of researches and methods of Poinsot, 
Chasles, Bonnet, Ribaucour, Darboux, and a host of others, - 
the author must have experienced no little difficulty in 
choosing a method of exposition of the subject matter. A 
treatise that is to be both scientific and didactic must con- 
sider the demands both of the student and of the scientist. 
Knowledge is of most use when ‘accompanied by a kit 
of tools, and the instructor’s art is a double one—he 
must not only present the facts of a subject with reasons 
for faith in them, but also employ those methods which 
promise results at the hands of the independent investigator. 
Further, the method should have the necessary breadth and 
tunity, and be possessed of the clearness and directness of 
geometry and the power and generality of analysis. This 
multiplicity of demands Professor Koenigs has met admir- 
ably by basing his exposition on the geometry of the straight 
line and employing the mobile trieder of reference ; the lat- 
ter in the hands of Ribaucour and Darboux has proved 
itself to be the most certain and powerful implement yet 
used in infinitesimal geometry and it naturally lends itself 
with equal facility and elegance to the geometry of dis- 
placement. * 

The first chapter is taken up with preliminary geometric 
notions, principally the theory of segments. The author 
regrets in his preface that the latter theory has not yet 
found a placein elementary mathematics. Its introduction 
in a work on kinematics is as annoying as that of'kine- 
matics in a treatise on dynamics. The theory belongs to 
geometry and, as Koenigs pertinently remarks, the business ` 





* It may be remarked that the English writers on mechanics havé also 
used the method of moving axes for a long time with success ` Bee, for ex- 
ample, Routh’s treatise on rigid dynamics. 


Wei Wi 
* 


1900.] KOENIGS’ LECTURES, ON KINEMATICS. 301 


of the geometer is not alone to discover new facts, but also 
to classify results already found and to group together ideas 
of the same kind. The chapter considers in turn projec: , 

* tions, moments, systems of segments, couples, the theory of 
the right line, and concludes with a beautiful application of 
the theory of complexes to systems of segments. 

The notions of motion, velocity, and acceleration are pre- 
sented in the second chapter. The velocity is defined both 
as an algebraic and as a geometric function of the time. 
The hodograph is introduced to define the acceleration and 
deduce its properties. Among the applications are har- 
monic, uniform helicoidal, and uniformly varied rectilinear 
motions. 

The third chapter is devoted to the change of the system 
of reference and the study of relative motion. The funda- 
mental relation between the absolute velocity, the relative 
velocity, and the velocity of restraint ‘is followed by the 
derivation of the fundamental formule of kinematics which 
express the projections of the absolute velocity on the axes 
of the mobile trieder. These are applied to the compo- 

‘sition of velocities and lead directly to the theorems of 
Poinsot and Roberval for the construction of tangents and 
normals. 

The author gives an interesting historical note relative fo 
Roberval’s method for constructing tangents. It was dis- 
covered in 1636 and communicated by Roberval to Fermat 
in 1640. It was published in the sixth volume of the me- 
moirs'of the Paris academy of sciences. Roberval’s state- 
ment of the theorem isincorrect.; this error was reproduced 
by Montucla in his history and by Monge in his descriptive 
geometry ; the latter also gave faulty applications. These 
errors were rectified by Duhamel in a note inserted in the 
fifth volume of the Savants étrangers. 

In concluding the chapter Koenigs shows how the com- 
position of velocities may be utilized for the construction of 
tangents to conchoids of the most general form. 

The fourth chapter analyzes in detail the nature of the 
motion of one invariable system with respect to another ; it 
is one of the most successful parts of the volume. Its 
sections bear the captions: distribution of velocities in a 
moving solid, helicoidal motion, direct demonstrations of the 
helicoidal form of every infinitesimal displacement, rela- 
tions between the theory of linear complexes and that of 
the displacement of & solid, determination of a continuous 
motion when the rotations are known, and inverse move- 
ment. The reviewer regrets that he has space only to call 
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attention to the author’s presentation of the geometric 
method of Chasles which has been treated with fulness in 
the work of Schoenflies, to the analogy between the ideas 
of Chasles and the method of infinitesimal transformations 
of Sophus Lie, and to the application to space curves of the 
method of the mobile trieder as developed analytically in 
the theory of surfaces of Darboux. 

The fifth chapter defends Koenigs’ choice of method 
against all comers; in less than seven pages we find the 
complete theory of acceleration in relative motion devel- 
oped, the fundamental formulee of Dour established and 
interpreted geometrically, the theorem of Coriolis demon- 
strated, and the distribution of accelerations in & moving 
solid studied. 

'The sixth and seventh chapters are devoted to the motion 
of & plane figure in its plane, the latter being taken up 
largely with examples. Among the many details ofthese 
two chapters we observe, with interest, Koenigs’ generaliza- ' 
tion of Savary’s formula, the study of trajectories in the 
vicinity of & point, the simple presentation of the principle 
of planimeters, and Koenigs’ generalization of Steiner’s 
theorem relative to roulettes. 

Of the various movements of a body, two are particularly 
important: the first is that in which a plane of the body 
slides upon itself; the second is that.in which a spherical 
shell of the body slides upon itself, or what amounts to the 
same thing, in which the body has a fixed point. The two 
preceding chapters considered the first case; the eighth 
chapter studies the second. The theorem of Rivals and the 
analogue of Savary’s theorem are established by the same 
method employed in the case of plane motion ; the formule 

-of Euler and Olinde Rodrigues terminate the ‘chapter. 

The ninth chapter considers the most general continuous 
motion of a solid body. Koenigs studies first the curves 
connected with a moving figure which are possessed of en- 
velopes and shows by the method of Darboux that these 
curves can be obtained by quadratures. In the most gen- 
eral motion of an invariable figure there is always a ruled 
surface 4, which joins at each instant a ruled surface 4, 
along a rectilineal generator 4, which is found to be the 
axis of the tangent helicoidal motion; this particular roll- 
ing of 4,"upon 4, Reuleaux designated by the term viration; 
the author studies the distinctivé character of the viration 
in the general rolling of ruled surfaces. He considers the 
applicability and deformation of ruled surfaces, the rolling 
of developables and space curves, and concludes with certain. 
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propositions relative to the acceleration in the motion of a 
solid body. 

The heading : degrees of liberty of a moving system, move- 
ments with several parameters, gives the key to the tenth 
chapter. 'The various sections are occupied with the degrees 
of liberty of a solid body, thó.motion of a body subject to 
four conditions, and movements dependent on three para- 
meters. f 
, The eleventh chapter devoted to articulate systems is one 
of the most extensive of the volume. ‘It is introduced with 
a valuable historical sketch recounting the researches* of 
Scheiner, Watt, Peaucellier, Kempe, Hart, Lipkine, Tche- 
bicheff, Sylvester, Clifford, Roberts, Cayley, Saint-Loup, 
Laisant, Lemoine, and Darboux. The general reader may be 
interested in Neuberg’s résumé of his elementary conferences 
on linkwork and Liguine’s bibliographyT to which the au-, 
thor r@fers. This chapter is admirably constructed and is 
enriched by Koenigs’ own contributions which have been of 
both a practical and theoretical kind. The material is ar- 
ranged in the following order—systems having four mem- 
bers, link transformers, exact.or approximate determination 
of the rectilineal motion of a point, motions and transfor- 
mations which can be realized by the same linkwork, 
applications of linkworks to the resolution of equations and 
the representation of functions, linkworks in space, general 
theorems on linkworks; among these last mentioned the- 
orems there appears the very remarkable one of the author 
that every algebraic space curve or surface can be described 
by means of Jinkwork. 

The last chapter, on displacement as a particular case of 
homography, introduces & new chapter in kinematics and is 
of itself a superb geometrical memoir. The reviewer must 
content himself however with a mere index of the sections 
—movement of a plane figure, displacement of a figure in 
space, imaginaries in the kinematics of the plane, linear 
substitutions of one variable and displacements about a 
fixed point. 

The volume is happily supplemented by the notes of MM. 
Darboux, E. and F. Cosserat, and the author. 

In his first note Professor Darboux presents a new dem- 
onstration of the formule of Euler and Olinde Rodrigues, 
which is direct and yields an immediate interpretation of 
the parameters. 





* The names follow in the order taken up by Koenigs. 
T Bulletin des sciences mathématiques, 2d series, vol. 7. 
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The second note of Darboux studies the reversions and 
planeinversions. By reversion (renversement) Darboux means 
the rotation of a figure through 180° about a straight line 
in space, and by plane inversion a symmetry with regard to 
8 plane. These two transformations simplify the study and 
composition of displacements: 

Darboux’s third note is an elaborate memoir on algebraic 
movements. It consists of three divisions: movement of 
which all the trajectories are plane, use of the formule of 
Olinde Rodrigues in the study of algebraic movements, 
motions in which certain points of the body describe planes 
or plane curves. 

The note of MM. Cosserat is an extract of a memoir pub- 
lished in the Toulouse Annales on the kinematics of a con- 
tinuous medium. The introduction of this note is pecu- 
Dale fortunate for it is high time that kinematics should 
comprehend the study of deformation and of defd?mable 
spaces. The authors have included in their extract certain 
generalities on curvilinear coórdinates, the deformation of a 
- continuous medium in general, infinitely small deformation, 
use of the mobile trieder, and the case where the non-de- 
formed medium is referred to any curvilinear coórdinates. 
ee. own notes are eleven in number and on the fol- 

lowing subjects: tetraedral coórdinates of segments, the 
theory of Grassmann, infinitisimal properties of linear com- 
plexes, the expression of the virtual work of forces applied 
to a solid body, the volumes generated by a closed contour, 
the problem of centers of curvature in the movement of a 
plane figure, accelerations, Ball’s theory of screws, the 
cylindroid, the composition of rotations and’ quaternions, 
and graphical representation. 

The mechanical execution of the book is excellent and the 
marginal headings and leaders are especially useful. The 
mathematical public would welcome an announcement from 
M. Hermann thatthe second volume of Koenigs’ work is 
ready. 

E. O. Lovett. 
PRINCETON UNIVERSITY. 
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NOTES. 


Tax British association for the advancement of science 
will hold its next annual meeting at Bradford opening Sep- 
tember 5th. Sir WirLiAM TURNER is president of the as- 
sociation and Dr. J. Larxor is president of the mathemat- 
ical section. 

Tux annual meeting of the German mathematical asso- 
ciation will be held simultaneously with the seventy-second 
meeting of the German association of scientists and physi- 
cians at Aachen, September 17-22, 1900. It is requested 
that the announcements of all mathematical papers intended 
for presentation be sent in time to reach Professor A. Gutz- 
acer, Wildstrasse 2, Jena, before the first of May. Pro- 
fessor D. Dosen is president of the association for the 
present, year. 


For the regular meeting of the London mathematical so- 
ciety to be held March 8th, a paper by Mr. W. F. SHEPPARD 
‘(On the use of the curve of error as an auxiliary curve in 
statistics," was announced. : 


Ar the meeting of the London royal society, held March 
Ist, Professor Kart Pearson presented, under the title, 
“On the correlation of characters not quantitatively meas- 
urable,’’ the eighth of his series of papers of mathematical 
contributions to the theory of evolution. 


o 

Tue following papers were presented at the regular meet- 
ing of the Edinburgh mathematical society held March 9th : 
—-‘‘A note on change of coórdinate axes,’’ by Professor STEG- 
GALL; ‘‘ The condition for multiple roots of the equation in 
A, (a—2, b —2, --)=0,” - by Mr. C. TwzxprE ; ‘The analyt- 
ical representation of a potential function by means of cylin- 
drical and spherical harmonics, with applications to Green's 
problem,” by Mr. J. DOUGALL. 


At a meeting of the Royal Irish academy held at Dublin, 
January 22d, 1900, the Reverend W. R. Westrorr ROBERTS 


read a paper ‘‘On the reduction of the integral f Eet (o 
dis D 


to a number of other, integrals of the form Sex é ) vm y 
g-— z 


. Where eis) and ¢(z) are rational integral functions and 
"trei & polynomial of degree 2m." At the meeting of this 
academy on February 12th, Professor CirAgLEs J. Jovy read 
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& paper on the place of the Ausdehnungslehre in the general 
associative algebra of the quaternion type. 


Two mathematical papers were presented at the meeting 
of the Literary and philosophical society of Manchester, 
February 6th; both were by Mr. R. F. GWYTHER ; they were 
entitled * On the conditions of propagation of a solitary 
wave” and “On the motion of the particles in certain 
cases of steady fluid motion." 


Ture Australasian association for the advancement of 
science met at Melbourne January 9th. The presidential 
address was delivered by Mr. R. L. J. ELLERY on “The 
beginnings and growth of astronomy in Australia" ; and 
the presidential address of the mathematical section by Mr. 
G. H. Kuis2s on “The development of the atomic theory 
of matter." The next meeting of the association will be 
held at Hobart in January, 1902. 


Tus second part of Professor A. R. Forsyru’s Theory 
of differential equations, consisting of volumes II. and III. 
of his treatise, and devoted to non-linear ordinary equa- 
tions, has recently been issued by the Cambridge University 
Press. 


PnorrssoR É. Proarp presented the first part of the sec- 
ond volume of his work ‘‘ Sur la théorie des fonctions algé- 
briques de deux variables" to the Paris academy of sci- 
ences, March 6, 1900. This volume, as was the first, is 
published with the collaboration of M. Siart. The part 
‘just issued deals principally with geometry on an algebraic 
surface. The point of view is chiefly that of algebra and 
analytical geometry, as adopted by Noether and the Italian 
mathematicians, although the transcendental position taken 
in the first. volume of the treatise has not been entirely 
abandoned and will be resumed in the second part of the sec- 
ond volume. This second part will be occupied with the 
completion of the theory of double integrals of the second 
species ; and a study of particular surfaces, especially those 
associated with abelian, hyperfuchsian and hyperabelian 
functions, will terminate the volume. 


Tue following volumes are announced as either in prep- 
aration or under the press for Teubner’s series of text- 
books in the mathematical sciences: P. BacoHMANN, Ele- 
mentary theory of numbers; M. Bóonzn, Thereal solutions 
of ordinary linear differential equations of the second order; * 
G. BRUNEL, Analysis situs; G. Castennuovo and F. Ex- 
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RIQUES, Theory of algebraic surfaces ; F. DINGELDEY, Conics 
and systems of conics; F. DrwaELDEY, Collection of prob- 
lems for the application of the infinitesimal calculus; F. 
ExxmxiQuss, Principles of geometry ; J. Harkness, Elliptic 
functions ; OG. Kons, Rational curves ; A. Krazer, Theory 
of theta functions; R. von LILIENTHAL, Differential geom- 
etry ; G.. Lorta, The theory and history of special algebraic 
and transcendental plane curves; R. MxnMxE, Graphical 
and numerical methods of computing, including reckoning 
machines; E. Nrrro, Theory of combinations; E. PascAr, 
Theory and application of determinants; S. :PINCHERLE, 
Functional equations and functional operations; A. PRING- 
SIIEIM, Lectures on number theory and functión.theory (the 
elementary theory of infinite algorithms and the analytic 
functions of a complex variable, vol. I. theory of numbers, 


vol, IL theory of functions); C. SEGRE, Lectures on alge- 


braic geometry, with especial references to spaces of many 
dimensions ; D. Sevrwanorr, Calculus of differences; M. 
EBiwox, Elementary geometry; P. Srdcxen, Differential 
geometry of higher manifoldnesses ; O. Straupe, Surfaces of 
the second order and systems of such surfaces ; O. Srorz and 
J. A. Gansen, Theoretical arithmetic; R. Srurm, Theory 
of geometrical relations ` R. Storm, Cubic space curves; 
K. Tu. Vauuen, History of the, fundamental theorem of 
algebra; K. Tu. Van, History of Sturm’s theorem ; A. 
Voss, Representation and development of curved surfaces; E. 
von WEBER, Lectures on Pfaff’s problem and the theory of 
partial differential equations of the first order; A. WIMAN, 


‘Finite groups of linear transformations ; H. G. ZEUTHEN, 


The enumerative methods of geometry. 


THE inaugural academic lecture of Professor Orro'HOLpER, 
delivered on recently assuming a full professorship of pure 
mathematics at the University of Leipzig, is promised at an 
early date from the press of B. G. Teubner. The lecture 
was a semi-popular one, entitled ‘‘ Anschauung und Denken 
in der Geometrie" 


. Messrs, Carré and Naud, of Paris, announce that a mono- 
graph on Interpolation by Dr. C. A. LAISANT, and one on 
Elimination by Dr. H. LAURENT, are in preparation for the 
physico-mathematical section of Scientia, a series of mono- 
graphs published with the object of presenting the recent 
discoveries, leading ideas, and notable advances in the evo- 


_lution of science. The editorial board of the physico- 


mathematical part of this undertaking consists of Professors 


d 
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Appell, Cornu, d’Arsonval, Haller, Lippmann, Moissan, 
Poincaré, and Potier. 


Dunrxa the summer semester 1900 the several universities 
mentioned below offer the following mathematical courses: 


University op BrRLIN.—By Professor H. A. SCHWARZ: 
Synthetic geometry, four hours ; Applications of the theory 
of elliptic functions, four hours; Theory of analytic func- 
tions, two hours; Colloquia and seminar.—By Professor R. 
Leawann-Fitats: Analytical geometry, four hours.; The- 
ory of hypergeometric series, one hour.—By Professor J. 
KNoBLAUOH: Integral calculus, four hours ; Theory of par- 
tial differential equations, four hours; Theory of elliptic 
functions, one hour.—By Professor E. R. Horre: Integral 
calculus, four hours; Analytical mechanics, four hours; 
Elementary questions of philosophy, two houra—By Pro- 
fessor K. H EexsEL : Differential calculus, four hours ; Theory 
of surfaces of second order, two hours; Analytical me- 
chanics, four hours.—By Professor Q. Frosentus: Theory 
of numbers, four hours ; Seminar. —By Professor L. Fucus: 
Introduction to the theory of functions, four hours; Semi- 
nar.—By Professor Q. HETTNER : Infinite series, products 
and continued fractions, two hours. . 


University or Boxs.— By Professor L. Hurrrer : Theory 
of functions, four hours ; Theory of invariants, three hours ; 
Exercises in function theory, one hour.—By Professor H. 
Kortum `" Elements of infinitesimal calculus, four hours; 
Theory of series, two hours ; Seminar, two hours.—By Pro- 
fessor R. Lirscmirz: Elementary mechanics, four hours; 
: Mathematical seminar, two hours. 


University op BresLAU.—By Professor J. ROSANES : 
Analytical geometry of the plane, four hours ; Elements of 
theory of invariants, two hours; Seminar, one hour.—By 
Professor R. Sturm: Differential geometry, three hours; 

- Curves and surfaces of the third order, three hours; Sem- 
inar, two hours.—By Professor F. Lonpon : Introduction to 
the theory of elliptic functions, four hours. 


UNIVERSITY op Gressex.—By Professor M. Pason : Plane 
analytical geometry, four hours; Elliptic functions, four 
hours; Seminar, one hour.—By Professor E. Nerro: Ele- 
ments of algebra, four hours ; Definite integrals, two hours ; 
Seminar, one hour.—By Professor R. HAusssER : Theory of 
invariants and forms, two hours; Solution of numerical 
equations, one hour ; Descriptive geometry, five hours. 

D H 
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' UNIVERSITY OF GREIFSWALD. —By Professor W. THONÉ: 
Analytical geometry, two hours ; Applications of the infin- 
itestimal calculus to geometry, two hours; Seminar, two 
` hours.—By Professor E. Srupy : Theory of functions, four 
hours; Infinitesimal calculus, four hours; Seminar, one 
hour. 


University oF HarLE-WirTENBERG.—By Professor G. 
Cantor: The Galois theory of the solution of algebraic 
equations, four hours; Seminar, two hours.—By Professor 
A. WawcEniN: Differential calculus, five hours; Elliptic 
, functions, five hours ` Seminar, two hours.— By "Professor 
V. EnznBAnD: History of analysis, one hour; Theory of 
functions, four hours.—By Dr. GmassxaANN: Analytical 
mechanics, two hours ; Descriptive geometry, two hours.— 
By Dr. NEUMANN : Selected chapters of analytical geometry, 
two hours ; ; Synthetic geometry of conic séctions, two hours. 


UxivERsITY or JENA. —By Professor J. THowAE: Elliptic 
functions, four hours; Projective geometry, four hours.— 
By Professor Q. Freez: Analytical geometry, four hours ; 
Mathematical exercises, two hours; Fundamental notions 
of mathematics, one hour. —By Professor A. GUTZMER : Dif- 
ferentia] calculus, four hours; Exercises in the preceding, 
one hour ; Introduction to higher algebra, four hours. 


Universiry or Kéniaspere.—By Professor F. MEYER : 
Introduction to higher geometry, four hours ; Seminar, one 
and a half houre.—By Professor A. ScgoENrLIES : Differen- 
tial calculus, four hours; Seminar, one and a half hours.— 
By Professor L. Saatsonttrz: Fourier's series, two hours ; 
Bernouilli functions, three hours; Exercises in Bernouilli 
numbers and functions, one hour.—By Dr. T. VAHLEN: 
Theory of linear differential equations, three hours.—By 
Dr. MüLLER : Plane analytical geometry and exercises, four 
hours; Graphical statics, two hours. 


. University op Leipzic.—By Professors W. SoHEIBNER 
and A. MAYER: no courses are offered during the summer 
semester.—By Professor C. Neumann: Theory of curved 
surfaces, four hours; Seminar, one hour.— By Professor O. 
Hörper : Elliptic functions, four hours; Calculus of varia- 
tions, two hours; Seminar, one hour.—By Professor F. 
Buer, Ordinary differential equations, four hours ; Theory 
of continuous groups, two hours; Analytical mechanics, 
one hour ; Seminar, one hour —By Dr. F. HAvsponrr : In- 
troduction to higher analysis, four hours; Insurance math- 
ematics, three hours.—By Dr. G. KOWALEWSKI : Analytical 
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geometry of plane and space, with exercises, five hours; 

The quadrature of the circle, two hours.—By Dr. H. Ls- 
MANN : Synthetic geometry, three hours ; Graphical statics, 
one hour; Definite integrals, two hours. 


UNIVERSITY op MARBURG.—By. Professor F. SOHOTTKY : 
Curvature of lines and surfaces, four hours; Theory of 
representation, three hours ; Seminar, two hours. —By Pro- 
fessor A. E. Hess: Differential calculus, five hours ; Foun- 
dations of modern geometry, two hours ; Seminar, two hours. 
—By Dr. F. vos Datwiex : Definite integrals, three hours ; 
Descriptive geometry, six hours. 


University op Srrasssurc.—By Professor T. REYE: 
Synthetic geometry, two hours; Technical mechanics, four 
hours; Seminar, one hour.—By Professor H. WEBER: 
Theory of functions, four hours; Hydrodynamics, two 
hours ; Seminar, two hours.—By Professor G. Rora : Infin- 
itesimal calculus, three hours ; Plane analytical geometry, 
two hours.—By Professor A. Krazer: Definite integrals, 
three hours; Graphical statics, two hours; Determinants, 
two hours.—By Dr. E: TrwzRDING: Theory of algebraic 
curves, two hours. —By Dr. J. WELLSTEIN : Algebraic equa- 
tions, three hours. 


University op Wttrzpura.—By Professor F. Pryar: In- 
tegral calculus, six hours ; Exercises on the preceding, two 
hours ; Selected chapters of function theory, two hours.— 
-By Professor A. Voss: Analytical and synthetical geometry 
of conics, four hours; Analytical geometry of ‘space, four 
hours; Selected chapters of higher mathematics, two 
hours. 


At the University of Göttingen, from April 19th to May 
1st, there is to be given a series of special lectures in mathe- 
matics and physics intended as an Easter vacation course 
for teachers in the high schools of Germany. The lectures 
in mathematics include lectures by Professor F. KLEIN, on 
the teaching of applied and technical mechanics in the 
schools; by Professor G. Boutmann, on the elements of the 
mathematics of life insurance; and by Professor F. Scuru- 
LING, on descriptive geometry. 


Messrs. Macmillan and Bowes, 1 Trinity Street, Cam- 
bridge, England, have issued a new list of second-hand 
mathematical books, under date of February, 1900. 


Turse letters written by De Morgan to SYLVESTER in 
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1856, when the latter was professor of mathematics at the 
Woolwich military academy, appear in the January num- 
ber of the A/onist, with an introduction by Professor G. B. 
-Hatstep, of the University of Texas. 


Tue University of Oxford has recently instituted the de- 
grees of doctor of letters and doctor of science as advanced 
research degrees. 


Tex London mathematical society has passed a resolution 
permitting the increase of the number of its members by 
further elections to three hundred and fifty, The previous 
limitation was two hundred and fifty. f 


PRorrsson G. G. Sroxes, of Cambridge University, has 
been elected a foreign associate of the Paris academy of 
sciences. 


AT the University of Cambridge, the Hopkins prize for 
the period 1891-94 has been awarded to Mr. W. D. Niven, 
F.R. 8., for his memoir on ellipsoidal harmonics, published 
in the Philosophical Transactions for 1891; Mr. Niven was 
formerly a fellow of, Trinity College. 


Axmone the foreign correspondents elected by the Berlin 
academy of sciences at the recent celebration of the two 
hundredth anniversary of its organization, are Professor J. 
WirLARD Gisss, of Yale University, and Professor H. A. 
RowrANp, of Johns Hopkins University. 


Tue Royal Irish Academy has elected Professor P. G. 
Tait, of Edinburgh, and Professor J. J. THomson, of Cam- 
bridge, to honorary membership. 


Lord KELVIN has been elected a foreign member of the 
Berlin academy of sciences. 


Dr. Max ABRAHAM has been admitted as Privatdocent at 
the University of Gottingen. In the coming summer sem- 
ester he will give a course on the electromagnetic theory of 
light. . 

Dr. Harris Hancock, instructor in mathematics at the 
University of Chicago, has been elected professor of mathe- 
matics at the University of Cincinnati. 


“Dr. G. W. Myers, professor of astronomy in the Univer- 
sity of Illinois, has resigned to take charge of the depart- 
ment of mathematics and astronomy in Chicago Insti- 
tute. | 
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Proressor R: L. Morse, of Hanover College, has been 
made professor emeritus of: mathematics, after twenty-five 
years of service in that institution ` the active professor- 
ship thus made vacant has been filled by the election of Dr. - 
R. S. Lawrence, of Emporia College. 


Proressor H. WEBER has been elected rector of the Uni- 
versity of Strassburg. 


Tue honorary degree of doctor of laws has been con- 
ferred on Professor A. R. FonsvrH by Glasgow Univer- 
sity. i 7 

A status of Professor CHARLES Hacxiry has been 
recently presented to Columbia University. Professor Hack- 
ley held the chair of mathematics in Columbia ic 
from 1848-1861. 


Proressor E. Bertrami died at. Rome, February 18, 
1900. 


.  PnmorzssoR Josers L. F. BEnTRAND, of Paris, died Te 
cently at the age of seventy-eight years. ; 


Tue deaths are also announced of Miss CATHERINE 
Worre BRuor, the well known patron of astronomical 
science ; of Professor Tuoaras Preston, fellow of the Royal 
University of Ireland ; and of Mr. J. J. WALKER, one of: 
the early members of the London Mathematical Society 
which he had served both as president and vice-president. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


BOLTZMANN (L:). See CLARK UNIVERSITY. 


Boren (E.). Nouvelles leçons sur la théorie des fonctions. Leguns sur 
les fonctions entières. Paris, Gauthier-Villars, 1900. 8vo. GL 
126 pp. 


BRANDENBURGER (C.) Anwendung der elliptischen Funktionen auf 
durch algebraische Funktionen vermittelte konforme Abbildungen. 
(Dis. ) Zurich, 1899. 8vo. 49 pp., 4 plates. 


BRAUN (J.) Das Fortschreitungsgesetz der Primzahlen durch eine 
transcendente Gleichung exakt dargestellt. (Progr.) Trier, 1899. 
8vo. 34 pp., 6 tables. o, 
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CAHEN (E.). Eléments de la théorie des nombres, congruences, formes 
quadratiques; nombres incommensurables, questions diverses. Paris, 
Gauthier-Villars, 1900. Geo 8-+ 404 pp. 


CAVALLIN (P.). Determination och Multiplikation. Logisk-matema- 
tiska Undersökningar. Lund, 1899. 8vo. 7-+ 185 pp. 


£a ` 
CAYLEY (AL An elementary treatise on elliptic functions. 2d edi- 
tion. Cambridge, Deighton, Bell, & Co., 1900. Geo, 7s. 6d. 


CHEBYSHOV (P.). Works, collected and edited by A. Markov and N. 
Bonin. (In2volumes.) Vol.I. St. Petersburg, 1899. 4to. 6-4- 714 
pp. portrait. (Russian.) M. 17.50 


CLARK UNIVERSITY 1889-1899. ecennial celebration. Worcester, 
Mass., printed for the University, 1899. 4to. 6 566 pp., 5 por- 
traits. (Contains: W. E. Story, The department of mathematics, 
pp. 61-83; A. G. Webster, Department of physics, pp. 85-98 ; E. 
Picard, Lectures on mathematics : (1) Sur l'extension de quelques 

: notions mathématiques, et en particulier de l'idée de fonction depuis 
un siècle ; (2) Quelques vues générales sur la théorie des équations 
differentielles ; (3) Bur la théorie dea fonotions analytiques et sur 
quelques fonctions spéciales, pp. 207-259 ; L. Boltzmann, Ueber die 
Grundprinoipien und Grundgleichungen der Mechanik, pp. 261-309. ) 


Corton (E.). Sur les variótés à trois dimensions. (Thèse. ) Paris, 
Gauthier-Villars, 1899. 4to. 61 pp. 


Dörr (H.). Aufgaben zur Differential- und Integralrechnung nebst 
den Resultaten und den zur Lösung E theoretischen Erliute- 
rungen. 8te Auflage, neu bearbeitet von E. Netto. Giessen, 1900. 
8vo. 44-216 pp. Cloth. M. 4.00 

FonsYYH (A. R.). Theory of differential equations. Part II: Ordi- 
nary equations, not linear. Vol. II: 11+ 344 pp.; Vol. IIl: 
10-+-391 pp. London and New York, Macmillan, 1900. 8vo. 
Cloth. (Cambridge University Press series. ) $6.00 

FRANOK (P.) Ueber die Flücheninhalte und Bogenlüngen von Fuss- 
punktkurven und Rollkurven. (Diss). Leipzig, 1899. 8vo. 57 pp. 

GARAYCOCHEA (M. W.). Caloulo binomial o analisis trascendente de 
binomio ; obra original inedita, comentada por D. F. Villareal. Parte 
I. Lima, Gil, 1898. 12mo. 19 4-806 pp. ‘Fr. 10.00 


Gauss (C. F.). See OLBERS (W.). 


GULDBERG (A.). Sur une classe particulière d'équations aux dérivées 
partielles du premier ordre. Christiania, Dybwad, 1899. 4to. 17 pp. 
( Videnskabsselekabeis Skrifter, I. Math.-naturv. Klasse, 1899, No. 8.) 

` HAHN (R.). Die Entwicklung der Leibnizischen Metaphysik und der 

Einfluss der Mathematik auf dieselbe bis zum Jahre 1686. Halle, 
1899. Ate, 35 pp. 

HEDRICK (E. R.). On three-dimensional determinants. 4dto. (Annals 

« of Mathematics, 2d series, Vol. 1, No. 2, 1900, pp. 49-67.) 

HxIDEE (P.). Ueber Kreisteilungsglelehungen vom  Primzahlgrad 
popr.p,e---pa--1(&72»1). (Diss) Greifswald, 1899. Geo. 

. 26 pp. f 

HEINECK (C.). Invariante Kurvenintegrale bei infinitesimalen Trans- 
formationen in drei Ver&nderlichen z,'y,z und deren Verwertung. 
(Diss.) Lelpzig, 1899. 8vo. 75 pp. 
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“HESSENBERG (G.). Ueber die Invarianten linearer und quadratiacher 
binürer Differentialformen und ihre Anwendung auf die Deformation 
der Flichen. (Diss.) Berlin, 1899. Geo 50 pp. 


LIEBMANN (H.). Ueber die Verbiegung der geschlossenen Flächen posi- 
Heer Krümmung. (Habilitationsschrift.) Leipzig, 1890. 8vo. 
32 pp. 

MARKOV (A.). See OngBnvsuov (P.). 


Massau (J.). Mémoire sur l'intégration graphique des équations aux 
dérivées partielles. Fascioule 1: Intégration fnusse; intégration par 
les caractéristiques ; mouvement varié des eaux courantes ` mascaret. 

* Paris, Hermann, 1898. 4to. i44 pp. (Autogr.) Fr. 5.09. 


MrHLING (A.). Ueber diejenigen Flächen, die üquidistante infinitesi- 
male Biegungen gestatten. (Diss.) Würzburg, 1899. Svo. 62 pp. 


Nrrro (E.). See Dór» (H.). 


OLBERS (W.), sein Leben und sein Werke. Im Auflrage der Nachkom- 
men herausgegeben von C. Sohilling. Vol. II: Briefwechsel zwischen 
Olbers und Gauss. Abteilung 1. Berlin, Springer, 1900. 8vo. 7-- 
767 pp. M. 16.00 


PICARD (E.). See CLARK UNIVERSITY. 


PORTUONDO (A.). Esouela especial de ingenieros de caminos, canales y 
puestos. la parte: Caloulo de probabilidades ; 2a parte: Teoria de 
los errores ; 3a parte: Metodo de los minimos cuadrados. Madrid, 
Fortanet, 1898. Svo. 292 pp., 4 plates. 


SCHILLING (C.). See OLBERS (W.). 

SoNIN (N.). See Cuznvsmov (P.). 

Story (W. E.). See CLARK UNIVERSITY. 

TOHEBYCHEFF. See OHEBYSHOV (P.). 

TIMCHENKO (Q.). Elementa of the theory of analytic functions. Part 
I: Historical account of the development of the ideas and methods 


on which the theory of analytio functions is based. Vol. I. St. 
Petersburg, 1899. 8vo. (Ruseian.) M. 9.00 


VEccHI(S8.). Sulle figure complete determinate da un numero qualun- 
que di punti o da un numero qualunque di tangenti di una conica e 
sulle loro correlative nello spazio. Parma, Rossi-Ubaldi, 1899. 4to. 
16 pp., 2 plates. 


VILLAREAL (D. F.) See GARAYCOOHEA (M. W.). 
WEBSTER (A. G.). See CLARK UNIVERSITY. 


WESTFALL (J. v. E.). Ona category of transformation groups in three- 
and four dimensions. (Diss) Leipzig, 1899. Geo 32 pp. 


WOLFFING (EI Verzeichnis der Zeitschriften für die Gebiete der 
Mathematik, der Physik, der Technik und der verwandten Wissen- 
schaften, welche auf Württembergischen Bibliotheken vorhanden 
Bind. Stuttgart, 1809. 8*0. 18 pp. M. 1.60- 


ZINDLER (K.). Ueber Complexourven. (Monatshefte für Mathematik 
und Physik, Jahrgang XT.) 8vo. 3 pp. 
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D. ELEMENTARY MATHEMATICS. 


ANDRE (P.). Nouveau cours de trigonométrie, rédigé d'après le'pro- 
gramme offloiel, à l'usage des ly des collèges, des institutions et 
des aspirants au baccalauréat és sciences. 9e édition. Paris, André 
[1900.] Geo, 98 pp. g 


BoLTE(F.). Leitfaden für den Unterricht in der Arithmetik, zum Ge- 
brauche an Navigationsschulen bearbeitet. : 2te Auflage. Hamburg, 
Peuser, 1900. 8vo. 77 pp. Boards. M. 2.00 


. BossE (L.) und MÜLLER (H.). Algebra. Mit Aufgaben und fünfstel- 
liger Logarithmentafel. Berlin, Parey, 1900. 8vo. 4-4-1244 
24 pp. M. 1.80 


BRÉMANT(AÀ.). Cours d’algdbre essentiellement pratique, aveo de nom. 
breuses applications, à l'usage des élèves de l'année complémentaire- 
Nouvelle édition. Paris, Hatier [1900]. 16mo. "76 pp. 

BRUHNS (C.). Neues logarithmisoh-trigonometrisches Handbuch auf 7 
Deoimalen.  5te Ausgabe. Leipzig, 1900. 8vo. 24-610 pp. 
(The same with text in English, French, Italian.) M. 4.20 


DEKKER (P.). See NIEMÜLLER (F.). 


FRERES (LES) dea écoles chrétiennes. Géométrie, cours moyen. Paris, 
Poussielgue [1900]. i6mo. 191 pp. (Enseignement primaire; 
livres classiques rédigés en trois cours gradués pour chaque série du 
programme officiel. ) 


FULOHERIS (P.). Elementi di geometria ad uso delle scuole tecniche 
e normali. Testo e tavole. 17a edizione, riveduta ed ampliata. 
Torino, Paravia, 1900. 8vo. 147 pp., 18 plates. Fr. 9.00 


' Gams (L. G.). Raumlehre, für höhere Madchenschulen und Lehrerin- 
nenseminare methodisch bearbeitet. 3te Auflage. Bensheim, Ehr- 
hard, 1900. 8vo. 8-132 pp. Boards. M. 1.80 


GETRERO (N. J. A. R.). Principios y ejeroicios practicos de aritmetica. 
22 edicion, aumentada con algunas teorias y mas de 400 problemas. 
Cadiz, 1899. Geo, 7-132 pp. Fr. 4.00 


GizoD (F.). Cours d'algàbre élémentaire théorique et pratique ( No. 4), 
à Pusage des lyoóes et des collèges, eto., renfermant près de seize 
cents exercices. 16e édition, revue et augmentée. Paris, André, 
1900. 8vo. 472 pp. i Fr. 4.00 


——. Cours de géométrie théorique et pratique, à l'usage des lycées et 
des collèges, etc., contenant de nombreuses applications au dessin, à 
Varchitecture, eto. 18e édition. Paris, André, 1899. Geo, 432 pp. 

: Fr. 4.00 


——. Solutions misonnées des problómes énoncés dans le Cours et 
dans le Traité élementaire d'algébre à l'usage des lycées et des col- 
làges, eto. 3e édition, revue et corrigée. Paris, André [1900]. 


Traité élémentaire @algébre théorique et pratique (No. 3), à 
l'usage des lycées, des collèges, ete., renfermant un grand nomhre 
d'exercices. 13e édition. Paris, André, 1900. Geo, 288 pp. 


Traité élémentaipe d'arithmétique théorique et pratique 
(No. 3), à l'usage des lycées et des colleges, eto. 17e édition. Paris, 
. André, 1900. Geo, 224 pp. Fr, 2.60 








D 
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———. Traité élémentaire de géométrie, à l'usage des lyoées, des col- 
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tion with the aid of the remaining among the above-named 
axioms. Indeed, Professor Hilbert shows that this proposi- 
tion cannot even be true in a plane geometry in which all 
axioms hold excepting the axiom of congruence for tri- 
angles. This proof will be read with great interest inas- 
much as it. leads to the construction of such a geometry 
which invites further investigation. It must, however, not 
be regarded as proved that the axioms of Hilbert’s system ` 
are all necessary for the truth of Desargues’s proposition ; 
it is not impossible that its existence is independent of the 
axiom of parallels. 

The importance of Desargues’s proposition in the system 
of geometry and its relation to Pascal’s proposition appear 
clearly from an algebra of segments'based upon it. In this 
algebra, in which the constructions do not,differ from those . 
of the algebra referred to above except in so far as an arbi- 
trary ‘angle takes the place of the right angle, the asso- 
ciative and commutative laws hold for addition ; for multi- 


‘plication the associative and distributive laws are true, but 


not the commutative law. 
The equation of the straight line is found to be of the 
form 
az + by +ce=0, 


a, b, c being segments of the given system, x and y coördi- 
nates; in the products ax and by the order of the letters is 
essential. It can now be shown analytically that a solid 
geometry is possible in which all the axioms I to IIT hold. 
It follows that, the plane axioms of group I and the axioms 
of groups II and III being assumed, the existence of 
Desargues’s proposition is the necessary and sufficient con- 
dition under which the plane geometry is part of the solid 
geometry based on those axioms. 

To examine further the relations of Desargues’s to Pas- 
cal’s proposition we may proceed as follows, with the aid of 


: the algebra of segments based on Desarsues’s theorem. 


Let us take on one side of an arbitrary angle the seg- 
ments . 
OA — a, OB — b, OC sg 


and on each side of the angle a unit segment 
OE=1, OF — 1. 


If through A, B, or C a parallel be drawn to the “ unit 
line" EE’, meeting the other side at A’, B’, C', then we put 


OA = 0A'— a, OB = OB'— b, eto. 


~ 
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'The sum of two segments b and c is formed by the, usual 
rules: In the figure, B'L is drawn parallel to OC, CL parallel 
to OB', and LD parallel to BB’, which is parallel to EE’; 
hence 


OB = CD 
and OD z b-4 c. 
? LZ 








Fro 3. 


The product of the segment a into the segment b is de- 
fined simply by drawing through B a parallel BF’ to EA’ 
and putting 

OF'= a-b. 


'The commutative law does not hold for this product be- 
cause we have not introduced the axioms of congruence, 
nor the axiom of Archimedes, so that these axioms cannot 
be used for the proof. Professor Hilbert has shown, how- 
ever, that the distributive law holds for our multiplication, 
i. e., we have for instance 


a(b + €) = ab + ac. 


The figure shows the construction of the two expressions - 
a(b + c) and ab + ac: we have 


OF = ab, OG'— OG = ae, 
QD zb +e, Pss ae EE 
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ON THE GEOMETRY OF THE CIRCLE. 
BY DR. VIRGIL SNYDER, 
(Read before the American Mathematical Society, December 28, 1899.) 


Ler z,7,:-,v*, be any five numbers which satisfy the 
homogeneous quadratic identity w(z)=0; these numbers, 
may be taken as the homogeneous coórdinates of the circle. 

The linear geometry of the circle can be readily inter- 
preted from the paper of the author * on Dupin’s cyclides ; 
and the corresponding theorems for the quadratic con- 
figurations from another paper.t In the latter, one of 
the numbers z, was given & restricted interpretation, that 
of representing all the points of space; and the resulting 
theorems all referred to cyclides. A set of similar theorems 
exists for the bicircular quartic curves when, in the geom- . 
etry of the circle, one coordinate equated to zero represents 
the points of & plane. All the known theorems regarding 
these. curves, as given by Casey,{ Darboux,§ and Loria,|| 
can be very easily derived, and a number of new ones which * 
are not contained in these memoirs. Another specialization 
is that obtained by taking the lines of a plane as one of the 
fundamental complexes. This case has not been syste- 
matically treated. 

Now suppose that any five complexes mutually in involu- 
tion be taken as fundamental complexes. In general, none 
of these complexes is orthogonal, and no circle belongs to 
them all.. The quadratic identity now becomes 


o(z) = 3s! = 0. 


These codrdinates now represent circles, and not points, as 
in the memoirs quoted. This theorem results immediately : 
The curve of singularities of a general quadratic complex is 





* V. Snyder, “On the arna of nodes in Dupin's cyolides,” 
Ann. of Math., vol. 11, p. 1 
e tY. Snyder, 5 Gases d of some différential expressions," BULLETIN, 
vol 4, p. 144. 
J: Casey, ‘On the bicireular quarties, Trans. R. Irish Acad., vol. 


. 359. 
2G. Darboux, ‘‘Sur une classe remarquable de courbes et de sur- 
faces," Paris, 1873. 
` || G. Loria, ‘Sur Ja géométrie analytique du oerole,"' Quar. Jour., 
of Math., vol. 22, P- 44. 
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likewise curve of singularities of o»! such complexes and is 
focal curve (or envelope) for five quadratic congruences. 
The congruences whose envelopes coincide with the curve 

5 
of singularities of Xa,z,! = 0 are ‘ 


T=) 


tin = 0, K a 0 (t+). 


ti De —— Ux 





The locus of centers of circles belonging to any cong: Pis 
is easily found to be a bicircular quartic, hence: 

The curve of singularities of a general quadratic comp! — is the 
envelope of circles which cut a fixed circle at a constant le and 
whose centers lie on a bicircular quartic, 

This curve can be generated in five-fold man and if 
‘P7, €, denote the angles of the rth and xth f amental 
complexes, and [t,x] the angle between the defining 


circles, then 
cos Te, x] = COS 9, - co8 Px 


for all values of r, x from 1 to 5.* 

If any coórdinate complex is orthogonal, its uefining circle 
belongs to all the other coórdinate complexes ; if four of the 
coórdinate complexes are orthogonal, the locus of centers in 
each congruence is a conic section and this case reduces to 
the one treated before. 

By employing the method given on p. 150 of volume 4 of 
the BunLETIN, one easily obtains this theorem : 

Eight tangents can be drawn to the curve of singularities parallel 

to any given line. 
. One cannot conclude that the curve is of class 8 ; for some 
particular cases arise in which the line at infinity is a mul- 
tiple factor in the degraded curve, yet eight parallel tangents 
can be drawn to the remaining curve in any direction. 

The order of the curve is 24, as may be found as follows :' 
The problem is to find the envelope of the circle 


Ce — ») (a? + y) — 22xt — Qnyt + (a + y)? = 0, 
subject to the three conditions 


af, 9,24, biss D FCS, 2, 4, 5, ») = 0, 
aft by +d + out f —0; 





* Bee V. Snyder, “Ueber die linearen Complexe der Lie’sghen Kugel- 
geometrie,” Góttingen, 1895, p. 37. 
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or, in terms of the new coórdinates, to find the envelope 
of sz, = 0, subject to the conditions 


T—1 


5 G 

Das = 0, En’ = 0, and (say) z,—0. 

Tal v=1 

Putting z, = 0 in all the forms, and differentiating, regard- 
ing z, (say) as constant, we obtain 


8. 


, 8, 


5 
Ass 1 ONE a2, Qm -0. 


. T, T, 


i 3 t 


4 


It now remains to eliminate z, £, Zu z, between the four 
homogeneous equations 


X420, (1,1); 52 =0, (2,0); Ba 2/0, (2,0); 40, (2,1). 


In each parenthesis, the first number denotes the de- 
‘gree in which z, enters the equation, and the second the 
degree in &. Now by the theory of elimination, the s, from 
the first equation will enter the x eliminant to the degree 
2.2.2, and those from 4 to the degree 2.2.1 ; hence the s. ap- 
pear to degree 12. Buts, = 0 is the cartesian equation of a 
circle, hence the curve of singularities is of degree 24. 

'The curve passes 12 times through each circle point; its 
equation contains 12 constants. 

Straight lines, conics, circular cubics, and bicireular 
quartics, as well as their parallels, evolutes, and the in- 
volutes of their caustics by reflection, can be exhaustively 
classified from this standpoint; they all appear as degraded 
forms of the curve of singularities.. 

The lines drawn perpendicular to the asymptotes of the bi- 
circular quartic (locus of centers), and cutting the funda- 
mental circle of z, at the angle of the complex ¢,, are all 
bitangents to the curve of singularities. The bicircular 
quartic has 4 asymptotes and there are two double tangents 
associated with each ; hence each fundamental circle gives 
rise to 8 double tangents, all of which are tangent to a circle 
concentric with the given one. There are five such sets or 
forty in all (besides the line st infinity which may be a 

' multiple tangent). The asymptotes of bicircular quartics, 
however, gre all isotropic and perpendiculars to them must 
coincide with the lines themselves. They therefore fall to- 
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gether in pairs and pass through the centers of the five 
fundamental circles ; hence: 

The bitangents of the curve of singularities are all isotropic ; 
one pair passes through the center of each fundamental circle. _ 

The four points in which each circle intersects its associ- 
ated quartic are foci of the curve of singularities ; hence the 
latter has 20 single foci. There are 12 double foci, but they 
may not all be distinct. 

By varying cin the equations 
o m? V 
X, a, — è ES $ 





gy = 0, 


& family of cosingular congruences is obtained, having a 
series of focal curves all of which pass through a finite num- 
ber of fixed points. These curves are distributed into five 
distinct families. Two curves of the system pass through 
every point in the plane, the angle of intersection being a 
determinate function of g,, gx obtained by considering the 
tangent congruences of the complexes defining the curve at 
the given point. Each of the five sets contains a pair of 
circles as a degraded focal curve. 

In a similar manner the following theorem “may be 
proved : 

The envelope of circles which cut a fired circle orthogonally and 
whose centers lie on a curve of class n is a curve of order 2n, which 
passes n times through each circle point, 

Its foci and double tangents are easily determined os before, 

A corresponding generalization can be made in the ge- 
ometry of the sphere. The depiction of the Kummer sur- 
face in general sphere space is the envelope of spheres whose ` 

centers lie on a cyclide and which cut a fixed sphere at a 
constant angle. The same surface can be generated in six 
ways, though the loci of centers are not in general confocal 
nor are the fixed spheres orthogonal. Twelve tangent planes 
can be drawn parallel to any given plane. The cones of 
Kummer of bitangent planes: which belong to the cyclide 
give rise to six developables of tangent planes to the im- 
aginary circle at infinity. The lines of curvature on these 
developables are defined by pencils of spheres concentric 
with the fundamental spheres.* 

This surface appears to be of order 64, contains the circle 
at infinity as a 32-fold line, and depends on 18 constants. 


CoRNELL UNIVERSITY, 
December 28, 1899: 


* Bee V. Snyder. ''Lines of curvature on annular surfaces. Amer. 
Jour. of Math., vol. 22, p. 96. 
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ISOMORPHISM BETWEEN CERTAIN SYSTEMS OF 
SIMPLE LINEAR GROUPS. 


N BY PROFESSOR L. E. DICKSON. 
(Read before the American Mathematical Society, February 24, 1900.) 


1. IN an article in the BurrEgrIN for July, 1899, giving 
the known finite simple groups, I made the conjecture that 
‘the simple quaternary hyperorthogonal group H O(4, p™) in 
the GF|p'"| was isomorphic with thé second hypoabelian 
group SH(6, 2"), the orthogonal group O(6, p"), or the 
group JVS(6, p*), according as p" is of the form 2^, 41 — 1, or 
4l + respectively. For the case* p" — 2, and for the caset 
p" = 8, I have proven the conjecture true by setting up ab- 
stract groups holoedrically isomorphic with the linear groups 
in question. The calculations were necessarily Jong, po 
that the method of procedure would scarcely be adapted to 
the case of general p". From the correspondence of genera- 
tors established in these two special cases, I have been led 
to the short proof for the general case given in this paper. 
The proof is based upon the theory of the second compound 
of a linear homogeneous group, as developed in the BULLETIN 
for December 1898, and in the Transactions for January, 
1900,, pp. 91-96. In place of the hyperorthogonal group 
HO(4, p^), I employ the holoedrically isomorphic hyper- 
abelian groupf HA(4, p"), which contains as a subgroup 
the simple abelian group A(4, p"). The calculations ap- 
pear to me to possess considerable elegance. 

2. TuororEM.—According as — 1 is a square or a not-square 
in the GF[ p"] (p > 2), HA(4, p") is holoedrically isomor- 
phic with the group NS(6, p*) or O(6, p^). 

Corresponding to every substitution of the subgroup 
A(4, p") there is a senary linear homogeneous substitution 

' of the second diae H with the two invariants 


(1) de Y,Y,— Yao Yu + Yul Ze X, Py 

To the hyperabelian substitution, 1 in which I belongs to the 

GF(p^), 
i I 0 0 0 

o Po o 

0 0 I? 0 

0 0 o P 


'* Proc. of the Lond. Math. Soc., vol. 31, pp. 30-68, 
T Transactions, vol. 1, No. 3 (July, 1900). 
$ Proc. Lond. Math. Soc., vol. 31, pp. 30-68. 
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there corresponds in the second compound. G of HA(4, gei, 
the substitution 
Yu afer I Ts = Yu Lee en duy 


14? 
Fy = Fes Y, Y= Fu Te = pes rm 


I 


Introducing in place of P. and F, the new indices ( p > 2) 


— 1 
(2) Beki Ën Ya) f= oy (Yat Leif 
the reversion of which gives 
(3) Y =f Jy Yaa Ed Bu 
the substitution J’ takes the form 
Ef == $07, + AJ(IP3 — IG, 


1 D " 
m oJ an d Wb 


SÉ? 
PN = YQ Yi = PY Po 
JN = Yu fer pra Yw 
(4) ges TI PH, 


Since 0^ = 0, 0 belongs to the GF[p"]. The coefficient 
gym — pre, 


D 


whose p'th power is AR (I'-^ — [3:7"), belongs to the 
GF[p"] if and only if J = — J”, or J^ = — 1. With this 
condition satisfied, the substitution J" belongs to the 
GF[p"] and leaves invariant the new form of ¢, viz., 


gites Së d'W Eft E Fa 
By the relation just assumed to hold, 
(jui, y= ci, 


80 that J” belongs to the GF[p"], but is a not-square in it. 
It follows * that the group G" given by the extension of H” 
* “ Determination of the struobure of all linear homogeneous groups in 


a Galois fleld which are defined.by a quadratic invariant," Amer. Jour. 
of Math., vol. 21, pp. 193-258. 
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(H when expressed in the indices £, E, Y,, Y,, Ya, Fa) 
-by the substitution 7" is a subgroup of the group 'Q of 
senary linear substitutions in the GF[p"] which leaves dii 
invariant. The latter has a subgroup Q" of index 2 which 
contains all the substitutions* Q, Further, Q" is ex- 
tended to Q by any substitution O, which is not of the form 
Qua We proceed to prove that ‘Ql = Q". In order that 
H” shall contain the substitution 
A: Vj=Py,, Ya = IX, 


14? 


it is necessary and sufficient that I" be a square in the 
Gi ol, or 
[Rte -. + 1, 


i. e., that T bea square in the GF[ p™]. If this condition 
be satisfied, G" contains the product K = Ih”, viz., 


Gf = £4 (rm rye, 
& = gy P — IE, + bee, 


having determinant unity and leaving invariant — & t 
PEs Let 
AR) 
) 


—1 Nol 
(8). amt +I SC E 
We readily find that 





(6) d— -P = 1l, 2af = i (Ifa — I9, 


2d —1-—4(0U7-- Iw). 
Hence K = Qt $, a and £ being marks of the GF[ rel, Iv- 
versely, if a and 2 be any set of solutions in the GF p"] of 
the first relation (6), we can determine a square J in the 


GT ziel which satisfies the last two relations (6). In fact, 
from them, 


I = 20 — 1+ a [i : 5). Ta ( -5). 
The second follows from the first, since 
ee-e- 


* For the notations, see Amer, Jour. of Math., vol. 21, p. 207. 
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To show that the first relation can be solved for a square I 
in the GFT[ vgl, we note that 


(Y (3f) onn 


We have therefore shown that G" contains every Qv. 
For I a not-square in the GF [p], the substitution I" is 
the product of an Of? (not a Q,) by A, neither of which 
separately belongs to G". By introducing new indices é,, E, 
in place of Y,, Y,, we may give h the form Of? (not a 
Qa). It follows that G"- Q". In order to obtain the 
quotient group HA(4, gi, we consider as identical the pro- 
ducts S and ST = TS, where T is a hyperabelian substitu- 
tion of determinant unity multiplying every index by 7, po 


that — si sl, cu], 


Hence, if p*= 4[-- 1, the second compound G" of 
T (4, REN is simple, and therefore holoedrically isomorphic 
S(6, p). If p'—4i—1, G” has a maximal in- 

PE subgroup of order two, generated by the substitu- 
tion changing the signs of all six indices, the quotient group 
being O(6, p"). 

8. Tororem.—The simple groups HA(4, 27") and SH(6, Zei 
are holoedrically isomorphic. 

Let 2 be a mark of the GF[2"] such that the equation 


(6) ode Ass D 


is irreducible in the GF[2"]. The condition on 4 for the 
irreducibility of (6)is readily given (American Journal of 
Mathematics, 1. c., p. 224) and can always be satisfied. Its 
roots are then c and ce" where 


(7) e+ uc. 


We apply to the substitution J’ of 82 the transformation 
of indices 


(8) Yi, SAE, — oh tt, Yy =A — Ae" Zu 
which gives reciprocally, for p = 2, 
(9) REAY, YS E= DOE EA 


Multiplying I’ by E" (h defined as in $2), we obtain the 
substitution : 


T': Es. Yy = Y, (ree T). 
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Expressed in terms of the new indices £, £, defined by (9), 
T becomes 
T. E! = (Rott + ate, — A(x + CG Cé 
Ef — rt YE, — (oe Leg, 
We readily prove that the coefficients of T” belong to the 
GF[2"]. Since t = I—' we find that - +77 equals its 
2"th power and is therefore in the GF|2"]. Furthermore, 
á 


by (6) 
Rote -p oci mc elr c) (mod 2). 


‘The latter equals its 2^th power since, by (7), we have: 


e" s (e a) (e + 1) = (e) GI — 5 1) 
[20 (mod 2). 
‘Changing t into 77, it follows that Zeie? er belongs to 


the GF[2"]. 
By the transformation (8), ¢ becomes, on applying (6), 


9 m AE! + EP) + 65, EAPN + Yy Ya 


Hence the group I” given by the extension of the group H" 
` by 7” is a subgroup of SH(6, 2"). Evidently H” contains 
a d substitutions of SH(6, 2") which leave £, (as well 

¢,) invariant. But SH(6, 2") is given by the ‘extension 
of ' by the substitutions * 


ong: [No i EHO 
"TT | Ef =e A(a + EE, + P5, 


The totality of substitutions Of? is identical with the total- 
ity of substitutions’ 7” when z takes all possible values for 
which z+! = 1. In fact, if we set 


a= ardor, P= Bo tr + ot, 


[ap + 2(a? + A) = 1]. 


we get by (6), 
ad Boetium of + Die + A) =1, 
Hence every T" is of the form Of. Inversely, if we set 
| tT=a-+a(a+ 8), whence vis f+ ola +P), 
we see that every OP? is of the form T”. 


* Amer. Jour. of Math., vol. 21, pp. 225-233. For uniformity of nota- 
tion, I here use ori in place of OP of p. 226, replacing 7, by &. 
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It follows that I” is identical ig SH(6, 2"). But I" 
is holoedrically isomorphic with G,.. and therefore with 
HA(4, 2*7), whose second compound i is Gus. 
` 4. Nots.—It appears that the quaternary transformation 
group which naturally corresponds to the finite group 
HO(4, p™) is not continuous. 


THE UNIVERSITY OF TEXAS, o 
January 27, 1900. 


THE HESSIAN OF THE CUBIC SURFACE. II 
BY DR. J. I. HUTCHINSON. 
(Read before the American Mathematical Society, February 24, 1900.) 


Tue aim of the following paper is to extend the results of 
@ previous article on the same subject (BurrgTIN, March, 
1899, p. 282) by determining all the quintic and sextic curves 
on the Hessian of the cubic surface, and giving some 
theorems connected with them, and with the quartic curves 
already determined. 

I will write the equation of the Hessian in the form 


F= ryzu + wyeu + wozu + waeyu + weyz = 0, 
where w, z, y, z, u are connected by the relation 
aw -- bz + ey + de + eu = 0, 


in which a, b, c, d, e are arbitrary constants. 
As already shown, the surface F contains three classes of 
rk rn curves, viz.: 
. A class containing 15 families which lie on 30 families 
of cones, all the cones of the same family cutting P in two . 
SCH and tangent along a third. 
A class containing 30 families of curves lying on 30° 
faite of cones tangent to F along two lines. 
. A class containing 15 families of curves determined 
ER às many families of quadrics each intersecting F in a 
gauche quadrilateral, and by 30 families of quadrics each 
meeting / in two lines and a conic. 
Consider the family of a, determined by the cones 


A, = zw + y) + Awy = 0, 


a) To 
; 8 a(z + w) + (1— hìjzu — 0. 
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The plane w+ y= 0 is tangent to all of the cones A, and 

.hence is & double tangent plane for each biquadratic curve 
of the family. The two points of tangency with each curve 
form pairs of points in an involution on the line wy. Sim- 
ilarly, the plane z + u = 0 is a double tangent plane for 
each curve of the family, the points of contact forming an 
involution on the line zu. 

All the curves of the family pass through the four nodes 
of F which lie on the lines wz and zy excluding their point 
of intersection (or we may say, the four which lie in the 
plane x excluding the vertices of A, and A,’). These are 
the only points common to two curves of the same family. 

The 15 families of a, can be grouped in 5 sets of 3 each, 
any one set having the property that a cubic surface can be 
passed through three curves arbitrarily chosen, one from 
each family of the set. For example, with the family de- 
termined by equations (1) are associated the two others ob- 
tained by the permutations (wz) and (wu). The family of. 
cubic surfaces which intersects F' in these three families of 
curves has the equation 


Ae + Z (1 — à)z + A — nl + A/[(1 2) — Dw 
+z + Xy] ss 0, 
since the left member is mitai iy the permutations 
Lan) 42) and (wu) (24). 
Consider the family a, determined by the intersection of 
the quadrics 


A, = wy + zu = 0, 
Ay = we + wy + zy — Zeie + wu) = 0. 


Each curve of the family passes through the same four 
nodes of F which form the points of intersection of the 
` ecurve of the family (1) of o, These two families of a, and 
«a, are also associated in such a way that they form the com- 

plete intersection with J of the family of quadrics 


A, — JA, = (A—1)A, + Ag = 0. 


The four points in which a given curve of the family (2) 
meets the lines wz, wu, yz, yu lie ina plane whose equation is 


y d 8 —À(2-F w)-—90. 


The plane w+u—0 intersects A,in two lines one of 
. which is the line wu. The plane is accordingly tangent to 


(2) 


330 THE HESSIAN OF THE OUBIO SURFACE. ' [May, 


A,in the point whose coórdinates are w= u = 0, y = Jz. 
These coordinates also satisfy the equation A. = 0. Hence, 
the plane w + u touches each biquadratic of the family in 
that point of the line wu where it is tangent to the quadric 
A, containing the given curve. Similarly for the planes 
w+z EIER 

By means of the permutations (wz) and (wu) applied to 
the equations (2) we determine two other families which 
together with the first are so related that a cubic surface 
can be passed through three curves arbitrarily chosen, one 
from each family. The equation of the cubic is — : 


Aso + (LEH) Arie + Al — Ay Do $y 
— Iz — al = 0, 


since the left member is unaltered by the permutations ` 
(yu) Q^) and (wu) (àA). 

The curves (1) of a, and (2) of a, have in common the 
property that they meet any of the conics jaw} (in the plane 
w -+ x= 0), {zy}, {zz}, {eu} in pairs of points forming an 
involution. 

Any curve of (1) intersects any curve of (2) in 8 points, 
on account of the identity 


A, — pA! + (1—2)4, — A! = 0, 
where A, A,' contain the parameter 4, and A, 4; contain 
np, But since 
(1 —A)A, + iud? — 201 — 4) 4, zelt — 2) (w + y) 
+ hue + vil, 


it follows that the four movable points of intersection lie in 
.the plane 


Awt y) t uo bu) — 0, ‘ 


the remaining four being in the plane v= 0 as already f 
noticed. 
Consider the family of a, determined by the cones 


A, zx hu? -+ wr + wy + xy = 0, 
A, zx (eu + wz + wu) + (s + y)(2 + u) = 0: 


Two curves of the same family do not intersect. 
The planes w + z, w + y, and z + uare double tangent 
planes to each curve of the family, the pairs of points so de- 


(3) 
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termined forming involutions on the lines «ww, wy, and zu 
respectively. 

~ The four lines zz, yz, zu, yu are met by each curve in one 
point each, the four points so determined lying in the plane 


Ap Lei us D. 


If we apply to equations (3) the permutations (wzz) and 
(wee), we obtain two other families of curves which to- 
gether with (8) form the complete intersections of P and a 
family of cubic surfaces whose equation is 
Awa ty 2 — 2) — (1-4) — Ai 
H ALLOA! — à" Le H ae toy + à"z] = 0. 
The function in the left member is unchanged by the per- 
mutation (1:2) (4//2"). By means of the permutations (vy), ` 
(zu), and (zy)(zu) which leave A, and A,’ unchanged we, 
see that the family (3) is algo associated in a similar man- 
ner with three other pairs of families. 
There are four classes of quintic curves, all of the first 
.species according to Salmon’s classification. (Geometry 
of three dimensions, 4th edition, p. 318.) 

f, Ten families.of quintics formed by ten families of 
- quadric cones passing through three lines of F which meet 
in & point. Such are the cones 


(4) B, Ex uy + Sam + pwr = 0. 


The same family of quintics is also determined by the par- 
tial intersection of F aud the shee families of cubic sur- 
faces 


e = Ate + u) + euf (a — ne + (4, — ny] = 0, 
T, Saye + u) + alt, — lut (e, — n)y] = 0, 
T, = pwee +u) + SS iyw + (4, — 2,)2] = 0, 
since 
mF sul, +B, F = aI, + euB, mE m yl, Lab, 


If I! denote the function T, with D written in the place 
of u, it is easy to see that the two curves whose parameters 


` are p, and y; lie on the cubic surface I’, where 


Peal, + aT, + al, m ny + aly + aly. 


For a’ = a, we obtain a family of cubic surfaces inscribed 
to F along the quintics of the family (4) and the line zu. 
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By taking m = 0 we see that this family of quintics in- 
cludes three families of plane, cubics, and by taking u, = m 
we find that it also includes three families of -biquadratics 
of o, ' 

Every curve of the family passes through the seven nodes 
lying on the lines wz, wy, and zy. Any two curves intersect 

‘in two other points whose joining line is evidently a common 
generator of the two cones on which the two curves lie. 

Through any two curves of £,, whether belonging to the 
same family or not, a cubic surface can be passed which 
meets F elsewhere in two lines, 

P, The next class of quinties contains sixty families de- 
termined by sixty families of cones, each passing through 
intersecting lines of F and tangent along one of them. The 
equation ` 


(5) B, = ay + Buy + ya(w + y) = 0 


leads to a family of this class which is also determined by 
the cubic surfaces 


G = ay(as + su + zu) + (a — P + y)ezu + yo (a + u) = 0, 
since . 
(a — B). = G(w + y) — B,(zz + us + zu). 

Every curve of the family passes through the three nodes 
which lie on the line zy. Any two of the curves intersect in 
two other points. ` 

f, The third class contains sixty families determined by 
sixty families of quadrics passing through two non-inter- 
. Becbing lines of F and a third line cutting both. The two 
equations 


B, = yw + uz) + wz = 0, 


H, = zu(w + 2) — Qu + uz) (yu + zu + ay) = 0, 
‘determine such a family, since ` 
l F= yH + B,(yu + su + uy). 


Every curve of the family passes through the five nodes 
situated on the lines wz, wy, and yz excluding the two points 
of intersection. Any two curves have two other points of 
intersection. 

If we apply to equations (6) the permutations (wz)(su), 
(ys) (au), (ws) (yu), (un) (ay), we obtain together with (6) 
five families of f, having the property that if two curves be 


(8) 
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taken from any two different families of the set, they will 
lie on a cubic surface which either passes through a conic, 
or is tangent to F along a line. The 60 families of f, group 
themselves into 12 sets of 5 of the like character. 

f, The fourth class contains 30 families determined by 
30 families of quadrics meeting F ina line anda conic. 
Such a family is given by the equations 

B, = gu 4 yu + yz — (w + x) y + uz) = 0, 
J = Jumm wwza + you = 0, 
since F= wrB, + (w + ad. 

Any two curves of the family intersect in five points, three 
of which are the nodes contained on the line yz. 

There are six different classes of sextic curves on the Hes- 
sian. 
yı The first class contains 30 families, each of which is 
determined by the quadrics passing through two intersect- 
ing lines of F. The curves determined by the equation 

C, = up + zy = 0, 
where p= aw + fx + yy 4-22 + eu, 
also lie on the cubic surfaces 


K, 5 — zup + syz + syu + seu + yzu = 0, 
since FzzuC, Lab, 


Any two curves of this family with parameters a, --- and 
gr intersect in the four nodes lying on the lines wz and wy, 
excepting their common point, and in six other points lying 
on a conic in the plane p — p, = 0. 

A second family generated by the equations 


C, = wp’ + zu — 0, 
K, = — eyp! + aye + syu + gzu + yeu = 0 


is associated with the preceding in such a way that a curve 
from each family lies on the cubic surface 


Ke — K, =p, -K,=0. 


7, The second class, containing 10 families, is determined 
by quadrics which touch F along a line. Such a family is 


C,z (w+ 2)p + wr = 0, 
also determined by the surfaces 
Km — you t+ p(y + yu + 2u). 
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In this case we have 
F= Cy 4- qu + su) — (à d dx 
y, The third class also contains 10 families. The quadric 
€, z (w + z)p + yz + yu + zu = 0, l 
which meets Fina conie, and the cubic surface — E 
K,= wep — yu = 0 
determine such a family, since 
F= wa C, — - (i + 2) K. 


Any two curves of the same family i in either y, or y, in- 
tersect in six points lying on a conic. 

A curve from each of the two families of y, and yy just 
mentioned lies on the cubic surface — ` 


K= Op + E, 0; p+ Ey. 


The fourth class contains 15 families, each ‘determined 
by the intersection with: F of a family of quadrics such as 


awy + Pwz + yey + dre = 0, 


passing through two non-intersecting lines we, yz. A sextic 
of this class cannot lie on a cubic surface. 
ze The fifth class of sextics contains 60 families. These 

curves are formed by the partial. intersection of two cubic 
surfaces such as 

AE g(wz + oa + v2) + z(aws + Baz + ywz) = 0, 

A, = u(awz + Baz + ywz) — wely + u), 
which intersect in the three lines ‘we, wz, 23, and a sextic on 


e since F= EUA, — 2A, 


s The sixth class contains a single family, the Steiner Gs 


sexties, determined by the equation 
S= vaya + Moye + ms + wm = 0, 


or edili well by four other equations referred to the four 
other fundamental tetrahedra: 

Let s and d be any two curves of the family and let ` 

T —0, T ss D be the two cubic surfaces which touch F. 

along s and & respectively. Also let H = 0-be the cubic 
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‘surface containing both sands’. Then an identity of the 
form 


(D QF = TP + Hr 


necessarily exists, where Q is a function of the second de- 
gree. A course of reasoning similar to that used by Hum- | 
bert in connection with the Kummer surface enables us to 
draw a number of interesting conclusions from (I). 

The two curves s and d intersect in four points p,, Py Py p 
(besides the 10 nodes of F through which every curve of 
the family passes). The five surfaces Q, F, T, 7", H are 
mutually tangent at each of these four points. 

The surface T intersects H in s and a twisted cubic c. It 
is evident: that e lies on Q and that T touches Q along this 
cubic. Similarly, 7' touches Q along & cubic ¢ which also 
lies on H. 

The 24 points of intersection of Q, H, and F are double 
points of the surface TT' = 0. ‘Among these occur the 
points p, each counted four times. The remaining eight 
points, since they lie on the curves s and 7, are not points 
of tangency of T and 7’. They must therefore be nodes on 
either Tor T". It is evident that half of them are on the 
one, and half on the other surface. Leta, a, o, a, be the 
four nodes on T. The joining line of any two of these points 
lies entirely on T, and is accordingly,tangent to F in a third 
point. Hence, the tetrahedron whose vertices are the nodes of the 
cubic surface T which touches F along s is insoribed to F' as to ita 
vertices and ciroumscribed to F as to its edges. There are evi- 
dently? such tetrahedra. ` 

The four points a, and the points p, counted twice, form 
the complete intersection of the cubic c with F. 

The cubic surfaces S and S' defining the sextics s and ed in- 
tersect in six lines and a twisted cubic k. The latter passes 
through the four points p, and the four vertices of the 
tetrahedron of reference. Conversely, every twisted cubic 
k passing through the vertices of the tetrahedron of refer- 
ence intersects F in four remaining pointe p, which form the 
four points of intersection of two sextics sand s’ (and hence 
are the common points of a singly infinite system of sextics. ) 

The Hessian F is invariant for the birational transformation 

T, defined by the equations 
à 1.1 1.1 

Grp RE E Mo EC 
This transformation interchanges the family of cubics k 
with the lines of space, and the sextics s with the plane 
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quartics of F.* Four other transformations of a similar 
character may be obtained by starting from any of the 
other four tetrahedra contained in the fundamental penta- 
hedron. These are 


LE ZE 

T bz: ey ` dz : ewm y sw 
11 1.1 

. : é Po Se ee AR 
Ts aw’: cy’: da’ sce che a 
T,: ow bz! : dz Wisata ta tot 
w r 2 Wu 

1111 

Tes aw’: ba’: ey : ew zy wu 


These five operations, each of period 2, generate à group 
G of infinite order, since the operation TT, is of in- 
finite period. As far as the points of are concerned, each ` 
transformation T has exactly the same effect. In “other 
words, there exista a subgroup of index 2 under the group G*for 
which each point of F is unchanged in position. 

Since a plane quartic has 28 bitangents it follows that the 
sextic s has 28 bitangent cubics k out of each of the five 
families of such cubics. Suppose the plane of the quartic q 
corresponding to s to be rotated about one of the bitangents 
of the curve. The intersections of the moving plane with 
F will form a single infinity of plane quartics having the 
same line for bitangent. Hence, for a given sextics there 
are 28 subfamilies of oo! sextics, each family being tangent 
to sin a pair of points, or in other words, the four points 
p, fall together in pairs 28 times on a given sextic. 

Two sextics do not in general touch each other at a node 
of F. There are oo? sextics which touch each other and 
have a given generator of the tangent cone ab the node for 
a common tangent line. 

Suppose that we consider the c! of these curves which 
are also mutually tangent at a second node of F. If the 
joining line of the first and second nodes is a line of F, then 
these curves are also mutually tangent in two other nodes 
of F, the four nodes together forming the vertices of one of 
the five fundamental tetrahedra. If the first and second 
nodes do not have a line of F for joining line then the two 
remaining points of intersection determines line which meets 
two of the lines of F. For example, if the two nodes be 


* Cf. Salmon, Geom. of Three Dim., 4th ed., p. 495. 
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zu and yzu then the joining line of the two remaining points 
of intersection of the sextics so determined will meet F else- 
where in the two lines wx and yz. 


CORNELL UNIVERSITY, 
] , 1900. 


NOTE ON THE GROUP OF ISOMORPHISMS. 
BY DR. G. A. MILLER. 
(Read before the American Mathematical Society, February 24, 1900.) 


Ler s,, 8,, -,5,represent all the operators of a group G 
and Jet Ga, correspond to a, (a = 1, 2, =, g) in any given 
simple isomorphism of G with itself. It isevident that t, is 
some operator of G. When G is abelian these ¢,’s must con- 
stitute a group T which is isomorphic with G.* In this 
isomorphism, t, evidently can not be the inverse of a, unless 
8, == 1. As this condition is sufficient as well as necessary, 
we have 

THEOREM I.—Every simple isomorphism of an abelian grou 
A with itself may be obtained by 1° making A isomorphic with 
one of its subgroups or with itself in such a manner that no oper- 

- ator corresponds to its inverse, and 2° making each operator of 
A correspond to itself multiplied by the operator which corresponds 
to it in the given isomorphism. 

The simplest case that can present itself is the one in 
which the subgroup of.G, which corresponds to identity of 7 
in the given isomorphism between G and T, includes T. 
The resulting simple isomorphism of G with itself must cor- 
respond to an operator in the group of isomorphisms of G, 
whose order is equal to the operator of highest order in 7. 
When the order of T is an odd prime number p, or the 

‘double of an odd prime, only one other case can present 
itself; viz, the case. in which T corresponds to itself, or to 
its subgroup of an odd prime order, in the given isomorph- 
ism between G and T. The resulting simple isomorphism 
of G with itself may clearly correspond to a cyclical group 
of order p — 1, or to any one of .its subgroups in the group 
of isomorphisms of G. These results lead to the following 





* When Gis non-abelian, these fa’s need not constitute a group, as can 
be seen from the simple isomorphisms of the symmetric group of order 6 
with itself. ] 
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'TrTagogEM. II.—Jf we make an abelian group A simply isomor- 
phic with itself by multiplying its operators by the operators of a 
subgroup whose order is an odd prime number p or the double of 
this prime number, the resulting simple isomorphism of A with 
itself will correspond to an operator of order p, 2p, or? z : (a be- 
ing any division of p — 1) in the group of isomorphisms of A.* 

The determination of all the possible orders of the cor- 
responding operators in the group of isomorphisms of any 
abelian group, when T is agiven subgroup, seems to bea prob- 
lem of considerable difficulty. When the order of T is 
swall the number of cases that have to be considered is also 
small. ln addition to the orders included in the theorems 
given, we have the following when the order of T does 
not exceed 8 : If T is the cyclical group of order four, the re- ` 
sulting isomorphism may correspond to an operator of order 
two in the group of isomorphisms, and when 7T is the non- ` 
cyclical group of this order, it may correspond to operators 
of orders 3 and 4. When Tis the cyclical group of order 8, 
‘the orders of these operators may be 2, 4, and 8; when T 
is the direct product of the cyclical group of order 4 and 
an operator of order 2, the orders of the corresponding opera- 
tors in the group of isomorphisms may be 2 and 4; finally, 
when Tis the direct product of three operators of order 2, 
the given operators may be of orders 2, 3, 4, 6, and 7. 
While all of the possible cases for a given T may present ` 
themselves in the same group itis evident that this does 
not always happen. 

For the sake of illustration we may consider the group 
of isomorphisms of the group of order 8 which is the direct 
product of three operators of order 2; Each of its 7 sub- 
: groups of order 4 leads to three operators of order two, ac- 
cording to the second sentence below Theorem I. We thus 
obtain the 21 operators of order 2 of the required group of 
isomorphisms when we consider all the possible instances in 
which the order of T is 2. If the order of T is 4, two 
cases present themselves—in one case just two of the oper- 
ators of 7' (including identity) correspond to operators of T, 
and in the other case each one of the operators of T corre- 
sponds to some operator of T. ‘The former case leads to the 
42 operators of order 4 and the latter to 56 operators: of or- 
der 3 of the required group of isomorphisms. Finally, we 
obtain 48 operators of order 7 when we consider all the pos- 











* Cf. Comptes rendus, vol. 130, 1900, p. 316. 
t Ch Moore, BULLETIN, vol. 1, 1894, p. 63. 
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sible instances in which the order of T is 8. Hence we ob- 
serve that the required group is the well known simple 
group of order 168. 

It is known that there are abelian groups which cannot 
be groups of cogredient isomorphisms.* Suppose that the 
group of cogredient isomorphisms H of a given group G 
is Hamiltonian. Each of the operators of G which corre- 
sponds to identity of H is self-conjugate in G. Since the 
non-identity commutator of His some power of each one of 
& set of generators of H, all the operators of G which corre- 
spond to it must also be self-conjugate in G. As this is 
clearly impossible, it follows that a Hamiltonian group cannot 
be a group of cogredient isomorphisms. In fact, the preceding 
arguments apply to all groups which contain an operator 
different from identity, which is some power of each one of 
a set of generating operators. Hence such a group cannot 
be the group of cogredient isomorphisms of any group what- 
soever., 


CoRNELL UNIVERSITY, 
February, 1900. 


LOBACHEVSKY'S GEOMETRY. 


Nikolaj Iwanowitsch Lobatschefsküj.' Zwei Geometrische Abhand- 
lungen aus dem Russischen übersetzt, mit Anmerkungen 
und mit einer Biographie des Verfassers von FRIEDRICH 
ENGEL. Depang B. G. Teübner, 1899. 8vo. xvi + 476 
pP. 

This volume is the first in the series of the *' des 
zur Geschichte der Nichteuklidischen Geometrie?! planned 
by Friedrich Engel and Paul Stackel in continuation of their 
“Theorie der Parallellinien von Euklid bis auf Gauss." 
The present work on Lobachevsky has been undertaken 
by Engel, while a volame on the two Bolyais by Stackel is 
soon to appear. All geometricians will welcome the oppor- 
tunity thus afforded of becoming fully acquainted with the 
writings of these men, who share with Gauss the honor of 
being the first to break loose from the authority of Euclid 
and to show that the latter’s axiom concerning parallel lines 
is not only incapable of proof but entirely unnecessary in 
a logical geometry which fully explains all facts of experi- 
ence. The earlier works of Lobachevsky have been until 
now locked up in the original Russian and their contents 


* Comptes rendus, vol. 130, 1900, p. 316. 





340 LOBAOHEVBKY'S GEOMETRY. ` [May, 


are known to the public mainly through later abstracts in 
French and German. Of these the best known is the small 
pamphlet published in Berlin in 1840 with the title ‘‘ Geo- 
metrische Untersuchungen zur Theorie der Parallellinien ?' 
and translated into English by Professor G. B. Halsted. 
This, though containing the outline of the author’s theory, 
is too concise to do it justice. Professor Engel has rendered 
therefore a signal service to mathematicians in translating 
the two articles which form the first part of the present 
volume. 

The titles of these articles are, in the German translation, 
“í Ueber die Anfangsgründe der Geometrie" and ‘‘ Neue 
Anfangsgründe der Geometrie mit einer vollständigen 
Theorie der Parallellinien. Both articles appeared in pub- 
lications of the Kasan University, the former in 1829-30, 
the latter in 1836. A footnote by Lobachevsky himself 
informs us that the first article is taken from one presented 
to the Section for Mathematical-Physical Science in 1826 
under the title, ‘‘ Exposition succincte des principes de la 
Géométrie,” but no copy of this earlier work is extant. 
The ‘‘ Anfangsgründe' is thus the earliest of Lobachev- 
sky’s publications on this subject. It is comparatively 
short, only sixty-six pages in the translation, and corre- 
spondingly concise, the proofs of the earlier theorems not 
being given. It is to the ‘‘ Neue Anfangsgründe” that one 
must turn for the best introduction to Lobachevsky’s 
thought. We follow this in our review. 

The first six chapters present a development of geometric 
theorems as far as these do not depend upon any theory of 
parallel lines, and can he read with approval by the most 
orthodox believer in the euclidean geometry.  Lobachev- 
sky’s order of development is however entirely new. With 
him the distinctive geometric property of bodies is that of 
contact. This idea we. get through the senses, back of it 
we can not go ; in fact, it is impossible to defineit fully in 
words. By means of this property he discusses various 
kinds of sections of a body, and derives finally the concep- 
tions of surface, line, and point, from the ways in which 
bodies or sections of bodies may touch each other. The 
distance of two points is their relative position and is de- 
termined by the contact of two bodies in the two points, in- 
dependently of the form of these bodies outside of their 
points of contact. Hence, for example, a pair of dividers 
may determine distance and the idea of distance is inde- 
pendent of the conception of a straight line. The sphere is 
therefore the simplest solid, the spherical surface the sim- 


` 1900.] . LOBAOHEVB8KY'8 GEOMETRY. 341 


plest surface. A plane is determined by the intersections 
of equal spheres described about two fixed points as centers, 
and any two of these equál spheres define a circle. A straight 
line is defined as a line which remains in coincidencé with it- 
self in all positions when two points are fixed, and it is shown 
that in.any circle there exist such lines, the diameters. 
With these ideas as the fundamental ones, it is clear that 
the geometry on the sphere is as sirnple as the geometry on 
the plane, and itis notsurprising to find Lobachevsky carry- 
ing the two side by side. In one respect, at least, the spher- 
ical geometry is the simpler, for it may be shown that the 
sum of the angles of a spherical triangle is greater than r. 
In the plane geometry one must content himself with the 
theorems that the sum of the angles of & triangle cannot 
exceed z, and that if the sum for one triangle is equal to z 
the same is true of all triangles, while if the sum is less 
than « itis variable, decreasing as the lengths of the sides in- 
crease. At. the outset Lobachevsky assumes that space 
is infinite. He is therefore able to prove that planes and 
straight lines are infinite in extent, that two straight lines 
can intersect in not more than one point, and that two per- 
pendiculars to the same straight line cannot intersect. He 
misses, therefore, the elliptic geometry in which the sum of 
the angles of a triangle is greater than z, This geometry 
exists for him of course upon the sphére, and the formulas 
which he obtains later for plane triangles are shown by him 
to include the spherical formulas, but the possibility of the 
existence of this geometry on the plane is explicitly denied. 
It remained for Riemann to take the last step in the freeing 
of geometry from unnecessary hypotheses. 

In chapter VII. begins the discussion of parallel lines on 
which the fame of the author rests. An axiom of Euclid 
asserts that if a straight line intersect two straight lines 
forming two interior angles on the same side of the first 
straight line which are together less than two right angles, 
then the two straight linesif sufficiently produced will meet. 
Many attempte have been made to justify this axiom by 
showing that its denial involves contradictions; but all such 
attempts have failed. Lobachevsky boldly denies the truth 
of the axiom and asserts that all lines radiating from a point 
fall into two classes with reference to any fixed line; 
namely, the converging lines which meet the fixed line, and 
the diverging lines which do not meet it. To the latter 
class belong two parallel lines which form the boundary be- 
tween the two classes. More precisely, if C is a point at a 
perpendicular distance a from a line AB, then there exists 
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a certain angle toi such that all lines which make with 
the perpendicular on the side toward AB an angle less than 
U(a) will meet AB, while lines which make an angle equal 
or greater than //(a) wil not meet AB. The two lines 
which make the angle //(a) with the perpendicular are the 
parallel lines, and the angle I/(a) is the angle of parallelism. 
lf (4) is identically equal to $ x, the euclidean axiom re- 
sults and it is readily shown that then the sum of the angles 
of a triangle equals z, and conversely. On the other hand, 
if the sum of the angles of a triangle is less than =, //(a) is 
variable, decreasing as a increases, becoming $ z only for 
a = 0, and being equal to any given acute angle for some 
valueofa. There result thereforetwo systems of geometry, 
the usual one, and the other, called rather unfortunately 
by Lobachevsky the ‘‘imaginary’’ geometry. In the or- 
dinary geometrya circle approaches a straight line when its 
radius is indefinitely increased, and the revolution of a 
Straight line about an axis perpendicular to it generates a 
plane. In the imaginary geometry the limit of a ciroleis a 
boundary curve characterized by the property that all nor- 
mals are parallel to a fixed line and hence to each other. 
The revolution of a boundary curve about a normal gener- 
ates a boundary surface, which is cut by any plane in either 
a boundary curve or a circle. If now a triangle is formed 
on & boundary surface by means of three boundary curves 
it may be shown that the sum of its angles equals z. This 
triangle plays in the imaginary geometry the réle of the 
plane triangle in the usual geometry. 

This closes the synthetic and more elementary part of 
Lobachevsky’s work. He turns now to the analytic treat- 
ment of the imaginary geometry. The usual trigonometric 
formulas hold for a boundary triangle, and a point of attack 
is thus found for the determination of (a). It results - 
that the angle of parallelism is an analytic function of its 
argument, expressed by the simple relation 


: tan Mi(z) = e. 


Formulas connecting the sides and angles of a triangle arẹ 
next deduced. These formulas include those of the usual 
plane and spherical geometry, and are in fact exactly those 
which one obtains by writing the formulas of spherical 
trigonometry for a triangle with pure imaginary sides. To 
derive the formulas of the euclidean geometry it is only 
necessary to assume that the sides of the triangle are so 
small that all higher powers may be neglected. This is to 
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assume that the world of our experience is very small in 
comparison with the unit of length used in the imaginary 
geometry. e 

The foregoing is a brief sketch of the prominent ideas of 
the ‘‘Neue Anfangsgründe.” Turning back to the “ An- 
fangsgründe"' we find in addition a large number of appli- 
cations to the determination of the lengths of curves, the 
areas of plane and curved surfaces, and the volumes of 
solide. Many readers who are already familiar with Lo- 
bachevsky’s theory of parallels will find this part of the 
work of great interest; for it is not contained in any other 
of the author's works. There is also a discussion based on 
the parallax of fixed stars to show that the discrepanoy be- 
tween the usual and the imaginary geometry is too small to 
be detected experimentally. 

The second part of the volume before us is occupied with 
notes and a life of Lobachevsky by the translator. Loba- 
. chevsky’s argument is in its large outline simple and clear 
and the same is true in general of his separate theorems, 
but he is in places obscure through too concise presentation 
or through suppression of intermediate reckoning. Occa- 
sionally also a demonstration is faulty. All such places 
have been carefully worked over by the annotator with the 
object and the result of making the work easily read by all. 
The notes are more copious in the case of the “ Anfangs- 
gründe"' where the need is greater. ] 

The biography is at the same time an interesting account 
of Lobachevsky’s career as student, professor, and rector 
of the Kasan University, and an historical and critital dis- 
cussion of his mathematical writings. Of particular inter- 
est is the chapter on the relation of Gauss, Lobachevsky, 
and Bolyai, and the conclusion reached by the author that 
each discevered the non-euclidean geometry independently 
of the others. Lobachevsky was connected with Gauss 
through his teacher Bartels who was a friend of Gauss, and 
from this fact it has been argued that Lobachevsky’s dis- 
coveries were inspired by Gauss. Against this theory, Pro- 
fessor Engel presents facts to show that Lobachevsky 
could have learned from Bartels nothing more than that 
Gauss questioned the correctness of the euclidean axiom. 
Lobachevsky’s own writings however do not bear out the 
hypothesis that he learned even this much from his teacher, 
for the gradual development of his thought is apparent in 
his unpublished works, from the time when in 1816 he at- 
tempted the proof of the disputed axiom, through the period 
when he recognized the failure of all attempts at such a 
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proof but had not yet anything to take its place, until in 
1826 he had found his way successfully through all his dif- 
ficulties. He adds his own testimony as to the origin of his 
great theories in the opening sentences of the ‘‘ Neue An- 
fangsgrinde’’ in which he declares that the futility of the ' 
efforts made during two thousand years since Euclid to 
complete the theory of parallel lines aroused in him the sus- 
picion that the ideas sought to be proved were not neces- 
sarily true. While it is remarkable that the solution of a 
two-thousand year old problem should be given almost 
simultaneously by three men, it should be remembered that 
these three were not the only mathematicians who had 
worked upon the problem. More than one had missed the 
solution by a hairsbreadth only; Lobachevsky, Bolyai, 
and Gauss succeeded in finding it. 

: FREDERICK B. Woops. 


MASSACHUSETTS INSTITUTE 
oF TEORNOLOGY. 


VOGT’S ALGEBRAIC SOLUTION OF EQUATIONS. 


Leçons sur la Résolution algébrique des Equations. Par H. 
Voar, professeur adjoint à la Faculté des Sciences de 
Nancy. Paris, Nony et Cie., 1895. 8vo., viii4-201 pp. 
THE present work is, we suppose, intended to be an in- 

troduction to the modern theory of the algebraic solution 
of equations. It is true that the word modern does not 
appear in the title, but however elementary the char- 
acter of a new book of this kind may be, it is natural to 
suppose that the author will present his material in accord- 
ance with modern points of view, as far as these are ele- 
mentary and simple. 

This, however, is not the case with the volume in hand, 
as ‘we proceed to show. First and foremost we have the 
following serious criticism to make. The rockbed of the 
modern theory of the algebraic solution of equations is 
the principles of Galois. A text book on this subject 
which does not explain these with all detail and use them 
systematically from start to finish cannot be called modern. 

That the present volume sins grievously in this réspect 
can be shown at once. Galois’ theory proposes a perfectly 
simple and uniform scheme for the solution of any given 
equation. In a work of this kind this scheme should be 
developed at the start and then undeviatingly employed 
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throughout the work whenever the solution of & particular 
class of equations is being effected. Almost the first step 
in this scheme relates to the adjunction of & rational func- 
tion of the roots of the given equation and the determina- 
tion of the ensuing Galoisian group. Is it possible to fancy 
a modern treatment of the subject this book deals with, 
which takes up this problem, as fundamental as it is simple, 
just ten pages before its close! Such a fact means simply 
that the author throws Galois’ theory to the winds. 

The reason for this is nowhere explicitly given. It can- 
not be that Galois’ principles are not fruitful; for they occupy 
a central position in the great field of modern mathematical 
speculation. It cannot be because they are too difficult to 
be treated in an elementary text book; for as we shall see the 

. author treats questions much more abstruse than the ele-- 
mentary Galoisian theory offers. It cannot be that the 
problems it enables us to solve are uninter esting; for every 
one familiar with Galois’ theory knows the contrary. It 
may be that M. Vogt thinks Galois’ methods are not all 
rigorous. Chapter IX. atleast lends color to this supposition. 
This chapter treats of the algebraic solution of equations 
and culminates in the theorem of Ruffini and Abel that the 
general equation of degree greater than four cannot be 
solved algebraically. The author frankly states that it is 
taken en grande partie from Chapter XIII. of Netto's book on 
Bubstitutionentheorie und ihre Anwendungen auf die Al- 
gebra. Now Netto in this chapter takes a stand which. 
is either trivial or which is an impugnment of the cor- 
rectness of those parts of Galois’ theory which treat of prob- 
lems of thischaracter. As the question isaltogether funda- 
mental and as put by Netto may easily lead one astray, it 
is worth spending a few words on it. The question at issue 
is this: Does Galois’ theory enable us to draw into the circle 
of our reasoning irrational resolvents, 4. e., resolvents whose 
roots are not rational functions of the roots of the given 
equation, or does it not? The statement of Netto’s in this 
connection is this :* since the theory of substitutions treats 
only of rational functions of the’ roots it is impossible to em- 
ploy this theory when dealing with irrational functions. 
To use the theory of substitutions, then, in a problem 
which requires the consideration of irrational resolvents 
would be a petitio principii. Such problems he declares can 
be settled only by algebraic reasoning. Strictly speaking 
this is doubtless quite correct, but taken in the strict sense 
these remarks are trivial. If taken in the sense that the 





* L, o, p. 235. 
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demonstration, for example, of the Ruffini-Abel theorem 
by the Galoisian theory is unsound, and that it must be 
replaced by the laborious algebraical reasoning which Netto 
employs* and in which he is followed by Vogt, Netto’s posi- 
tion is incorrect and pernicious. That irrational resolvents 
‘can be employed directly in Galois’ theory follows from the 
simple fact that, whenever a reduction of the Galoisian 
group takes place on adjoining an accessory irrationality, 
the same effect can be produced by a rational function of 
the roots. Thetheorem which is fundamental in these ques- 
tions, and which cannot be insisted on too much, is due to 
Jordan and given in his Traité, p. 269. The demonstration 
of this theorem is entirely substitution-theoretical. How 
does this agree with Netto’s declaration: ''treten daher 
,* * * irrationale Funktionen der Wurzeln auf, so befinden 
wir uns auf einem Gebiet, in dem von Substitutionen über- 
haupt keine Rede mehr sein kann." It would certainly 
enlighten many if Professor Netto would explain how thóse 
remarks are to be put in harmony with §§ 230, 231 of his 
book, particularly with the statement made at the close of 
§ 230. , i 
Let us look now at the selection of material M. Vogt has ' 
to offer the reader. In e work that treats Galois’ theory so 
shabbily we are not surprised to find only some twenty 
pages devoted to the theory of substitution groups. This is 
certainly unfortunate. The theory of groups is every day 
winning inimportance. One has only to think of the róle 
they play in geometry and in the theory of differential equa- 
tions. The Galoisian theory of equations offers a splendid 
opportunity to introduce the student to an- important part 
of this great theory, namely, the theory of finite groups. At 
the very start of the Galoisian theory, substitution groups 
demand our attention. The notions of transitivity, prim- 
itivity, invariant subgroups, series of composition, and iso- 
morphism present themselves simply and naturally at once. 
A little later when we begin to consider more carefully the 
groups of the resolvents we find it necessary to pass from 
the narrow notion of a substitution group to the broad and 
- fertile notion of a group in the abstract. A little later still 
we come to the groups of the regular bodies, i. 6., to partic- 
ular cases of the all important linear ‘group. It is with 
regret that’ we see such an opportunity entirely ignored. 
Instead then of a treatment.of such questions, we find a 
wearisome reproduction of some of, Kronecker’s algebraical 





*It is Kroneoker's modification of Abel’s proof. Cf. Monaisber. d. 
“Berl. Akad., 1879, p. 205. 
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theories. A. chapter is devoted to cyclic and metacylic 
functions of n independent variables ; another chapter pre- 
sents Kronecker’s celebrated method of decomposing a form 
in n variables for an arbitrary domain of rationality. A 
third chapter gives Kronecker’s treatment of abelian equa- 
tions; and a fourth, Kronecker’s researches on metacylic 
equations of prime degree. We do not wish to be under- 
stood as underestimating Kronecker's methods; on the con- 
trary, we are an ardent admirer of them. But the methods 
of Kronecker here given form but & small part of the equip- 
ment of this mathematical Hercules. To try to give what 
is necessary would utterly crush the reader; to give no 
more than M. Vogt has given seems to us wholly inadequate. 
With half the space, all the results of importance the author 
has given could be demonstrated by Galois’ theory and with 
far greater ease to the reader. 
. I pass now to a few criticisms of detail. The systematic 
employment of indeterminates should certainly be preceded 
by a few words of explanation. The author does not bring 
out with sufficient emphasis the meaning of the very fun- 
damental terms: valeur numérique, valeurs numérique 
ment distinctes, algébriquement distinctes. Theauthor seems 
to be influenced by Kronecker’s dictum which forbids the 
use of purely logical definitions. At least in two important 
instances he has followed it, viz., in the decomposition of & 
form into irreducible factors, &nd in the actual determina- 
tion of the Galoisian group for a given equation. A third 
equally important case he has not treated, viz., the problem 
of determining whether a given rational function of the 
roots belongs to a given group or not. 

On p. 62 we are given a definition of a general equation, 
and the remark. is made that equations whose cóefficients 
are integers are special. On p. 80 special equations are said 
` to be those whose Galoisian group is not the symmetric 
group. There is a confusion of terms here. As Hilbert ` 
showed for the first time there are an infinity of equations 
whose group is the symmetric group and whose coefficients 
are integers. * 

On p. 146 the rule for forming cyclic functions is not uni- 
versally applicable, as simple examples show. 

Consider the Abelian SCH for R(1), e à 1290. 
Lets = e S ; set x = e, v, = s m, = e, g =t; alsa let 
z = Um. T=). Then AA s scheme for the roots 
becomes 

9^, (A, A, — 0, 1). 





* Crelle, vol. 110. 
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The functions y, become here 
D 
y= E^ te; Y= Ei EA = SN Lë, 
1 


Now both y, and y, are zero; they are thus not cyclic, and 
the rule breaks down. 

Finally we observe that the treatment in Chapters X. 
and XII. of Kronecker’s problem, of finding the necessary 
and sufficient form of the roots of all algebraically solvable 
equations of prime degree n, is far too condensed for so 
abtruse a matter. It is also lacking in rigor in tWo essen- 
tial points. The question whether the functions 


wl 
du = > we (oh = 1) 
r0 


vanish or whether the functions 
y, al 3 (q= 1, 2, =, n— 1) 
are distinct is not discussed. ; 

Before closing we beg to have it clearly understood that 
Sur criticisms have been made on the supposition that the 
volume in hand is to serve as an introduction to the modern 
theory of the algebraic solution of equations. To one who 
is already familiar with the elements of this theory, the 
present work will give much interesting and valuable infor- 
mation, particularly in regard to the methods peculiar to 
Kronecker. It may then serve in some measure as a pre- 
paration toward studying the papers of this great master. 

JAMES PIERPONT. 


YALE UNIVERSITY, 
March, 1900. 


ELEMENTS OF THE CALCULUS. 


The Elements of the Differential and Integral Calculus, based 
on the Kurzgefasstes Lehrbuch der Differential- und Inte- 
gralrechnung, von W. Nernst und A. Schonflies. By J: 
W. A. Youre and C. E. LINEBARGER. New York, D. 
Appleton and Co., 1900. 8vo., xvii + 410 pp. 

Or the various new text-books on the calculus, this re- 
cent joint publication by a teacher of mathematics and a 
teacher of physics and chemistry will doubtless attract 
much interest, based as it is upon the German work, in- 
tended primarily for chemists, which appeared in 1896. 


D 
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from the pens of Professor Nernst, the celebrated expo- 
nent of the new physical chemistry, and Professor Schon- 
flies, widely known for his investigations in pure and 
applied mathematics. Having taught calculus to classes of 
technical students and having been formerly a chemist on a 
state geological survey, the reviewer finds himself fully in 
sympathy with such a work and ready to approve even a 
greater number of examples and illustrations from the fields 
of chemistry and physics. 

To the,students of mathematics, astronomy, advanced 
physics, or technology the book is intended as a '* pre-view ”’ 
, or general survey of the field, giving a clear insight into the 
fundamental principles, methods, and results, rather than 
the more elaborate and complex parts of the subject. The 
book is also offered to the general student in the belief that 
an elementary knowledge of the calculus should round out 
the mathematical career of the students seeking liberal cul- 
ture. In the opinion of the reviewer the work is well 
adapted to those teachers or students of the natural or 
' exact sciences who would privately acquire through an 

interesting and rigorous text a fair knowledge of the calcu-. 
lus and a view of its wide application in all domains of 
. Science. e 


The book is in two senses an introduction to the subject. 


In the first place, it presupposes only a knowledge of geom- 
etry, plane trigonometry, and the very simplest parts of 
algebra. The first seventy-five pages are devoted to an in- 
troduction to analytic geometry, giving as much as is 
needed in the later chapters. Chapters on higher algebra 
are inserted when needed for their applications to the cal- 
culus. Twenty pages are devoted to limits, in which the 
pedagogical turn of mind of the author or authors is clearly 
discernible. Several definitions of limits are given, graded 
in difficulty up to the modern treatment by means of the 
standard ''epsilon." Seven pages on logarithms, ten pages 
of illustrations of partial fractions, fifty pages on infinite 
series, of which fifteen are devoted to the elementary alge- 
. braic theory, are given at convenient places in the text. 

In the second place, the elementary character of the book 
may be indicated by the remark that the authors avoid the 
subjects curvature and elliptic integrals, so that the prob- 
lem of the rectification of the ellipse and the problem of 
the simple pendulum are not even mentioned. 

The elementary parts of the calculus are treated with ad- 
mirable clearness and pedagogical insight, and yet the proofs 
possess all the rigor demanded by the modern methods in 


350 ELEMENTS OF THE OALCULUS. [May, 


analysis. Each fundamental process is first illustrated by 
simple examples chosen from geometry, mechanics, physics, 
or chemistry, and afterwards the general method is exhib- 
ited in mathematical formule. : ; 
The method of limits is used exclusively. In view of the 
strict avoidance of differentials, it would seem more peda- 
gogical to replace the term differentiation by derivation. The 
earliest introduction (on p. 108) of the symbol dy/dz for the 
derivative might have been done with more care, giving 


temporarily the notation = (y) or the alternativ$ notation 


Dy. The reader would be spared the confusion usually at- 
tendant upon the first notation. That the authors them- 
selves will admit the justness of this criticism is apparent 
from their remark on p. 172, ‘‘ In the Differential Calculus 


we grew accustomed not to keep 2 the symbol for the 


operation of differentiation, invariably separated sharply 
from the quantity to which the operation was to be applied, 


but sometimes to write for compactness Sch -. instead of 
d 


Ze ^ —." As a matter of fact the former symbol occurs Bix 


times before the latter is (on p. 116) first introduced ! 
It is not easy to make students feel that dy/dzisnot a frac- 
tion. Furthermore, of the two equivalent formule, 


dy.du dy d d d 
i dz =% Tu (y) B dz (w) = dz (y), 





the necessity of formal proof is not usually felt by the stu- 
dent in the case of the first form, but is apparent in the 
case of the second. Instead of the usual short proof of this 
formula (based upon the lemma that the limit of a product 
equals the product of the limits of the factors), the authors’ 
devote pp. 150-152 toa rather complicated proof. While 
the reviewer is accustomed to give both, he would rather 
omit the latter than the former. 

The authors never define dz and dy as separately existing 
quantities,* but still retain the historic symbol f f(z)dz for 


* This may be done with rigor by taking them to be any two quanti- 
ties (inflnitesimal or not) whose ratio is the derivative. For application 
in integral calculus, we may also define dz as an arbitrary infinitesimal 
increment of z and dy as that dependent function equal to the product of 
dz and the derivative y’. Geometrically, dz and Ay refer to the curve, ` 
while dz and dy refer to its tangent. 
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the function whose derivative with respect to zisf(z). The 
step involved is certainly logical, but rather severe logic. 
Here again the (temporary) use of an alternative symbol, : 
as ICT f(x), coupled with a reference to the definite integral, 
would bring this heroic adherence to the method of limits 
somewhat nearer to the plane of thestudent. Indeed, what 
student wil not stumble at the statement on p. 262: 
“ The sign f represents a form of snow obsolete, standing 
for the word sum, and ydz represents the type of the terms 
of the sum." The refusal to define dz makes the formula 
(p. 192) for integration by parts quite cumbrous. A re- 
adjustment must certainly take place somewhere in a stu- 
dent’s career, if he is to continue his mathematical or phys- 
ical. studies in the modern literature. 

On p. 296 and in the examples on p. 297 and pp. 301- 
307, itis required to find dy/dx when y is given as an implicit 
function of z, say e(z, y) = 0. It would seem desirable to 
explain the usual method of taking the derivative with re- 
spect to x of both members of the equation and then solving 
for dulde, This procedure is more practical (even if it in- 
volves the calculation of the same derivatives) since it does 
not require the retention of a formula somewhat difficult to 
remember. 

On p. 800, formula (6), ? is used four times for ð. 

The last chapter, a literal translation of the corresponding 
chapter of the German text, is highly interesting and useful. 
It gives a new and successful method for the differentiation 
or integration of functions found empirically, i. e., given by 
a table of experimental results. In it occurs (p. 390) a 
, confusing change of notation. It would make for clearness 

to omit. the z introduced, but not used, in the regular text, 
and to explain, elsewhere than in the example given in 
small print, the p and 0 actually used. 

By this time it will be seen that the reviewer has sought 
in vain for very serious grounds for criticism of the text. 
He may therefore be permitted to congratulate the authors 
upon the skill with which they have completed such an in- 
teresting and valuable introduction to the calculus. 

L. E. Dioxson. 

THE UNIVERSITY OF TEXAS. 
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PASCAL’S CALCULUS OF VARIATIONS. 


Die Variationsrechnung. Von E. Pasoat. Deutsch von A. 
ScugPP. B. G. Teubner, Leipzig, 1899. vi. + 146 pp. 
Tue German translation of the “ Calcolo delle variazioni ” 

published by Ernesto Pascal in 1897 gives to American 

mathematicians in convenient form the best book on the 
calculus of variations that has, to our knowledge, appeared 

up to the present time. The book consists of only 150 

octavo pages and presents concisely the principal facts of 

the subject. A valuable feature of the work will certainly 
be found to be the very excellent and apparently complete 
bibliography given in connection with brief accounts of the 

_ development of the calculus of variations. No book with 
which we are acquainted could be better adapted to contro- 
vert the lay opinion that everything in mathematics is exact 
and beyond dispute. Again and again the author calla 
attention to errors made by writers in this field. He often 
calls attention, too, to gaps which remain still to be filled 
in the theory, and makes the reader sometimes feel that the 
results which we already have rest on a rather precarious 
foundation. The chief fault of the book, from our point of 
view, is that it sacrifices simple and natural discussion to 
the pursuit of the end so dear to Italian mathematicians, 
the greatest possible generality. 

The apparent purpose of the author is to give an account, 
absolutely rigorous as far as it goes, of the present condi- 
tion of the science. That such an end isin the calculus of 
variations especially difficult to attain appears from the fact 
that the proofs are not always precise and that the author 
prefers often to tell us that the work given is not rigorous 
rather than to attempt to make itso. A serious deficiency 
is the almost entire lack of reference to the work of Weier- 
strass. This lack is, of course, intentional and doubtless 
due to the author's courtesy in hesitating to refer to what 
is to appear in Sehwarz's edition of Weierstrass’s works. 
It seems to us, however, that Pascal, with entire justice 
to Weierstrass, might have absorbed a little more of Weier- 
strass's spirit, and distinguished more carefully among the 
different sorts of variations employed, laying & proper em- 
phasis on the function of each kind. The most unsatisfac- 
tory part of the book is the treatment of Jacobi’s criterium. 
This condition is abstruse and difficult to grasp in all its 
beauty and ingenuity even in thesimplestcase. Pascabgives 
a purely analytical treatment of the general case. We ven- 
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ture to say that few readers will care to follow him through 
these difficult generalities. Nevertheless, this part of the 
book is of value, presenting as it does results which are to be 
found, we believe, only in various periodicals. But of the 
simple geometrical meaning of Jacobi’s criterium, of the 
fact that it is a necessary as well as a sufficient condition 
for a maximum or à minimum, of the fact that from this 
criterium we may discover how long a curve continues to 
satisfy the conditions of the problem—not a word is said. 
From this we may see then that the book is not perhaps so 
readable as it might have been made. 
We .mention some points that to us seem to require 
criticism. A complete list would be of considerable length 
and would perhaps lay an undue emphasis on the faults of 
the work. In the opening chapter (p. 15) the author de- 
fines a variation as something ‘‘unendlich klein” and 
similar to a differential. This is an unsatisfactory and con- 
fusing definition, and is amusing in juxtaposition to Pascal’s 
comment on Lagrange (p. 5). On page 16 we find the fol- 
lowing: “In der That, wenn die beiden unendlich nahen Our- 
ven das Bestreben haben, mit einander zusammenzufallen, 
so ist es selbstverstandlich, dass z. B. auch ihre Tangenten 
zusammenzufalen suchen." Such a primeval statement is 
utterly out of place in a book purporting to be rigorous. 
In the italics*preceding this quotation the, ‘‘ variation of 
the derivative’’ is used in place of the ‘‘ derivative of the 
variation." This slip would seem less worthy of notice 
if the author considered it evident, as it really is, that 
the two are identical. He does not, however, but proves 
at length two pages afterwards that they are so. The 
discussion of the restrictions of the ‘‘ regular variation," a 
common term which by the way Pascal does not use, is 
on the whole, gratifying. He omits, however, to state 
what seems to us the point of chief interest, that any special 
variation may with perfect freedom be used to obtain a 
necessary condition. for a maximam or a minimum. In 
pages 17-19 the author does not always make clear his: 
assumptions as to the nature of the variation. On page 21 
he says F must be assumed continuous, while two pages 
before he assumed that F had finite partial derivatives, an 
. assumption certainly implying continuity. On page 39 the 
` reasoning is purely formal, precisely that which he condemns 
most severely. His statement here that his process leads 
to the problem of maxima and minima of ordinary analysis 
is not accurate. His result he justifies by a footnote which 
admits that the text is inconclusive. 
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The treatment of multiple integrals though brief and in- 
complete is, on the whole, very good. Weare glad to see 
several problems mentioned which are sometimes omitted 
in & course on this subject, such as the general problem of 
the calculus of variations. This Pascal calls, without suf- 
ficient reason we think, ‘‘ Mayer’s problem.’’ The: book 
closes with a discussion of the most famous problems of the 
calculus, e. g., Newton’s problem and the brachistochrone, 
with shorter notices of many others. The translator has 
added to the book some references to articles that have 
appeared since 1897, and indexes. : 
J. K. WHITTEMORE. 
HARVARD UNIVERSITY. . 
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Tue second number of the Transactions of the AMERICAN 
MATHEMATICAL Sootrry, which has just appeared, consists 
of 162 pages and contains the following articles:—‘‘ On the 
metric geometry of the plane nine," by F. Moyse: ‘‘ On 
relative motion," by ALEXANDER S. Cuxgsin; ‘Plane 
cubics and irrational covariant cubics,” by Henry S. 
Waite; “A purely geometric representation of all points 
in the projective plane," by Joan LOWELL COOLIDGE ; 
** The decomposition of the general collineation of space into 
three skew reflections,” by Epwriw B. WirsoN; “A new 
method of determining the differential parameters and invar- 
iants of quadratic differential quanties," by HEINRICH 
MasoRHkE; "On the extension of Delaunay's method in the 
lunar theory to the general problem of planetary motion," 
by Q. W. Hix; ‘On the types of linear partial differential 
equations of the second order in three independent variables 
which are unaltered by the transformations of a continuous 
group,” by J. E. CAMPBELL. 


THE LyrsrnationaL MATHEMATICAL CONGRESS AT Paris: 
At the two general sessions of the congress, the following 
addresses will be delivered :—August 6th: ‘On the histo- . 
riography of mathematics," by Professor M. Canror.— 
“Three Italian analysts, Betti, Brioschi, Casorati, and three 
ways of considering the questions of analysis; their influ- 
ence," by Professor V. VOLTERRA.—August 11th :* ‘A 
page from the life of Weierstrass,’’ by Professor G. Mir 
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TAG-LEFFLER.—''The rôle of intuition and logic in mathe- 
matics,” by Professor H. Porncark. 

The work of the congress will be carried on in six sections 
which will meet at least once daily. These sections are :—1° 
Arithmetic and algebra; 2° Analysis; 3° Geometry ; 4° 
Mechanics, mathematical physics, and celestial mechanics ; 
5° Bibliography and history ; 6° Teaching and methods. 
The members are requested to submit the subjects of their 
communications and the section to which they will be re- 
ferred, before May 1st, to Professor H. Poincaré, president 
of the programme committee, rue des Grands-Augustins, 
Paris. The committee further requests that the time for 
the presentation of any communication be not allowed to 
exceed twenty minutes. Papers may be written and read in 
any of the four languages, German, English, French, and 
Italian. 


Tue final international conference on a catalogue of sci- 
entific literature, has been postponed from Easter to June 
12th. The conference takes place in London. 


To the list of works on special branches of mathematics 
to be issued by B. G. Teubner, as announced in the April 
number of the BurnzgTIN, there should be added the follow- 
ing: W. F. Osaoop, General theory of functions; W. 
WiRTINGER, Algebraic functions and their integrals, and 
Partial differentia] equations. 


Tax eighth edition of the logarithmic tables constructed 
by, Professor GzonaE WILLIAN Jones, of Cornell University, 
has recently appeared bearing the imprint of Macmillan and 
Company, London, and G. W. Jones, Ithaca, N. Y., 1900. 


CATALOGUES of new and second-hand mathematical works 
have recently been published by F. Muller and Company, 
Doelenstraat 10, Amsterdam, Holland, and B. Pellerano, 
' Via Gennaro Serra 20, Naples, Italy. 


H. WELTER, of Paris, has issued an elaborate cata- 
logue of periodieal publications, containing & number of 
broken and complete sets of the various mathematical jour- 
nals of the world. 


Tue University or CnHioAgo. The following advanced 
courses (four or five hours weekly) in pure mathematics 
have,been announced for the summer quarter of 1900 : —By 
Associaté Professor H. Masonxs: Elliptic functions; Mod- 
ern analytic geometry ; Advanced integral calculus, I.— 
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By Assistant Professor J. W. A. Youna: Theory of numbers; 
Pedagogy of mathematics (one-half course).—By Mr. J. A. 
Sintra: Theory of equations (first half of quarter, ten hours 
weekly.) ; 

The mathematical club, with fortnightly meetings, is 
under the direction of the departmental faculties of mathe- 
matics and mathematical astronomy. 


CoruwBiA University. The following advanced courses 
are offered during the academic year 1900-1901 by the de- 
partments of mathematics and mechanics, each course ex- 
tending throughout the year :—By Professor F. N. Coz: 
Riemann’s theory of functions, including elliptic functions, 
three hours. —By Professor T. S. Fiske: Advanced calculus, 
three hours; Theory of abelian functions, three hours.— 
By Professor M. I. PurrN : Electromagnetic theory of light, 
two hours; Spherical harmonics, two hours.—By Professor 
R. 8. Woopwarp: Advanced analytical mechanics, two 
hours; Theory of the potential function, two hours.—By 
Mr. C. J. Keyser: Modern theories of geometry, three 
hours.—By Dr. J. Maciay: Analytical theory of curves 
_ of double curvature and curved surfaces, three hours.—By . 
Mr. H. B. Mrroneti: Differential equations, three hours. 
—By Mr. J. C. PrisrER: Theoretical mechanics, two 
hours. . í 

The mathematical colloquium is held fortnightly. 


Cornet, University. During the academic year 1900- 
1901, the following advanced courses will be offered by the 
department of mathematics, each course ‘occupying either 
two or three hours a week, as indicated, and continuing 
through the year :—By Professor L. A. Warr: Advanced. 
analytic geometry, (a) plane, three hours, (b) solid, two 
hours; Advanced differential calculus, three hours.—By 
Professor J. McManon : Theoretical mechanics, two hours ; 
quaternions, two hours ; Potential and spherical harmonics, 
two hours; Mathematical theory of sound, two hours.—By | 
Professor J. H. TANNER : Algebraic invariants, two hours. 
By Dr. D. A. Murray : Differential equations, three hours ; 
Finite differences, two hours.—By Dr. J. I. Hurouryson : 
Advanced integral calculus, two hours; Calculus of varia- 
tions, three hours.—By Dr. V. SNYDER: Projective geome- 
try, three hours; Algebraic curves, two hours; General 
function theory, three hours ; Theory of surfaces, two hours. 
—By Dr. Q. A. Muer: Theory of groups of a finite order, 
three hours; Theory of numbers, two hours. 

The Oliver mathematical club will meet every other week. 


T NOTER. `, S . 357 

ks RD University. During the year 1900—1901 Pro- 
fessor Bôomer will be absent in Europe on leave. The fol- 
lowing advanced courses in mathematics are offered :—By 
Professor J. M. Perroz: Tetrahedral codrdinates, with 
applications.to the study of points, lines, planes, and quad- 
ric surfaces; Quaternions (second course); Quaternion 
imaginaries and other selected topics in quaternions; + 
Linear associative algebra.[—By Professors Demir and B. 
O. PErRoE: Trigonometric series, spherical harmonics, and 
potential function.—By Professor B. O. Purroz: Elas- 
ticity.t—By Professor Oseoop: Infinite series and prod- 
ucts; f Galois's theory ; + either Calculus of variations, or 
Elliptic functions.—By Dr. Bovrow: Modern geometry ; 
Theory of functions (first course); Introduction to Lie’s 
theory of groups.—By Mr. WurrTEMORE: Theory of equa- 
tions and introduction to invariants ; f Calculus (second 
course); Differential geometry.—By Mr. CooripaE: Gaomi 
etry of position. 

These courses will each involve three lectures a E? 
throughout the year, except those marked +, which involve 
about half this number of lectures. Professors ASAPH 
HALL and Osaoon also offer courses in reading and research 
on Selected topics in celestial mechanics and Higher anal- 
yais, respectively. 


' During the summer semester, 1900, the several universi- 
sities below offer the following mathematical courses : 


University or Innspruok. By Professor Orro Botz: 
Differential and integral calculus, with exercises in seminar, 
four hours; General arithmetic, second part, introduction 
to the theory of functions of complex variables, with exer- 
. cises in seminar, three hours.—By Professor W. WIRT- 
INGER : Analytical geometry of space (continued), three 
hours ; Theory of numbers Bas two hours; Sem- 
inar, two hours. 


University op PRAGUE. By Professor G. Prox : Differen- 
tial and integral calculus, three hours ; Elements of the cal- 
culus of variations, two hours; Geometrical exercises, two 
hours.—By Professor F. Lrerrog : Theoretical mechanics, 
three hours; Theory and applications of potential, two. 
hours. 


University OF Vienna. By Professor G. von ESCHERIOH: 
Elements of differential and integral calculus II, five hours ; 
Exercises on the preceding course, two hours ; Seminar, two 
hours; Proseminar, one hour.—By Professor L. GEcEN- 
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BAUER :' Algebra (continued), four hours; Elements of the 
theory of invariants, one hour; Mathematical statistics, 
three hours; Proseminar, one hour; Seminar, two hours. 
—By Professor F. Mertens: The laws of reciprocity (con- 
tinuation), five hours ; Theory of probabilities, three hours ; 
Seminar, two hours ; Pr oseminar, one hour.—By Professor 
G. Kons: Analytical geometry of space, four hours ; Exer- 
cises on the preceding, one hour.—By Dr. V. Szrsawy: 
The mathematics of insurance, I, three hours, II, four 
hours.—By Dr. A. TAusER: Elements of perspective, two 
- hours; Insurance mathematics (continued), four hours; 
Exercises on the latter course, two hours.—By Dr. K. 
ZINDLER: Kinematics, two hours.—By Dr. E. BLASOHKE : 
` Introduction to mathematical statistics, LI, three hours.—By 
Dr. K. Zerouosgpng - The transcendentality of the numbers 
e and x, one hour.—By Dr. R. D. v. SreRNECK :. Elemen- 
tary theory of numbers, two hours. 


Tue following subject has been announced by the Madrid 
academy of sciences for its mathematical prize for the year 
1901: ‘‘ Didactic exposition of the modern theories of non- 
euclidean geometry, or a detailed analysis of the principal 
works upon this branch of science from the time of Gauss 
to the present." Competing memoirs should be written 
in Spanish or Latin and will be received by the secretary of 
the academy before December 31st, 1901. The first prize 
consists of fifteen hundred pesetas and a gold medal. 


Amone the corresponding members elected by the Berlin 
academy of sciences at its recent celebration commemorating 
the two hundredth anniversary of its foundation are the 
mathematicians Professor P. Gorpan, of Erlangen, Profes- 
sor F. Mertens, of Vienna, and Professor F. Scgorrzz, of. 
Marburg. 


Pnorzsson P: Dgupz, of Leipsic, has become professor of 
mathematical physies at the University of Giessen. 


Ir is reported that Professor L. BorzwANxN, of the Univer- 
sity of Vienna, has received a call to the University of Leip- 
zig and is considering it favorably. 


Dr. J. Hory, formerly docent at the Polytechnic Insti- 
tute at Charlottenburg, has been called to the School of 
Mines at Clausthal as professor of mathematics. 


Dr. L. E. Dicxson has resigned an associate professor- 
ship in mathematics at the University of Texas to become 
assistant professor at the University of Chicago. Dr. H. 
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E. Siaveut has been promoted to an assistant professorship 
of collegiate mathematics in the latter university. 


UNDER the recent readjustment of its relation to Columbia 
University, Barnard College is hereafter to have a distinct 
department of undergraduate mathematics. Professor F. 
N. Core has been made head of this department, retaining 
however his position in the university graduate school of 
pure science. Dr. Epwarp KAsNER (Ph.D., Columbia) has 
been appointed tutor, and Miss Grace Anprews (M.A., 
Columbia) assistant in the department at Barnard. 


Dr. J. B. Carrrenben, tutor in mathematics at Columbia 
University, has been appointed professor of mathematics in 
the Brooklyn Polytechnic Institute, Brooklyn, N. Y. Mr. 
H. B. MircHext, assistant in mathematics at Columbia, has 
been promoted to a tutorship. 


Mr. A. D. Fox has beén made professor of mathematics 
at Whitman College, Walla Walla, Wash. 


Mr. E. A. PATTINGILL, recently a graduate student at 
Cornell University, has been appointed instructor in mathe- 
matics in the Iowa State Agricultural College. 


Tue death is announced of Professor B. CHRISTOFFEL, 
professor of mathematics at the University of Strassburg, 
aged seventy years; Professor Christoffel had offered no 
lectures since 1894 on account of ill health. 


Tre death is also announced of Professor WAN M. 
THRASHER, for many years professor*of mathematics at 
Butler University, Irvington, Ind. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


‘BENNER (H.). Bestimmung der Coefficienten, welche bei der Berech- 
der I 1 z^"dr à ada 
e Sa ae n TS 
E EE See Oe J Vicar lc) 
. auftreten. (Diss, Erlangen, 1897.) Boston, Ginn, 1899. 8vo. 
10 + 59 pp. 

BIBLIOTHECA MATHEMATIOA. Zeitschrift’ für Geschichte der mathema- 
tischen Wissenschaften, herausgegeben von G. Enestrim. 3te [er- 
weiterte] Folge. Vol I: 1900. Leipzig, Teubner, 1900. Per an- 
num R M. 20.00 
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BOGER (R.). Ebene Geometrie der Lage. Leipzig, Góschen, 1900. 8vo. 
10-|-289 pp. Cloth. (Sammlung Schubert, No. VII.) M. 5.00 


BROWN (E.,W.). See TRANSACTIONS. 


BunLART (W.G. ) On,the general classification of plane quartio ourves. 
(Diss. Worcester, Mass., 1899. 8vo. 16 pp., 2 plates. 


DELAUNAY (N.). See WAssILIEF (A.). 


DupEN8ING (W.). Ueber die dureh eine allgemeine dreigliedrige alge- 
braische Gleichung definierte Funktion und ihre Bedeutung für die 
Auflösung der algebraischen Gleichungen von höherem als viertem 
Grade. Leipzig, Teubner, 1900. 8vo. 8-1-52 pp. M. 2.40 


ENESTRÖM (G.). See BIBLIOTHECA. 


FxELDBLUM (M.). Ueber elementar -geometrische Konstruktionen. 
(Diss.) Göttingen, 1899. 8vo. 48 pp., 1 plate. ` 


Fi8KE (T. 8.). Bee TRANSACTIONS. 


Frece (G.). Ueber die Zahlen des Herrn H. Schubert. Jena, Pohle, 
- 1900. Ben 6-+ 32 pp. . M. 1.20 


GANTEE (H.) und Rupio (F.). Die Elemente der analytischen Geome- 
trie. Zum Gebrauche an höheren Lebranstalten, sowie zum fBelbst- 
studium. Mit zahlreichen Uebungsbeispielen. Teil I: Die ana- 
lytische Geometrie der Ebene. 4te Auflage. Leipzig, Teubner, 
1900. 8vo. 84-180 pp. Cloth. M. 3.00 


GA800 (D. L. G.). See MANSION (P.). 


GRAF (J. H.) und GUBLER (E.). Einleitung in die Theorie der Bessel- 
schen Funktionen. Heft 2: Die Beeselsohe Funktion zweiter Art. 
Bern, Wyss, 1900. Geo 74-158 pp.; M. 3.90 


HAGEN (J. G.). Synopsis der hóheren Mathematik. (In 4 Banden.) 
Vol. II1: Differential- und Integralrechnung. i circa 5 Liefer- 
ungen.) Berlin, 1900. 4to. Lieferung 1 pp. 1~64 M. 5.00. 


JAHRBUOH über die Fortechritte der Mathematik, m von C.. 
Ohr&mann. Herausgegeben von E. Lampe. Vol. 28, Jahrgang 1897 
3tes (Schluss-) Heft. Berlin, Reimer, 1900. 8vo. 68 pp. + p 
609-935. . M. 120 


KNESER (A.). Lehrbuch der Variationsreohnung. Braunschweig, 
Vieweg, 1900. 8vo. Lët 311 pp. M. 8.00 


KOrwEL(F.). Bewegungen und Umlegungen der Ebene bei projektiver 
Massbestimmung. Untersuchungen zur nichteuklidischen Geo- 
nietrie. Lahr, Schauenburg, 1900. 8vo. 7+ 99 pp., 1 plate. M. 2.50 


‘Lamps (E.). See JAHRBUCH. 


LAURENT (H.). Cours de mathématiques, profeasó à l'Institut agrono- 
mique. Paris, Carré et Naud, 1900. 8vo. 224 pp. 


Mansion (P.). Introduction à la théorie des déterminants, aveo de 
nombreux exercices, à l'usage des établissementa d’instruction mo- . 
yenne. Ze édition. Gand, Hoste, 1899. Geo, 40 pp. Fr. 1.00 


——. Eléments de la théorie des déterminants, avec de nombreux exer- 
cices. 6e édition, revue et sues Paris, Gauthier-Villars, 
1900. Geo 6-91 pp. Fr. 3.00 
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——. Elemente der Theorie der Determinanten. Mit vielen Uebungs- 
aufgaben. 3te, vermehrte Auflage. Leipzig, Teubner, 1900. 8vo. 


103 pp. M. 2.60 
—— —. "Theoria sucinta de las funciones biperboliosa. Traducido por D. 
L. G. Gasco. Valencia, Aguilar, 1899. Geo, 44 pp. Fr. 1.00 


MEYER (W. PL Rapporto sui progressi della teoria proiettiva degli in- 
varianti nell'ultimo quarto di secolo. ‘Traduzione dal tedesco da G. 
Vivanti, con aggiunte dell'autore. Napoli, 1899. 4to. 940 pp. 

: Fr. 8.00 

Moors (E. H.). See TRANSACTIONS. 


NETTO (E.). Vorlesungen über Algebra. Vol. 2, Oto (Schluss-) Liefer- 
ung. Leipzig, Teubner, 1900. 8vo, 12pp.-+-pp. 193-519. M. 10.00. 


Rick (H. L.). The theory and practice of interpolation, including 
mechanical quadrature, 4nd other important problems concerned 
with the tabular values of functions. With the requisite tables. 
Lynn, Mass, Nichols, 1899. Folio. 10-+ 234 pp. .Cloth. 


Rovio (F.). See GANTER (H.). 


SIMON (M.). Analytisehe Geometrie der Ebene. Leipzig, Gósohen, 
1900. Geo 7--372 pp. Cloth. (Sammlung Schubert, No. WE 
M. 6 
TRANSACTIONS of the American Mathematical Society. Edited by E. 
H. Moore, E. W. Brown, T. 8. Fiske. Published quarterly by the 
Society with the coöperation of Harvard University, Yale University, 
Princeton University, Columbia University, Haverford College, 
Northwestern University, Cornell University, The University of Cal- 
ifornia, Bryn Mawr College, The University of Chicago. Vol. I, No. 
1, January, 1900. New York, The Maomillan Company, 1900. 
4to. 96 pp. Per annum $5.00 


Vivant (G.). See MEYER (W. Pi 


WaAsSILIEF (A.) und DELAUNAY (N.). P. L. Tseohebysohef. (P. D. 
Tschebyschef und seine wissenschaftlichen Leistungen, von Wassi- 
lief; Die Tschebysohefschen Arbeiten" in der Theorie der Gelenk- 
mechanismen, von Delaunay.) Leipzig, Teubner, 1800.  8vo. 
3 -+ 70 pp., portrait. M. 4.00 


IL ELEMENTARY MATHEMATICS. 


BAGNOLI (E.). Geometria rettilinea e curvilinea, trattata con metodo 
preeuclidico, e cronogoniometria. Roma, Loescher, 1899.  8vo. 


295 pp., 24 plates. Fr. 5.00 
——. Trattato delle corde nel circolo. Roma, Loescher, 1890. 8vo. 
81 pp., 10 plates. Fr. 3.00 


BEHR (A.). Die Planimetrie (ebene Geometrie). > Leipzig, Sohüfer, 
1900. 8vo. 8-104 pp. (Die Schule des Bautechnikers, heraus- 
gegeben im Verein mit Lehrern an Bau- und anderen technischen 
Fachschulen von F. Stade, Vol. 2.) M. 2.00 


BouNERT(F.). Ebene und sphürische Trigonometrie. Leipzig, Géschen, 

1900. 8vo. 8-160 pp. Cloth. (Sammlung Schubert, No. III.) 

M. 2.00 

Osaran (E.).. Eléments de trigonométrie, à l'usage de la classe de 
seconde moderne. Paris, Poussielgue, 1900. 16mo. 64 pp. 
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EHRHARDT (H.). Neues System der ee und Flächen- 
teilung mit Hülfe einer planimetrischen Tafel, welche zugleioh als 
Produkten- und Quadrattafel dient, nebst einer Sinustafel. Stutt- 
gart, 1900. 8vo. 914-9 pp., 3 plates. ` M. 3.00 


EUOLID, Books 1 and 2. Proofs simplified and re-arranged by T. Varley. 
London, Allman, 1900. 12mo. 156 pp. Cloth. 1a. 


Evans. Euclid riders fully worked out. London, Simpkin, 1900. 12mo. 
116 pp. Boards. 1s. 6d. - 


FRANZ(R.). See Ura ( K.). 


E 
Grsgop (F.) Nouvelle arithmétique des écoles primaires, suivie de 
notions élémentaires d'algébre et de comptabilité (troisiéme année, 
destinée spécialement au élèves qui re préparent aux examens du 
brevet élémentaire et du brevet supérieur). Ge édition. Paris, 


André, 1900. 18mo. 460 pp. Fr. 3.00 
Haut (J. L.). Tables of squares. New York, Engineering News Pub- 
lishing Company, 1900. 16mo. Cloth. $2.00 


KÖHLER (E. T.) Manuale logaritmico-trigonometrico, contenente i 
logaritmi volgari o di Brigg di tutti i numeri fino à 108000 con 7 deoi- 
mnli, i logaritmi di Gauss, i logaritmi delle funzioni trigonometriohe 
di 10 in 10 secondi, eco. lla edizione della versione italiana. 
Lipsia, 1900. 8vo. 38-+ 388 pp. Fr. 4.00 


Kong (K.). Lehrbuoh der Elementar-Arithmetik. "Tel 1. 2te Auf- 
lage. Hildburghausen, Pezoldt, 1900. 8vo. 4-48 pp. ` (Teoh- 
nische Lehrhefte : Mathematik, Heft 1.) M. 1.50 


LEVI(F.) Problemi elementari relativi ad alouni casi di equivalenza 
di figure piane. Lodi, Dell'Avo, 1899. 8vo. 23 pp., 2 plates. 
N Fr. 0.50 
LésuNGEN der Absolutorial-Aufgaben aus der Mathematik an den 
humanistischen Gymnasien Bayerns seit dem Jahre 1867. Nachtrüge 
1895-1898. München, Pohl, 1900. 8vo. 4--4--6-L 7 pp. 
: i . 0.40 


Mao (C.). Lehrbuch der Arithmetik und Algebra nebst Aufgaben- 
sammlung für Baugewerkschulen und verwandte technische Lehran- 
stalten, sowie zum Selbstunterricht. Auflösungen und Lóeungsan- 
leitungen. Breslau, Morgenstern, 1000. 8vo. 48 pp. M. 1.50 


MULLER (O.). Tavole di logaritmi con cinque decimali. 6a edizione, 
aumentata delle tavole dei logaritmi d'addizione e sottrazione, per 
cura di M. Rajna. Milano, Hoepli, 1900. 16mo. 36-191 pp. 
(Manuali Hoepli.) 


PÜNCHERA (J.). Der Geometrie-Unterrioht in der I. und II. Klasse 
der Kantonschule und in Realschulen. Chur, Hitz, 1899. 8vo. 
195 pp. i 


RAJNA (M.). MÜLLER (O.). 


SoHUBERT (H.). Mathematische Mussestunden. Eine Sammlung von 
Geduldspielen, Kunststücken und Uuterhaltungsaufgaben mathe- 
matisoher Natur. 2te Auflage. 3 Bünde. (Vol. I: Zahl-Probleme. 
84-199 pp. Vol. II: Anordnungs- und Wahrecheinlichkeitspro- 
bleme. 4--247 pp. Vol. III: Reise-Probleme und geometrische 
Probleme. 3-+ 265 pp.) Leipzig, Gósehen, 1900. 8vo. Cloth. 

í ` M. 12.00. 
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BoLUOIONEXS y respuestas de los ejercicios y problemas contenidos en Jas 
Lecciones elementales de aritmética, por los Hermanos de las escue- 
las cristianas. Libro del maestro. 3a edicion, corregida. Paris, 
Oudinot, 1900. 16mo. 136 pp. S 


TODTER(H.). Anfangsgründe der Arithmetik und Algebra. Für den 
Schul- und Selbstunterricht in entwickelnder Lehrform bearbeitet. 
Teil I. Ausgabe B. 4te Auflage. Bielefeld, Velhagen & Klasing, 
1900. 8vo. 2-4-70 pp. M. 0.80. 


TROGNITZ (R.). Mathematische Aufgaben nebst Lösungen aus dem 
Pensum der Prima der hóheren Lehranstalten. Meiningen, 1899. 
8vo. 34 pp. 


. Ura (K.). Planimetrie. Leitfaden mit Konstruktionsaufgaben und 
Uebungssátzen. 6te Auflage, von R. Franz. Kassel, Hühn, 1900. 
8vo. 5-L-157 pp. Cloth. M. 2.00. 


VARLEY (F.). See EUoLID. 


VIDAL (C.) Pour la géométrie euclidienne ; étude critique élémentaire 
sur les fondements de la géométrie. Paris, Croville-Morant, 1900. 
8vo. 3pp. 


ZxiggIG (E.). Praeparationen für Formenkunde (Rnumlehre, Geome- 
trie) als Fach an Volksschulen. Teil 2: Betrachtung, Darstellung 
und Berechnung der krummflüchigen Kórperformen und krummli- 
nigen Flächen. Langensalza, Beyer, 1900. 8vo. 14-+ 167 pp. 

. 2.00 


II. APPLIED MATHEMATICS. 


ALMY (J. E.). Ueber die Entladungspotentiale in festen und tropfbar- 
flüssigen Dielektricis. (Diss) Berlin, Mayer & Müller, Ka 
8vo. 35 pp. M. 1.20 


BAUMGARTNER (E.). Encyclopédie des assurances. Vol. I: A~Bil. 
Paris, 1899. 4to. trix de souscription pour l'ouvrage complet 


(5 vol.) e Fr. 100.00 


BERTINI (G. B.). Breve studio sulle casse pensioni a dividendi incog- 
niti e sulle progressioni nella mortalità. Torino, 1899. 12mo. 78 


pp. Fr. 1.00 
BOULANGER (J.) et FERRIÉ (G.). Les ondes éleotriques et la télé- 
graphie sans fil. Paris, 1899. Geo 96 pp. Fr. 1.50 


Bruno (K.). Der Stoss elastischer Kugeln. (Progr.) Klagenfurt, 
1899. Geo, 22 pp., 1 plate. 


CEOUEA (J.). Leitfaden für den Unterricht in der darstellenden Geo-- 
metrie an den k. und k. Militár-Akademien. Parallel- und Central- 
Perspektive; cotierte Projektionen (cotierte Ebenen). Wien, 
Seidel, 1900. 8vo. 3-+ 247 pp., 1 plate. M. 4.80 


CorroN (A.). Le phénomène de Zeemann. Paris, 1899. 8vo. 100 pp. 
Fr. 


2.00 
FERRIÉ (G.). See BOULANGER (J.). 


GEIGENMÜDLLER (R.). Die Mechanik. Leipzig, Schafer, 1900. 8vo. 
84-136 pp. (Die Schule des Bautechnikers, herausgegeben i im Ver- 
ein ‘mit Lehrern an Bau- und etal technischen Fachschulen von 
F. Stade, Vol. 6.) M. 2.50 


Kodnie (W.). See LoMMEL (E. von). 
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KUGLER(F. X.). Die babylonische Mondrechnung. Zwei Systeme der 
Cbald&er über den Lauf des Mondes und der Bonne. Aut Grund 
mehrerer von J. N. Strassmaier, S. J., kopierten Keilinschriften des 
britischen Museums. Mit einem Anhang über chaldaische Planeten- 
*afeln. Freiburg i. B., Herder, 1900. Geo, 15-216 pp., 1a plate 

. 24.00 


LINEHAM (W. J.). Textbook of mechanical engineering. 4th edition, 
enlarged. London, Chapman, 1900. 12mo. 1002 pp. Cloth. 12s. 6d. 


LówMEL (E. von). Lehrbuch der Experimentalphysik. 6te Auflage. 
Herausgegeben von W. König. Leipzig, Barth, 1900. 8vo. 10+ 
574 pp., portrait, 1 colored plate. * M. 6.40 

Lorentz (B.). Grösse und Masse der Weltkürper. (Progr.) Kalks- 
burg, 1899. 8vo. 33 pp. 


MASONI(U.). Corso di idraulica teorica e pratica. 2a edizione, note- 
volmente ampliata. Napoli, 1899. Geo, 24- 680 pp. Fr. 9.50 


Reovcanuar (M.). Theorie und Aufstellung einer Zustandagleichung. 
* (Diss.) Göttingen, 1899. Geo, 117 pp. 

WARBURG (A.). Referat über die Würmeeinheit, erstattet in der gemein- 
schaftlichen Sitzung der Sektionen für Physik und angewandte 
Mathematik am 22. September anf der Naturforscher-Versammlun 
in München. Leipzig, 1900. 8vo. 19 pp. M. 0.6 


Wosr (A.). Anleitung zum Gebrauch des Taschen-Reohenschiebers für 
Techniker. 4te Auflage. Mit einem Rechensohieber. Halle, Hof- 
stetter, 1900. 12mo. 16 pp. Boards. M. 1.25 
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THE APRIL MEETING OF THE AMERICAN 
*  . MATHEMATICAL SOCIETY. 


A REGULAR meeting of the AwxRICAN MATHEMATICAL So- 
oleTy was held in New York City on Saturday, April 28, 
1900. The American Physical Society was in session at the 
same time, and a part of the afternoon was devoted to a 
joint meeting, at? which the papers noted in the list below 
were presented by Professors E. W. Brown and RB. 8$. 
Woodward. The attendance during the day was about 
forty, including the following twenty-four members of the 
Society : 

Professor E. W. Brown, Professor F. N. Cole, Dr. W. 
S. Dennett, Professor T. S. Fiske, Mr. A. S. Gale, Dr. G. 
B..Germann, Dr. A. A. Himowich, Mr. 8. A. Joffe, Mr. 
C. J. Keyser, Dr. James. Maclay, Dr. Emilie N. Martin, 
Dr. G. A. Miller, Mr..C. A. Noble, Professor M. I. Pupin, 
Professor J. K. Rees, Mr. C. H. Rockwell, Professor Char- 
.lotte A. Scott, Dr. Virgil Snyder, Professor E. B. Van 
Vieck, Professor L. A. Wait, Professor A. G. Webster, Dr. J. 
Westlund, Miss E. C. Williams, Professor R. B. Woodward. 

The President of the Society, Professor R. 8. Woodward, 
oceupied the chair, yielding it during: the joint meeting to 
Professor William Hallock of the Physical Society. The 
amendments of the Constitution outlined in the report of the 
` February meeting were adopted. The Council announced 
the election of the following persons to membership in the 
Society: Professor R. D. Ford, St. Lawrence University, 
Canton, N. Y.; Dr. L. W. Reid, Princeton University, , 
Princeton, N. J. Hight applications for membership were 
reported. 

The following papers were read at this meeting : 

(1), Dr. VarL SNYDER: ‘‘ On some invariant scrolls in 
collineations which leave a group of five points invariant,” 

(2) Mr. A. 8. Gate: “ Note on four theorems of Chasles. " 

(3) Professor CHARLOTTE A. Scorr: “A theorem on, 
quadrilaterals in space’’ (preliminary communication). 

(4) Mr. F. H. Loup: ‘‘Sundry theorems concerning n- 
` lines in a plane."? ] 

(5) Dr. E. J. WiLozxNsxi: ‘‘ Transformation of systems 
of linear differential equations.’’ 

(6) Professor FLorran Oasori: ‘‘ Semi-convergent and 
divergent series whose product is absolutely convergent." 

(7) Professor E. W. Brown: '*À possible explanation 
_ of the eleven year period of sunspot activity." 


€ 
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(8) Professor R. 8. Woopwarp: ‘‘An elementary 

method of integrating certain linear differential equations." 
(9) Dr. G. A. Muze: ‘On a certain class of abelian 
oups,” : 

(10) Professor H. B. Newson: ‘‘ On singular transforma- 
tions and continuous groups." 

(11) Professor E. O. Loverr: ‘Group theory and geo- 
metry of four dimensiong." 

(12) Professor E. O. Loverr: ''The condition that a 
linear total differential equation be integrable.’’ 

(13) Professor C. H. Hron : “Observations on the 
principle of duality." 

Professor Hinton’s paper was presented to the Society 
through Professor Lovett. In the absence of the authors, 
Mr. Loud’s paper was read by Professor C. A. Scott, and 
the papers of Dr. Wilczynski, Professor Cajori, Professor 
Newson, Professor Lovett, and Professor Hinton were read 
by title. Abstracts of the papers are given below. 


Dr. Snyder’s paper is in abstract as follows: There are 
six cyclical collineations of. space whose orders are less 
than seven: T, the harmonic homology; T, the axial in- 
volution; T,= (123)(4)(5), in which the elements of 
space are in triads; T,= (123)(465), in sextuples; T, = 
(1234) (D), in quadruples ; and T, = (12845), in quintuples. 
A cyclical collineation of order six and having five elements 
chosen arbitrarily does not exist.’ Systems of scrolls con- 
tained in a linear congruence which are left invariant by 
these transformations are discussed, with particular refer- 
ence to their asymptotic lines. ‘The transformations 7,, Tp 
and T, leave a [8, 1] scroll invariant in such a way that 
each asymptotic line is transformed into itself. The quartic 
surface, locus of the vertex of a quadric cone which passes 
through two triads of T, goes into itself ; it touches a [8, 1] 
scroll in every point of the twisted cubic through the six 
points. This cubic is an asymptotic line on both surfaces. 
Every [8, 1] scroll having & pair of double imaginary pinch 

. points has asymptotic lines of order 3. 


In 1860 Chasles published the theorems that, if a right 
line be displaced, the middle points of the chords joining 
congruent points lie on a line or are identical, and that the 
planes perpendicular to these chords at their middle points 
pass through a line or are identical; and also corresponding 
theorems relating to the displacement of æ plane figure. 
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These theorems form the basis of the geometrical considera- 
tion of the theory of finite displacements in space as devel- 
oped by Study. Mr. Gale’s note, which will appear in 
the Annals of Mathematics, shows how the theorems of Chasles 
follow from Wiener’s theorem that every displacement 
in space may be resolved in œ° ways into the product 
of two axis reflections. By means of this theorem, dis- 
placements are resolved into the product of two trans- 
formations such that the points of an arbitrary line or plane 
are invariant with respect to the first transformation. The 
theorems of Chasles follow immediately from properties of 
the second transformation. 


The following is a summary of Professor Scott's prelim- 
inary communication: If corresponding vertices a, a’; b, b’; 
od: d, d'; e, € ; f, f! of two quadrilaterals in different planes are 
joined, an interesting configuration of 6 lines a, B, y, à, e, p is 
obtained. It is cut by a singly infinite system of planes in 
complete quadrilaterals ; these planes, being common tan- 
gent planes to two ruled quadrics with a common generator, 
are tangent planes to a cubic torse, and consequently also 
to a twisted cubic. The configuration is intimately asso- 
ciated with the theory of cubic curves and torses, yet there 
‘seems to be no recognition of the theorem in the literature 
of this subject. There is no difficulty in obtaining a proof 
in various forms; but to exhibit the theorem as fundamen- 
tal in the treatment of projective forms, a proof that shall 
rely solely on the formal properties of points, lines, and 
planes is desirable. It appears that such a proof must be 
obtainable by means of triangles in perspective ; but it still 
remains to be found. 


The point of departure for Mr. Loud’s paper is furnished 
by Professor Morley’s article in the April Transactions ‘‘On 
the metric geometry of the. plane n-line." Professor Mor- 
ley, having discussed a certain class of theorems resulting 
from combining n-lines by twos, had pointed out that they 
might also be combined three or more at a time with anal- 
ogous results. The present paper considers the case of com- 
bination by threes. After briefly noting those of his results 
which are strictly analogous to some of Professor Morley’s, 
the author has indicated a means of deducing one series of 
theorems from the other. A distinction between the two 
` series, is pointed out in the fact that in the present case each 
line is restricted to a single direction. An inquiry into the 
relation of two figures, derived one from the other by the 
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reversal of one given line, follows, and occupies the greater 
part of the paper. The general nature of the theorems dis- 
cussed is exemplified in the following: The theorem which 
-in the parallelism of the two series becomes the analogue of 
Miquel’s asserts that the twenty points, which are centers of 
circles tangent to six given directed lines taken by threes, 
lie by fours on fifteen circles, whose circumferences meet by 
fives in six points, and these points lie on a single circle. 
Again, as an illustration of the effect of revergal, we have 
the theorem: If all but one of an even number of given 
lines be turned, each through a right angle, about the point 
at which it meets the one remaining line, and if the Clifford 
‘circles be constructed for these rotated lines in both their 
original position and that to which they are turned, these cir- 
cles intersect orthogonally. By making each line in succes- 
sion the one upon which the others are turned, as many or- 
thogonal pairs of circles are obtained as there are given 
lines, and all these circles pass through a common point, 
which is the focns of the p-fold parabola tangent to all the 
given lines. 


Dr. Wilezynski's paper furnishes a proof of the following 
theorem: The most general transformation which converts 
a general system of linear homogenous differential equations 
into another system of the same form and order is 


=f Eh = a(t de). (k= 1, 2, m), 


where f and a, are arbitrary functions of €. This-theorem 
is the basis of a theory of invariants of such systems upon 
which the author is now engaged. 


Pringsheim states in one of his articles that he sees no a 
priori reason why one might not be able to construct semi- 
convergent series possessing properties which would render 
the product of two series absolutely convergent. .Buthe ` 
was unable to produce examples of such series. In the 
present paper Professor Cajori gives not only pairs of semi- 
convergent series, but also pairs of series, one semi-conver- 
gent, the other divergent, whose product converges abso- 
lutely, The process of constructing the series is explained. 
In all cases brought under consideration, one of the factor 
series has zero for its sum. Example: Of the following two 
series, T, is semi-convergent, T, is divergent; their product 
is absolutely convergent : . 
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The following differential equations are of frequent occur- 
rence in mechanics and mathematical physics : 


dg d 
gp ta ap ` (1) 
and . Se 
oF + on +az=0 (2) 


where a and n are constants. The integrals of (1) are 
well known to be 


z = acos (at +0), y=asin (at + 0), (8) 


where a and.0 are constants. The integral of (2) is well 
known to take different forms according as m >a, n? == a’, 
orn? <a. Equation (2) represents P ike phenomena of 
damped vibrations. “When n = 0, it represents simple har- 
monic motion in a straight line ; while equations (1) repre- 
sent the rectangular components of uniform motion in a 
circle. The usual methods of integrating these equations 
require some knowledge of the theory of differential equa- 
tions in general. It is the object of Professor Woodward’s 
to show how to integrate them without the aid of such 
knowledge. To this end, observe that (1) and (2) are 
comprised in the following equations of the first order : 


da d 
Gt yt ierch (4) 
These equations give 
l dz dy 





2nz 4- duc eere 


whence, by the introduction of two factors f, y, 





pde Gë .— 
= Zus + ay aya came 
ot cael este dut * (B) 


(2n + oi -- ay 


e 
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The first member of this equation will be an exact differen- 
tial if B=2n Fay, and — fy =a, (8) 
whence ay = —ntVvi—a | 
Thus the two values of £ derived from (6) are 
Pane, EE 
Writing w = n? — a’, it is seen that 
Bone, B—n—e (ni >a’); 
, B= nN, Ben (ni = a’); (8) 
b =p tH iw, h =n — w (n! « a). 


Introducing f, and 2, in (4), and observing the second of 
(6), there result 


Integrating these and calling the values of z and y for 
t = 0, z, and y, respectively, 
Bg + ay = (CAA F gy, le Pr, 
Pæ + ay = (By, + ay) P, 
whence by elimination 
(A, — Bic (8,2, Ss ay,)e Pt — Lë, + ay,)e 9r, (9) 
a(B, — By = (B By, + apy) f — (B, Bn, + Biy) Pe ] 
Bubstituting in these the first pair of values from (8), there 
result - 
mom e" (a cosh wt — “ot 29s. sinh at), 
a 
l ($32). (10) 
y=" (s cost o + Sot Me sinh a), 


Similarly, using in (9) itis last pair of values in (8), or re- 
placing w in (10) by to, 


gg" (2, 008 wt — UI sin at, 
(DU « DN (11) 
aay F fW, 
w 


ye" (ve cos wt +- sin wt ) 
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For the intermediate case in which ai = a’, or w = 0, itis 
seen at once from (10) or (11) that 


gU fy —a(z, + y,)tt, 
y= 67" ty + a(x, + yt, 
For the special case in which n = 0, and hence o = a, or - 
for the case of simple harmonic motion specifled by (1), 
(11) give 
x = 2, COS at — y sin at, Y = Y, C08 at + z, gin at, 


which become identical with (8) by means of the substitu- 
tion z, = a cos 0, y, =a sin 0. 


Gua (12) 


E 


The following is an abstract of Dr. Miller's paper: The 
(g) numbers which are less than g and prime to g consti- 
tute a group with respect to multiplication if the smallest 
positive residues mod g are taken in place of the products. 
This group G; is the group of isomorphisms of the cyclical 
group of order g. When G, is cyclical its order g, must 
be p* (p — 1), where p is some odd prime number. From 
this it is clear that g, must be even whenever G, is cyclical. 
In fact g, is always even. Ig =28, G cannot have more 
than two independent generators of the same order except 
for the special case when g = 24. In this case G, is clearly 


of type (1, 1, 1). 


. Professor Lovett’s first paper is in summary as follows : 
Speculations relative to n-dimensional space have followed 
several fairly well-defined trends: 1° A direct extension of 
the cartesian geometry, which extension is to be regarded 
as nothing more than a convenient form of phraseology ; 
in this form n-dimensional ‘space sprang forth from the 
minds of Grassmann, Cayley, Gauss, and Cauchy, and the 
idea was likely familiar to Euler and Lagrange. 2° The 
transformation of the ordinary visualizable spaces of two 
and three dimensions into manifoldnesses of higher or lower 
dimensions by introducing space elements other than the 
point or its dual element ; for example, the line geometry of 
Plucker; the sphere geometry of Lie, the five-dimensional 
manifoldness of all conics in the plane as an auxiliary to 
Ball’s theory of screws; this category becomes more con- 
crete perhaps than any other. 8? The absolute geometry 
of space ; here would appear the famous dissertation of Rie- 
mann, the well-known memoirs of Helmholtz, Klein, and 
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Lie, and theelaborate treatise of Veronese. 4° The exten- 

sidn of the methods and results of ordinary differential ge- 

ometry and analysis situs to spaces of many dimensions ; 
to this class belongs the works of Christoffel, Beltrami, 

Bianchi, Cesàro, and Ricci, and the quite recent contribu- 

tions of Darboux and his followers. 5° The direct exten- 

tion of the problems and concepts of metrical and projective. 

. geometry of ordinary space, as exemplified in the memoirs 
of Jordan, d’Ovidio, and Veronese. 6° The theory of bira- 
tional correspondences between. n-dimensional aggregates 
as studied by Noether, Kantor, and Brill. 7° The descrip- 

' tive geometry of space of n dimensions as begun in the pa- 
pers of Veronese, Stringham, Schlegel, and Segre. 8° The 
kinematics of higher spaces as developed by Jordan, Clifford, 
and Beltrami. 9° The interpretation of n-dimensional ge- 
ometry in the light of the theory of groups as exhibited by 
Klein, Lie, and Poincaré. e 

It is proposed in the present paper to make an expository 
contribution to the ninth and fourth of the above categories, ' 
constructing ordinary four-dimensional space by the method 
of Lie’s theory of continuous groups and studying curves 
of triple curvature by the intrinsic analysis: developed by ` 
Cesaro in his Lezioni di geometria. intrinseca. 


In Professor Lovett’s second paper, which will appear in 
the Annals of Mathematics, the well-known property (U, V) 
= 0 of the Jacobian system 


y=% & Sf. o, mede 9f —0, o 


is employed to derive the ordinary criterion for ths integra- 
bility of the equation 


Pda + Qdy + Rdz = 0. 


The result extends itself immediately to the case of n 
variables. 


Professor Hinton’s paper UN the principle of 

` duality as it would exist in a fictitious geometrical world in 

which the distance of a point is measured by means of the 

difference, instead of the sum, of the squares of its abscissa 
and ordinate. 


. F. N. Corx. 
COLUMBIA UNIVERSITY. . 
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THE APRIL MEETING OF THE CHICAGO SECTION. 


Tue seventh regular meeting of the Chicago Section of 
‘the AMERICAN MATHEMATICAL BoorgTY was held at North- 
western University, Evanston, IU., on Saturday, April 14, 
1900. The morning session was called to order at ten 
o’clock, by Professor E. H. Moore, Vice-President of the 
Society. e 

The following members were present : 

Professor E: W. Davis, Professor Thomas F. Holgate, 
Mr. H. G: Keppel, Dr. Kurt Laves, Professor H. Maschke, 
Professor E. H. Moore, Professor James B. Shaw, Pro- 
fessor E. B. Skinner, Dr. H. F. Stecker, Professor H. 8. 
White, Professor J. W. A. Young. 

Professor James B. Shaw was elected chairman for the 
meeting, which extended through a forenoon and an after- 
noon session. 

Papers were presented as follows : 

(1) Professor E. H. Moors: ‘‘ Evaluation of an impor- 
tant determinant of special'form.’”’? 

(2) Professor H. MasomxE: ‘A new method of deter- 
mining the differential parameters and invariants of quad- . 
ratic- differential quantics.’’ 

(8) Mr. Ropert E. Moritz: "On the transcendency 
of n? 

(4) Dr. H. F. Buioureipr: “Note on the functions of 
a given class which in a given interval differ the least pos- 
sible from zero.’? 

‘¥ (5) Dr. Kurt Laves: ‘‘Maupertuis’s principle of least 
action for forces involving the coordinates and their first 
and higher differential quotients.’’ 

(6) Professor Martin Krivuse: ''On systems of differ- 
ential equations which are satisfied by quadruply periodic 
functions.”’ 

(T) Professor JAwxs B. Saaw : ‘“ Multiple algebra.” 

(8) Professor E. W. Davis: ‘‘A graphic method for the 
solution of systems of linear equations." 

(9). Professor L. E. Dioxson: ‘‘ Determination of an 
abstract group of order 27.8*.5.7 holoedrically isomorphic 
with a certain orthogonal group and with a certain hyper- 
abelian group.’ 

(10) Professor E. H. Moore: “On the generational de- 
termination of abstract groups." É 

(11) Professor H. B. Newson: “On the group of 216 
collineations of the plane." 
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(12) Mr. James Agony Saura: ‘Definition and perio- 
dicity of the abstract group holoedrically isomorphic with a 
certain group of algebraic transformations." 

(18) Professor E. W. Davis: "On the use of color in 
the representation of crystal groups." : 


Mr. Moritz’s paper was presented to the Society and read 
by Professor Davis; Dr. Blichfeldt’s and Mr. Smith's papers 
were presented through Professor Moore, and the former 
was also read by Professor Moore; Professor Krause's 
paper was presented to the Society and read by Professor 
Maschke. Professor Newson’s paper was read by title. 
Abstracts of the papers are given below. 


Professor Moore's first paper, which has been offered for 
publication to the Annals of Mathematics, contains, after cer- 
tain generalities on determinantal notation, four proofs of 
the theorem that the determinant 


EIERE m 
DE (o? 
of order mn, where throughout 


ge xj = BR cf, 


is the continued product of the n determinants B of order 
m and the m determinants C™ of order n 


=R, =P] 


s 
This theorem, stated in a different notation, was first dis- 
covered by Professor W. H. Metzler. 


Professor Maschke’s paper presents a symbolic method for 
the treatment of differential parameters and differential in- 
variants. If Fand # are any two invariants (i. e., differ- 
ential parameters or differential invariants) of the binary 
quadratic differential quantic 


A = Xa, dz, da, 

then the expression Ws 
ar ap 
1 Oz, Oe, 


= = IF, @ 
V/a04, — a, ae 24 i H ] 
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is again an invariant of A. Let f, 9, =, u, v, = be arbi- 
trary functions of z,, z,; as such they are invariants of A, 
and consequently the expressions 


iw if, fe, ul Gif uh, fy, ot}, ete, (1) 
will be invariants of A. If now we agree to set 


of Ff 
Ox, ' ox, ei 








we obtain 


of of VER = 
(de E de, ) = Xa, dz, dz, = A, 


and we call f & symbol of A. It follows then, as in algebra, 
that every, product of expressions (1) containing each sym- 
bol f, e, © precisely twice (with certain restrictions con- 
cerning the, higher derivatives) will be an actual invariant 
of A. Thus the following invariants are EES 


{f, ui Aw, if uifvbevo v», if ff, u}= Aqu, 
i5 veliti ub ie uii — 2^4 ie iif el (hop —2K. 


The extension of the method from the case of binary differ- 
ential quantics to that of n variables; from quadratic quan- 
tics to those of higher orders, from invariants to covariants, 
and also from invariants and covariants of one quantic to 
those of two or more quantics, is obvious. The full paper 
will appear in the Transactions. 


To prove that 'x is transcendental it is sufficient to show 
that e cannot satisfy an equation of the form 


O + e Oe H += 0, : [A] 


where C, is an integer and the a’s are associated algebraic 
numbers. Hurwitz has shown that, for every rational func- 
tion f(z) = 0, another function F(z) — 0 exists, such that 


ten — &F(0) = — reor)  (0< 6 <1). 
Mr. Moritz pointe out that by putting 
mL i ^ 
Kom Gea sm Men oy 
the assumption [A] leads to the equation 
OECO) + Ste = X[— aeu f(92)], 
=l il 
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in which C, (0) i is not divisible by the integer P, SF(a) 
is divisible by p, and the right member of the equation ap- 
proaches zero as a limit with increasing. values of p: This 
is absurd ; hence [A] does not exist. 


A real function of areal variable and certain real param- 
eters being given, Tschebycheff has treated the problem 
of determining the parameters so that in a given interval 
the maximum absolute value of the function shall be as 
small as possible. In Dr. Blichfeldt’s paper, which has 
been offered to the Transactions for publication, the neces- 
sary conditions on the parameters which Tschebycheff ex- 
hibited are found, when supplemented by certain others, to 
be also sufficient conditions. 


Dr. Laves shows that the theorem of Maupertuis can be 
proved to exist for certain forces of the general nature in- 
dicated in the title of his paper which possess an effective 
potential W. The potential W is an arbitrary function of 
the coordinates and velocities of the bodies involved, not 


., containing the time ¢ explicitly. The differential equations 


of motion for effective potential forces are, in d 8 
‘second form, f 


ITLI) ə od 
a E )- E mmo CONES 


where T is the kinetic energy of the system. Starting iun 
Jacobi's partial differential equation of the first order 


Ov Ov Ov |. 
ER -E (a, WEI EES WW 5.) = 0, 


we assume the complete integral 


v= — H tlu 595057 0,2) t 2, 


&nd define the action of the system during the interval of 
time ¢, — t, by 


a= fon D së d a Dax Ep, g dt 


a( 2+ W) 
= Oo 


Calling T+ W=e p, we make the special assumption that 
g=9,+9,+ f» where p, ¢,, ?, are homogeneous functions 


where 


( ` ' 
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of qi of the degree indicated by the subscript in each case. 
The integral of the conservation of vis viva is 


o(T--W 
Kexn D (T4 EEN 
i 


' The expression for A becomes, 
D 
A= Ze, + p,)dt. 
J Cate) 


Wemay eliminate dt by means of the equation p, = 9, +A 
by considering 





SCH do? 
= Da o f= de 
where we have put do’ = Sa,dqdq, Thus we obtain 
: d bd d 
7 —. Putting 29,=2(¢, +h) and ux =o. 





T Ve Fh 
we obtain A = S eF hdo ‘dé, Tt is easy to 


To 


show that the condition 24 = 0 is fulfilled for the actual iss 
NT by the system. In fact, putting q, = f,(2),- 
=f,(4), we can express 4 as a function of Me parameter 4 


x follows : 
A= (P tn, Sa, à y+ Shade 
0 ` 
. d 
where we have put q, = A. 
Performing the variation of A, and remembering that the co- 


ordinates are given for 2 = An and 4 = Än we obtain after an 
integration by parts and re-introduction of the variable t 


24 = LR 2 Lg dt. 
To 


The coefficients .L, present themselves in the form 


d (C 2)- 


L,= EEN 





3 
9g, CES M 


They vanish in accordance with our hypothesis, and it is 
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thus proved, that the condition A4 = 0 is fulfilled for the 
ease under consideration. 


In the theory of elliptic functions certain linear differ- 
ential equations prove to be of importance, the coefficients 
of which are doubly periodic, while the integrals can also 
be represented as doubly periodic functions. In particular, ' 
two equations have been investigated, Lamé’s and Picard’s 
differential equations of the second order. In previous 
papers Professor Krause established a system of differential 
equations as an analogue of Lamé’s equation. In his pres- 
ent’paper he exhibits as the simplest analogue of Picard’s 
equation a system of two linear differential equations, the 
coefficients and also the integrals of ae are quadruply 
periodic functions. 


Professor Shaw’s paper is a complete generalization of 
quaternions to an algebra of n units. This is rendered 
possible by considering what has heretofore been called a 
-product of two multiple numbers as simply a function of two 
such numbers, or of two sets of n variables. By the intro- 
duction of the symbol D defined by 


Dap = ab, + a,b, + + a,b, 
where a= Ze f= Sie, 


the e'8 being defining units; and by She EE acon of a 
set of A’s so defined that 
B, T Bea 


Da, aes Da, 
A. aapa À B Prga S| tasstavs vx a ves dee ian 


sesssssubasesesasvovepee 


Da f, ep Da f... , 


every quaternion formula finds its extension. The paper 
includes the theory of matrices of order n as the linear 
vector operators of such algebras. It is shown that every 


such matrix may be written in the form ¢ =o Mo Bic) 


wheré v„ and We are matrices of order n, v," = Í, Vy — 1, 
U1 Vo = VoVo; 1 being a primitive nth root of unity. 
Just as in quaternions (1+ V — 1k)i =i + /—1j isa 
nullity, so in matrices in general 0,_, =(1 — Bel) — dvo) 
(1—4 PW) * “(l= ee vj) CL vz Vv) " "M d d LALM is a 


1900.] APRIL MEETING OF THE OHICAGO SECTION. 379' 


nullity, i. €e, 07,—0. Any expression 0 — 0, LL: 
+ 0,i8 also a nullity, i. a, @ = 0, p being an integer ees 
than n. A complete list of expressions for the moduli, ete., 
of matrices and of combined matrices is given. 


Professor Davis presented the following graphic method 
for the solution of a system of linear equations. Let (1), 
(2), (3), (4) stand for four equations in 2, y, s, w; let (12) 
stand for the result of eliminating z, and (12) for the re- 
sult of eliminating w from (1) and (2) ; while (128) is the 
- result of eliminating both z and w from (1), (2), and (3). 
Further, lef (1),, be the graph in the zy-plane of the result 
of putting z = a and w= b in (1), while (12), is the graph 
of the result of putting w = a in (12). To solve the equa- 
tions draw (1), and (2),, (1), and (2),,. Each pair meets 
upon (12),, which draw. Similarly determine and draw. 
(13), together with (12), and (13),. Each pair meets upon 
the graph of (123). Draw this graph and likewise deter- 
mine and draw the graph of (124). These two graphs meet 
in P whose coordinates are the proper values of e and y to 
satisfy the original equations. Finally w equals the dis- 
tance from (12), to P divided by the distance from (12), 
to (12), while the value of z is obtained by accenting the 
parentheses in the value of w. 'The method can be ex- 
tended to any number of equations in as many unknowns. , 


The groups referred to in the title of Professor Dickson's 
paper are included in the author's list of simple groups 
published in the Dutt for July, 1899. The paper will 
appear in the Transactions. 


Besides fundamental generalities (cf. Dor, Decem- 
ber, 1899, p. 99), the second paper of Professor Moore, 
which is to appear in the Transactions, develops certain ex- 
amples of which the most important is the following: 


The group F,,2: of binary fractional matrices (= ), 


(ad — be = 1), of determinant 1 in any field or realm R of 
‘rationality, has the generators 


_ (9, —1 1, *) 
r= (> a) = (54 
8 being any mark of the realm R; and the corresponding ab- 


stract group is given in the abstract generator symbols T, 8,,. 
by the system of generational relations :* 








* Another generational determination of this group was given at this 
meeting in the paper of Mr. J. A. Smith. 


D 
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10) P=] (2) &-—1 (3) 85, = S, pays 
(4) S, TS, TS, TS, TS, T— I, 


where I is the identity element, and in (3) &, s, are any: 
two marks of the realm JE, and in (4) 8,, 8, are any" "two non- 
reciprocal marks of the realm R, and f 
EN uu "T" Ke em i 

AI LS 8,2: — (88,— 1), = queda " 
It should be noted that the marks &, =, s, are the roots of a 
quintic equation whose coefficients are ‘rational functions 
with integral coefficients of two arbitrary parameters and 
which in the realm of its coefficients is solvable by radicals. ' 


Professor Newson investigates the geometrical properties 
of the group of 216 collineations in the plane and its sub- 
` groups with respect to a, pencil of cubic curves remaining 

invariant under the group. In particular he discusses the 
effect of the transformations of the different subgroups on 
.the harmonic and equianharmonie cubics and the four 
inflexional triangles contained in the pencil and their rela- 
‘tion to the invariant triangles belonging to the transfor- 
mations. The structure of the group is analogous to that 
of the tetrahedron group, the four equianharmonic cubics, 
the four degenerate cubics, and the six harmonic cubics of 
the pencil being analogous to the four Keiser four Innen) 
and six edges of the tetrahedron. 


Mr. Smith’s paper exhibits in the first place certain novel 
generators of linear substitution groups which may be either 
homogeneous and integral in two letters or fractional in one. 
The determinant is taken as unity and the parameters are 
taken either 1° integers modulo q, 2° marks of a Galois 
field of order q^ together with integers modulo q, or 3° 
continuous variables either real or.complex. For each of 
these three fields two types of generating substitutions 
S, and F, are defined, and relations are found which suffice 
for complete definition of the isomorphic abstract groups: 
These generators are so defined in each of the fields above 
mentioned that the formal relations are the same for all, the 
fractional linear group requiring three relations, the inte- 
gral only two. In the second part of the paper normal 
representations of all elements of the groups are given in 
termg of generating elements, and their periodicity is deter- 
mined by means of these normal forms. , 


* 
D 
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In Professor Davis’s second. paper it is pointed out that 
thé 48 operations which bring the cube into coincidence 
with itself are operations which bring any one of the eight 
triangles into which a face is divided by its lines of sym- 
inetry into coincidence with, the 48 like triangles of the 
surface of the cube. Any of the subgroups of operations 
brings this same triangle into coincidence with merely a part 
of the 48 triangles. A cube with these triangles all of one 
color and the rest of the cube another color is an object 
which, taking account of colof, comes into coincidence with 
itself only under the operations of the subgroup. Similar 
methods can be used for the representation of all regular 
groups and their subgroups. 

H Ce Tuomas F. HOLGATE, 

Secretary of the Section. 


ON THE HISTORY OF THE EXTENSIONS OF 
THE CALCULUS. - 


BY J. G. HAGEN, 8. J. 


Tux results attained.by means of the infinitesimal calcu- 
lus naturally evoked similar attempts in other directions. 
We may distinguish between two kinds of new theories, dif- . 
fering from each other mainly in their origin. The one is 
the natural outcome of an ever recurring need of solving 
practical problems or of giving existing theories a broader 
basis; the other owes its origin to purely abstract speculation. 
The former is not the property of any one mathematician; its 
nomenclature is not arbitrarily chosen, and its general in- 
_ troduction is only a question of time. This is clear from 
the history of all those branches of mathematics that have 
come into general use. : 

The ease is somewhat different with the purely speculative 
theories. But though these may never succeed in demon- 
strating their practical utility, yet they are of value to mathe- 
matical sciente since they throw new light on existing 
methods and'on their usefulness. For our purpose, how- 
ever, a summary outline of these theories will suffice. 

The present abstract is confined to those theories that are 
in close relation to the infinitesimal calculus and the theory 
of functions, and excludes, for instance, all geometrical 
methods and what are called ‘‘principles’’ or methods of 
demonstration. 


H 
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In enumerating the following ‘theories it cannot be the 
. intention of the writer to classify them with the abstract the- 
ories that will never command general attention. They are 
mentioned merely because they have not yet been generally 
adopted. How long a new theory may remain a hidden 
treasure is amply illustrated by Grassmann’s Ausdehnungs- 
lehre. Perhaps the-reason why some of the theories consid- 
ered have appeared of slight value is that they are formal 
in their nature and were invented before the full import 
and difficulty of Taylor's thedrem was revealed. We ex- 
pressly exclude from this remark Cauchy’s calculus of 
residuals and the calculus of finite differences. How far 
the ‘‘operations’’ of this latter calculus may be promoted by 
' the modern theory of functions is a question of great 
interest, which has probably not yet been fully answered. 
While some of these new theories that have a set of for- 
mulas similar to the infinitesimal calculus are generally 
known, a synoptical view of all of them may be instructive. 
The references to the original sources would be be very nu- 
merous and cumbersome and are omitted here, as they will 
be given elsewhere.* 


I. Derivation with a General Index. 


The attempts to invent a caleulus, of which the differen- 
tial and integral caleuluses should be particular branches, 
date back as far as Leibniz. Their history was outlined 
by Liouville, Tardy, and Cantor. That a negative index of 
differentiation is equivalent to an integration, and vice 
versa, was first stated by Leibniz. The first examples, in 
which the index n of an n^ differential coefficient is put 
equal to 4, were given by Leibniz and Euler. Later, 
Fourier expressed a differential coefficient by a double inte- 
gral, and added the passing remark that the index of the 
differential may be any number. While these few exam- 
ples were intended as mere curiosities, the}theory of the 
new calculus was established by Liouville and bas since 
remained substantially in the shape that he gave it, al- 
though it was perfected later by Riemann, Gruenwald, 
Most, Letnikoff, and Krug. 

Liouville gave three independent definitions of the deri- 
vation with a general index:. first by development into a 
series, then by finite differences, and finally by definite in- 
tegrals. : 

1. „Liouville supposed the given- function bo be developed 
into &n exponential series; of which he took the n" differen- 


* The writer's Synopsia of BR " mathematics, vol. HL, ay pp. 85-09. 
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tial, and then assumed the index a to be any number. His 
hypothesis is.generally considered unsatisfactory. Rie- 
mann, while yet a student, chose for the same purpose a 
series progressing according to powers of the increment A in 
the development of f(z + A), such that the exponents in- 
crease by integral numbers. The n? derivation is then the 
coefficient of kh", where the factors k are subject to the 
condition, that the development becomes Taylor’s theorem 
when n is an integer. 

The definition by series has been abandoned by later 
writers on the subject. 

2. A second definition was given by Liouville in the fol- 
lowing manner: He expressed the finite difference 4" f by 
Newton’s formula, then divided it by kr, and finally took 
the limit for h = 0. If then the index n is taken arbitrarily, 
we have a definition for the general derivation. Grnen- 
wald was probably the first to assume this index to bea 
complex number. He also expressly added a lower and 
upper limit to this derivation, as is required in a calculus 
which is to comprise the integral calculus as a special 
branch, and which may be valid only within definite limits 
in the plane of complex codrdinates. Gruenwald’s notation 
of the n? derivation of f(x) within the interval from a to v 
seems to be the most convenient: D*[ f(r) ]i. 

8. A third definition is that by defintie integrals. Liou- 
ville gave two integrals with the limite zero and infinity, 
and all later definitions are only generalizations of these. 
Gruenwald, as before mentioned, changed the limits into 
a and æ. Most gave four different integrals, in each of 
which the upper limit is a critical point of the function 
f(s). Letnikotff's two integrals resemble those of Liouville, 
except for the upper limit z. Krug’s treatise on the same 
subject seems to surpass all others by & more precise state- 
ment of the conditions to which the formulas are subject. 
One of his integrals is a curve integral, and reminds us of 
Cauchy’s fundamental theorem; the other has the limits 
a and z, and comprises all the cases discussed by Gruenwald 
and Most. 

It will not be necessary for the purpose of this abstract to ` 
mention the various theorems which Liouville has estab- 
-lished for the operation D*[f(x)]é. 


IL Cauchy's “ Caloul des Résidues.”’ 


` This calculus is entirely due to Cauchy as to its arigin , 
and complete development. Unfortunately this calculus in 
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. its entirety has not yet gained general recognition. Bet- 
trand’s ‘Calcul différentiel?! is probably the .only text- 
book that gives a complete theory of it. Of course, as far 
~ as this calculus is connected with Cauchy’s fundamental 
theorem of integration around contours; it will ever remain 
a corner stone in the theory of functions. 

1. The ‘Calcul des résidues’’ ‘is not a generalization of 
the infinitesimal calculus, like the derivation with general 
index, but rather a branch parallel to it. Cauchy was 
probably Jed to this new idea by Lagrange’s definition of 
the derivative as coefficient of the increment e*t mm the de- 
velopment of the function f(z-+ e). For he defined the 
residuum as the coefficient of e), This applies of course 
only to functions which have points of infinity. Suppose ' 
the equation f(z) = o» has the root z, m times ; then the func- 
tion (2 — z)"f(2) = e(z) is in the point z = e, neither zero 
nor infinite. Hence, putting z= z, + e, we have the. devel- 


opment 


(ye) 1 1 —g*-P(g) 
fü, e) ET E E 
£ e get ve e 1.2 (m — 1) 
(m) + 6 A 3 
Cm (6<+1). 


Here the coefficient of z is called the residuum of f(s) in 
regard to the m-fold root a, : 


g ^7» (,) E 1 d* 
(mi) m Di | efate) | 


2. The ‘‘integral residuum"! of the same function f(s) is 
defined as the sum of the residuals in regard to all the roots 
of f(z) =o within certain limits, 4. e., within z= a + id 
and z = b + iB, and is designated by 


Em or EU 


where the letter E is the initial of the word ‘‘ Extraction." 
It was changed by Cauchy into a character somewhat similar 
. to a capital epsilon. Me: 

The '* partial residuum! refers toa function. composed of 
factors f, f, — and is designated by enclosing in brackets 
that, factor of which the residuum is taken. ‘Thus, 
E [f] -— refers to the roots of f; =œ alone. 
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The sign E follows all the rules of the sign of integration, 

so far as the associative, the distributive, and the commuta- 
. tive laws are concerned. 

Cauchy has established many theorems of this calculus 
which it is not necessary to mention here. By numerous 
applications to nearly all branches of mathematics and 
physice he has proved the great power of his calculus. 


IIL. Schell’s ‘‘ Quotial and Instaural.” 


This interesting but little known calculus is similar to 
Cauchy’s ‘‘ Calcul des résidues," in as much as it branches 
off from the definition of the differential in a new direction. 
But while Cauchy started from Lagrange’s idea of, the de- 
rivative, Schell takes Leibniz’s and Euler’s point of view. 
His original idea is to replace the limit of a finite difference 
by the limit of a finite quotient. He endeavored to establish 
a kind of dualism in the infinitesimal calculus by inter- 
changing differences and quotients, sums and products, 
somewhat similar to Gergonne’s and Poncelet’s dualism ‘in 

geometry, where line and point coórdinates are interchanged. 
a E There are only two other publications relating to this sub- 


ject ; the one by Walton on the symbolic operator Le 2) , 


the other by Gaussin on the ‘‘ Definition du calcul quoti- 
entiel.’? Gaussin considers this calculus mainly from the 
arithmetical and algebraic point of view. 

' 1. The definition of the ‘‘ quotial’’ consists in this: The 
finite difference 4 z—z,—z and the differential sz, Ja=dz 
are replaced by the quotient 0% =z, : s and the ‘quotial 13 
sz. Dër (or = ge in Gaussin’s designation). Hence 
2,—2-]-4r has the dualistic formula z,—z0z. For the 
“í quotial?! of a function we have 


E i th TN F(z9x 
u— F(z), uy F(z6z), äu = JI, — " Sc: 


Now, while in the differential calculus we pass from a 
differential to & differential quotient, we here.pass from & 
‘í quotial! to a difference, by means of the logarithm. The 
‘peculiarity of this logarithm lies in the variable base 6z, 
"with the limit 9s = w —1. It is denoted by 4, and we have 

e following definition : 





Free? 
F(z) °° 





Quotial Logarithm of F(a) =i8F (x)=. 
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The connection between this and the differential SES 
appears from the following transformation : . 


To IR = 24 lgF(a). 


which shows that the ‘‘ quotial derivative" is SU DSPAR HAM 
identical with & logarithmic differentiation. ' 

On the other hand, it appears that ‘‘ quotial derivatives?! 
of higher order with the symbol 


AS zm (ži) | 


are not quite identical with Walton's operator (^ 1) : 
: d 


2. The ''instaural," as the limit of a product, is the 
‘dualistic counterpart of the integral, the limit of a sum. 
We first write the quotial derivative in this form 


F(x) = 


F(a) =A Te ten, ep P SC ) 


'Then we divide the quotient of two given limits z, and x 
into n arbitrary factors 











(lim o = 1) 


T 
— = wow 
1 n? 
To 
and substitute the n values 
Bo BSW, P= XQ, y Bai 5 Pani 


.in the above formula (putting at the same time for œ suc- 
cessively e, =, w) Finally, multiplying all.these equa- 


tions, and remembering that ai. = Toth = fr, we have the 


r) 
product 
F(z) 
F(a) 
If this product has a definite finite limit, ib is called the 


*ingtaural of f(s) between z, and x (“ produit accords. 
ing to Gaussin), and designated by 





= wld... w Se) = £) — Ch 
= wfo wfm = Pol = Pia. 


= Pod, or Pod = const. F(a). 
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The connection between this formula and the integral cal- 
culus appears from the following identities : 


JG) «S igFG), or Cep f IG d= Fe), 


Ka, 
o T 


La Ti 
Paro =e 
1D 


IV. The Exponential Function of Higher Order. 


In considering the product as & repeated sum, and the 
power as a repeated product, it was but natural to look for 
& new expression which would repeat the power, and thus 
increase the number of elementary operations from seven 
to eight. The attempt, however, failed, for the reason, 
that base and exponent are not commutative, as are terms 
and factors. Yet we meet in the older. literature the ex- 
pression * . It is not known where it occurs first. Con- 
dorcet equated this power of higher order to & certain series, 
without giving any proof. Euler, in supplying this proof, 
gave a full discussion of the function, and found an interest- 
ing relation between it and the base of natural logarithms. 

1, He puts =r, y = r°, ò = rY, = and investigates the 
condition that the series a, D Te converge toward a finite 
value e. Evidently this condition is r» = c. 

Euler then finds that the maximum value of the rootr 
which can satisfy this condition is r, = e" = 1.44 And 
the corresponding value w = e = 2.7 + For all values r > r, 
the limit o =a + iy is imaginary, and for all values r < ^s 
the condition r* = w furnishes generally two values w and w!, 
towards which the series a, 8, y, © can converge. 

2. Assuming the root r= e and writing € for a the func- 


tion may be expressed by the symbol e" = exp'z, 

where “exp” is Cayley’s notation for the exponential, and 
where n indicates the number of times the letter e is 
written. In this case the differential of the function can 
' ' be written in the following manner : 


SE exp'z = exp'e.exp'^z exp T. 
dz 
8. There are later essays on this function by Eisenstein 
and Woepke, which give no reference to Euler's treatise. 
They do not seem to have substantially advanced our 
knowledge of the nature of this function. 


e 
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` V. Extension of the Calculus of Finite Differences. 


There are two very interesting new theories in the line of 
finite differences: one by Oettinger and the other by Dr. 
McClintock. 


1. Oettinger creates a calculus perfectly analogous to the '- 


calculus of finite differences, another imitation of the 
geometric dualism. He runs side‘ by side the two for- 
mulas 


4f(z) = f(z +h) —f(x) and f(e) = fe + h) + KG), 


‘and all their consecutive corollaries. The original idea is . 
the change of the minus in the former formula into plus in 
the latter. 

The letter € (instead of 4) is the initial of the word 
“Zonahme’’ (increase). Oettinger then develops & full 
theory of ¢*™ parallel to that of 4**, with -many formulas 
and applications. This calculus does not seem to occur in 
the later literature. 

2. Dr. McClintock has laid down his new calculus in-an 
elaborate essay, which appeared in an early volume of the 
American Journal of Mathematics. He starts from the follow- 


‘ing symbol, where D is used for as as usual, 


Erste = Mpz) = (1+ 4)g(u) = p(2 +h), de = hr, 


and designates the operation "(EI as ‘enlargement. 7 

À number of symbolic formulas with the operator E is 
then established, of which the following is rémarkable for 
its simplicity, &nd seems to be the most important of all: 


'"DelgE. 


Dr. McClintock then develops the theory of the Sr n 
of E, and uses it to give the theory of differentiation a broader 
basis, . as the logarithmic branch of the doctrine of these 
functions. 

It would be too long in this abstract to show T the for-. 
mulas of the differential calculus are derived from the sym- 
bol D=lgk. Nor can we do more than mention the re- 
markable application of this new method for finding 
simultaneously all the roots of an equation. It is hoped 
that this calculus of enlargement will give a new impulse to 
the use of symbolic operations which have proved so power- 
ful in*the hands of French and English mathematicians. 
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eg The Logarithmic Methods of Bergbohm and Oltramare. 


The facility with which exponentials can be handled in 
differentiating and integrating seems to have given rise to 
the two methods to be mentioned here. Both have this in 
common, that they pass from a given function to a loga- 
rithm or exponential, and, after a series of suitable trans- 
formations, back to the given function. This process ap- 
pears almost like a roundabout way, by which the direct 
differentiation and integration is partly covered. Both 
methods were represented by their authors in a rather ob- 
scure and unsatisfactory manner. 

1. The “new methods"! of Bergbohm are based upon the 
symbol de” with vanishing base and exponent: This sym- 
bol is first developed into the converging series 


da lgda): 
der = git a 4 WE Clero) Geh 





from which the fundamental formula is obtained l 
dg = 1 + dylgdx. 


Of this formula the logarithm is taken, and then the anti- 
logarithm or numerus, both in regard to & certain vanish- 
ing base df. These operations are designated by 4 and v. 
In this manner the further formulas are derived 

dylgda dyl 

"e T — AO + dylgda), » E g = 1+ dylgde, 
since ide lgdp = Igdz. 

‘The-application consists in this, that by the above men- 
tioned transformations any expression df is changed into 
fide, and again any expression f'dz into df. By the former 
process the derivative is obtained, by the latter the integral. 
The method is tested by some of the elementary formulas. 

2. Oltramare’s ‘‘ Calcul de generalisation’’ rests on the 
symbol 





Gestrtet~ se ip(a, ys) 


by which the operation with the “ characteristic" G is said 
to be defined. 

The partial generalization, which refers to u only, or to » 
only, etc., is denoted by Gu G, ^; and a repeated genera- 
lization by G*, G, etc. ‘The inverse operation G^ is called 
ge  degeneralisation," Wé 
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The principal operations in this calculus consist in develop- 
ing both members of the equation 
Gest roo — p(z +a, y+ b, e) 


according to powers of the increment a, and equating the 
coefficients of equal powers. By this process the following 
fundamental formula is found : 


Geint" dia, v, e) = d D. D, EICH e e). 
In the applications the function ¢ has to be developed ac- 
cording to powers of D, = 2 Q0 a -», after which the 


differentiations are to be performed. ; 
The ides of this calculus seems to be to replace a given 
function ¢(z, y, --) by the exponential function Get", and 


then, after some suitable transformations, to return from ` 


the exponential to the given function. This suggests the 
idea that G is an operator like Y, although the author 
avoids saying so, perhaps ewing to the objections which had 
been raised against Liouville’s assumption, that every func- 
tion can be developed into an exponential series. The work 
of Oltramare was recently reviewed by Professor Lovett in 
the BULLETIN. m 


GEORGETOWN UNIVERSITY, 
May, 1900. 


BURNSIDE’S THEORY OF GROUPS. 


Theory of Groups of a Finite Order. By W. BuaNsrmpE,* M.A., 
PRS: Professor of Mathematics at the Royal Naval Col- 
lege, Greenwich. Cambridge, The University Press, 
1897. 8vo., xvi + 388 pp. 

Turis work enjoys the distinction of being the first treatise 
on the theory of groups which does not consider the applica- 








* The joint author of Burnside and Panton’s "Theory of Equations” 
is W. 8. Burnside, an Irishman, professor of mathematics and fellow of 
Trinity College, Dublin. He is not related to the author of the work 
here considered, who is of Scotch extraction and has not published 
any other book. He has, however, published a number of memoirs—most 
of which relate to the theory of groups—in the Proceedings of the London 
Mathematical Society and in the Messenger of Mathematics. It seemed de- 
sirable to mention these facts since the two authors—William Burnside 
and William Snow Burnside—are uently confused. Cf. Netto’a re- 
view, Sohlémiloh’s Zetéschrift, vol. 44 (1899), p. 20. i 


1 
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tions. As may be inferred from the title, the author has 
practically confined his attention to the groups of a finite 
order. The known regions which are bounded by these re- 
strictions are, at the present time, not too extensive to be 
described in one volume. Happily, our author is so familiar 
with these regions that he does not confine himself entirely 
to leading the reader by known roads to the many interest- | 
ing objective points. He has pointed out many short routes 
as well as a number of new objects of interest. 

The theory of groups of a finite order (under the form of 
substitution groups) was first developed as a branch of the 
theory of equations; and the works of Lagrange,* Abel, and 
Galois on the solution of equations have contributed most 
powerfully towards its early development. ‘In recent years 
it has been pointed out by Jordan, Klein, Cayley, and others 
that this subject has extensive geometrical applications. 
This has led to the study of groups in the abstract; i. e., 
independent of any particular mode of representation. The 
work before us aims to treat the subject in this modern 
spirit. 

Nevertheless considerable space is devoted to substitution 
groups. This may possibly be partly due to the fact that 
the subject was first developed from’ the standpoint of sub- 
stitution groups. The author states in the preface that it 
is done because, ‘‘in the present state of our knowledge, 
many results in pure theory are arrived at most readily by 
dealing with properties of substitution groups. The con- 
cepts substitutions and group are so closely related that 
the former seems a natural precursor of the latter; and the 
study of many of the group properties, such as the group 
of isomorphisms and the transformation of conjugate sub- 
groups and operators, seems to lead naturally to substitution 
groups. A knowledge of substitution groups can thus be 
utilized very frequently in the study of the abstract group 
properties, even if it is not essential for the study of these 
properties. f 

A number of interesting theorems such as those which re- 
late to primitivity, imprimitivity, transitivity, and intransi- 
tivity apply only to substitution groups. Many readers 
would regret to see these landmarks of early triumphs ban- 
ished from the theory to which they led. To such readers 
the method followed by our author will be entirely satisfac- 
tory, while those who have confined their attention to the 
more abstract theories might have preferred to find fewer 





* Pierpont, *' Lagrange’s place in the theory of substitutions,” BULLE- 
TIN, 2d series, vol. 1 (1895), p. 196. 
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substitution group illustrations—especially in the early 
chapters of the work. The notation of substitution groups 

' has, however, been excluded from the proofs and investiga- 
tions of chapters II. to VIL, in which most of the funda- 
mental properties have been developed. 

The value of the book is increased by a number-of care- 
fully selected examples. These examples are generally. 
chosen with a view towards continuing or completing the 
discussions in the text rather than with a view towards 
illustrating the theoretical developments. Consequently 
many of them seem too difficult to be taken up at the first 
reading. Some of them have not been stated with sufficient 
care: ¢. g., number 2 on page 10 is evidently not true when 
m = land nä: and the well known quaternion group is 
an exception to number 4, page 195, which is referred to 
Dyck. It may be remarked that the group of order 12 
which contains six operators of order four is an exception 
to Dyck’s theorem (Mathematische Annalen, vol. 22, p. 
101) from which the given example seems to have been ob- 
tained. The second part of example 2, page 89, cannot be 
proved, since it is easy to construct groups of the specified 
type which are not generated by two operators that EE 
the given conditions. 

As the book is written for the beginner, ‘‘ to introduce to 
the reader the main outlines of the theory of groups of finite: 
order without any applications,” the first three chapters 
are devoted to the most elementary matters—the explana- 
tion of the notation of substitutions, the definitions and ele- 
mentary illustrations of the terms group, subgroup, direct 
product,* etc., and a few fundamental theorems. The 
theorem statéd on page 22 to the effect that every group of a 
finite order can be represented as a regular substitution 
group is not due to Dyck, as stated in the table of contents. 
It was given explicitly by Capelli at an earlier date ( Giornale 
di Matematiche, 1878, p. 45) and somewhat less explicitly by 
Jordan at a still earlier date (Traité des substitutions, 1870, 
p. 60). Thesymbol G/T used to represent the quotient group 
of G. with respect to its self-conjugate subgroup P seems to 
be due to Jordan (Bulletin de la Société Mathématique, vol. 1 
(1873),p. 46). It is certainly not due to Hólder as is stated 
on page 38.+ : 

* This definition of direct product does not appear to be as simple as 
possible ; of. Transactions, vol. 1 (1900), no. 1, p. 66. It may be re- 
marked that Burkhardt gives an incomplete definition of direct product in 
his article on ‘Endliche discrete Gruppen," Encyk. der math. Wissen- 


schaften, vol. 1, p. 919. 
T Netto makes the same error in hia new Algebra, vol. 2, 1900, p. 343. 





^ 
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A number of minor inaccuracies, which the reader will 
readily discover, occur in these as well asin the later chapters. 


, Such inaccuracies tend to confuse the beginner, who is eo 


prone to study the book, instead of using it as a tool to study 
the subject. For inetance, on page 16, line 4, itis stated 
that the order of^the product of two commutative operators 
is- the least common multiple of the orders of these oper- 
ators. That this is not always true may be seen from each 
of the following facts : the product of the two commutative 
substitutions (abed)(efgh) gad (afch) (bgde) is of order two, 
and the product of an operator and its inverse is identity. 
The statement is evidently always, true when the groups 
generated by the two commutative operators have only 
identity in common. This condition is sufficient but it is 
not necessary. The interchange of the substitutions repre- 
sented by D and E on page 18, example VII., is an error 
of less importance;* , 

Chapter IV. is devoted to abelian groups. This subject 


` is so important that a more extensive exposition would. 


doubtless: have proved agreeable to a large number of the 
readers. Several of the most interesting theorems are given 
88 examples at the end of the chapter; but most beginners 
will probably be unable to prove them within a reasonable 
length of time. After a few preliminaries the author proves 
that any abelian group of order p* (p being any prime num- 
ber) contains a set of independent generators and that the 
orders of these generators are invariants of the group. This 
is followed by some very'interesting investigations in regard 
to the subgroups of abelian groups of order p*. Unfortu- 
nately the treatment of this subject is not always as complete 
as might be desired and there seem to be a few inaccuracies. 
For instance the notation of the latter part of theorem IIL., 
p. 58, seems to me to imply that a group of type (5, 2) 
contains a subgroup of type (8, 8), which is evidently im- 
possible. 

In chapter V. we meet the EI Dorado of the theory of 
groups,—the groups of order p*, p being any prime number. 
Cauchy proved that every group whose order is divisible by 
p must contain one or more subgroups of order p. More than 
twenty-five years later Sylow proved that a group contains 
one and only one system of conjugate subgroups of order 
mm whenever its order is divisible by p* but not by p**!. 
These resulte indicated the great importance of & careful 


study of the groups of order p. Fortunately they give rise - 


AR MEE ED E 
* Mr. Kuhn called my attention. to this interchange of substitutions. 
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to a large number of very interesting and unusually simple 
theorems. Many of these are old, but a considerable part of 
them are of recent origin being largely due to the investiga- 
tions of Frobenius snd Burnside. The general theorem 
published in the Messenger of Mathematics, vol. 27, 1897, ap- 
peared too late to be included in the present work. 

The explicit theorems of this chapter together with those 
which are brought out by the illustrative examples give a 
comprehensive view of the groups of order p*. The ex- 
amples are drawn, to a large extent, from the publications 
of Holder, Young, and Cole and Glover. On pages 68 and 
69, Burnside undertakes the determination of every group 
'G of order ir in which the subgroup H, which is 
composed of the self-conjugate operators is the cyclical 
group of order r, while G/H, is an abelian group of type 
(1, 1,--, with s unite). He concludes that the number of 
these groups is 2, which is evidently incorrect.* 

Chapter VI. is devoted to Sylow’s theorem and the im- 
portant extension due to Frobenius. ‘For abelian groups 
this theorem was proved in Chapter IV. and the develop- 
ments of the present chapter are somewhat simplified 
thereby. The fundamental importance of the theorem is 
clearly brought out by a number of carefully selected ex- 

‘amples. dn one of these examples all the possible groups 
of order 24 are determined. All these groups had been de- 
termined somewhat earlier, but no reference is given to 
the earlier publications on this subject. The reference on 
p. 105 in regard to the published abstract groups is incom- 
plete since all the groups whose order is less than 48 were 
known.{ In giving the extension of Sylow’s theorem the 
author follows Frobenius quite closely. 

The composition series of a group, which is considered 
in Chapter VII., plays a very important rôle not only in 
the theory of groups but also in the Galois theory of equa- 
tions. The foundation for the developments along this line 
was laid by Jordan in his article published in Lnouville, 
vol. 14 (1869), p. 189. The reference on p, 119 should be 
to this article, instead of to Jordan’s Traité des substitutions 
Here Jordan proved the very important theorem that the 
factors of composition of a given group are invariant. 
Holder has extended these results somewhat by proving 
that the factor groups are also invariant. Burnside follows 
-Holder’s developments quite closely in the first part of the 

* Mr. Fite called my attention to this error. 


t Gar. Jour. of Math., vol. 28 (1896), p. 274. 
Ibid., p. 32. i 
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chapter, and he terminates it with a few theorems on sol- 
uble groups followed by several examples. In his recent 
Algebra, vol, 2, 1900, Netto uses chief series ( Hauptreihe) 
in a somewhat different sense from Burnside, hence his 
example, p. 338, does not substantiate the criticism which - 
Netto makes in the foot-note on p. 837 in regard to Burn- 
side’s theorem given on p. 123 of the present work. 

The next three chapters (VII.—X.) are devoted to the 
theory of substitution groups. Only a brief sketch of this 
theory_could be given in the limited space, especially since 
a great part of it is devoted to the determination of all the 
possible substitution groups of given degrees. ‘The errors 
which occur in these enumerations have been noted else- 
where.* On p. 189 an error which occurs in Jordan’s 
Traité (p. 65) is pointed out without noting that Jordan 
had corrected the error himself soon after the appearance 
of his work. The beautiful theorems of Jordan in regard 
to the limit of transitivity, which were published in the 
same article T as the corrections mentioned, would probably 
have been more useful than the.one given on p. 152. 

The material of these chapters seems, in general, to have 
been wisely selected. The many illustrative examples enable 
the student to get a clear insight into the real meaning of the 
terms transitivity, intransitivity, primitivity, and imprimi- 
tivity. - The construction of intransitive groups furnishes 
' & good means to acquire a thorough working knowledge of 
quotient groups and isomorphisms. ‘The references in these 
chapters are not as complete as those of most of the other 
chapters. In some of the illustrative examples only a brief 
outline is given, so that the reader has to supply a number 
of intermediate statements to complete the proofs. Corol- 
laries.II., on pp. 177 and 184, evidently do not apply to 
the primitive groups of a prime order. 

The principle of isomorphisms is one of those thought 
saving developments upon which special stress has been 
laid in recent years. In chapter XI. the isomorphisms of a 
group with itself are considered. The beginning of this 
chapter is not auspicious, for in the second paragraph i$ is 
stated that & group of order 2 is the only onein which each 
operator corresponds to itself when we let the inverse of 
each operator of a group correspond to itself. This evident 
inaccuracy is, however, followed by one of the best and 
most interesting chapters of the entire volume. The devel- 

* BULLETIN, vol. 5 (1899), p. 249. 


f Jordan, Bull. de la Soc. Math. de France, vol. 1 (1873), p. 41° Ct, 
BULLETIN, vol. 4 (1897), p. 144. 
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opments would doubtless have been simplified by giving 
some other methods of making a group isomorphic with 
itself, but the entire subject matter is so new that a great 
degree of simplicity could scarcely be expected. 

In this chapter Burnside introduces a very useful new 
term (holomorph) which enables him to employ an interest- 
ing theorem in regard to regular groups, due to Jordan,* 
in the study of the group of isomorphisms. It would per- 
haps have been better to define the holomorph of a regular 
group G as the substitution group which includes all the 
possible substitutions in the elements of G that are commu- 
tative with G instead of the abstract group which is simply 
isomorphic to this substitution group. ‘The largest sub- 
group of the given substitution group that does not involve 
a given element is evidently simply isomorphic to the group 
of isomorphisms of G.t In article 171, on the group of 
isomorphisms of an abelian group of order p" and type (1, 
1,---, to n units), reference should have been given to Moore's 
Se article bearing on the same subjecb[ and the the- 
orem that the symmetric group of n elements is a com- 
plete group, except when n = 6, should have been referred 
to the BULLETIN, vol. 1, p. 258, as well as to Mathematische 
Annalen, vol. 46, p. 845. 

Chapters XII. and XIT. are devoted to the graphical rep- 
resentation of a group and to Cayley’s color groups. Here 
we meet for the first time some groups of an infinite order. 
The first chapter is, to a great extent, a reproduction of 
Dyck’s well known article which was published in the Math- 
ematische Annalenin 1882, vol. 20. The first volume of the 
American Journal of Mathematics contains a brief note on color 
groups by Cayley. Recently Maschke published a long 
article on this subject in the same journal, vol. 18, 1896, 
pp. 156-188. Burnside gives only a brief sketch of these 
‘groups, devoting merely five pages to them. Chapter XIV. 
contains a very brief sketch of the linear group, which forms , 
the subject matter of the greater part of Jordan’s Traité des 
substitutions. In the analysis of the fractional linear groups 
Gierster’s noted memoir, published in volume 15 of the Math- 
ematische Annalen, is closely followed. Moore has called at- 
tention § to the fact that, the proof given on page 339, to the. 


* Traité des substitutions, 1870, p. 60. 

tOn page 221, vol. 1, of the Encyclopddie der mathematischen Wissen- 
schafien, it is stated that the group of isomorphisms of G consists of those 
substitutions in the same elements that are commutative with G. This 
is evidently incorrect ; of. BULLETIN, vol. 5 (1899), 1 p. 245. 

i Moore, BULLETIN, vol. 2 (1885), p. 33 

§ Moore, Afath. Annalen, vol. 51, p. 418. 
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effect that the group of isomorphisms of the group of 
order 16 which has four independent generators is simply 
isomorphic to the alternating group of degree 8, is incorrect ; 
and that the-proper references are ere in regard to the 
developments on pp. 336—339 and p. 3 

In the final chapter (X V.) of the boi the soluble and 
composite groups are studied. In speaking of this chapter 
the author says’ (p. 334): ‘tif the results appear frag- 
mentary, it must be remembered that this branch of the 
subject has only recently received attention ; it should be 
regarded rather as a promising field of investigation than as 
one which is thoroughly explored." Sylow’s proof that 
every group whose order is pe Ze soluble was one of the first 
general results in this direction. Recently Frobenius suc- 
ceeded in establishing an equally general and interesting the- 
orem by proving that all the groups whose order is not di- 
visible by the square of a prime number are soluble. A 
large number of theorems of. less extensive application have 
recently been published. These are clearly set forth in the 
present chapter, which seems more replete with recent re- 
‘sults and problems awaiting solution than any other. 

In conclusion we would say that the book seems to us to 
be a strong one notwithstanding the fact that the inaccura- 
cies are somewhat numerous.* We have endeavored to call 
attention to a sufficient number of these to put the reader 
‘on his guard not to accept the results without a careful ex- 
amination of the proofs. Itis to be hoped that the demand 
for the book will warrant a new and carefully revised edition. 
A work containing such a rich store of facts, and nothing 
but facts, would be exceedingly valuable. Ti ‘should be re- 
membered that some of the mathematical works which have 
had a great influence on the developments in certain direc- 
tions lave been greatly marred by errors, so that we should 
not allow the minor defects of the present work to blind us 
io its many merits. ; 

The student of the theory of groups will find here a rich. 
storehouse of material, and the investigator will find numer- 
ous suggestions in regard to problems which await solution 
and methods of attacking them. The very errors will doubt- . 
less serve as a starting point for many investigations, since 
.. there are few things that can furnish a stronger impetus to 
many beginnersthan the thought of correctinga noted mathe- 
matician. It is therefore to be hoped that the book will be a 
means to arouse '' interest among English (speaking) mats 


* The book contains no references to Italian sources, although Italy aly has ; 
contributed very materially towards the development of this Schiet, 
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ematicians in & branch of pure mathematics which becomes 
the more fascinating the more it, is. studied,’’ and thus ac- 
complish the author's object. * 
G. A. Mes, 


CoRNELL. UNIVERSITY, 
March, 1900. 


SHORTER NOTICES. 
Traité de Nomographie. Par MaAvni0E D'OcAGNE. Paris, 

Gauthier-Villars, 1899. ix + 480 pp. 

GrveEn a function of several variables, to read off its ap- 
proximate values for all values of the variables, by simple 
inspection of a diagram drawn once for all—such is the 
general problem the investigation of which has led to this 
attractive volume. The diagram is often provided with ' 
travelling parts: The whole apparatus is called an abacus. 

The problem is primarily & practical one. The technical 
arts force npon us relations or laws. So soon as a Jaw is of 
frequent occurrence, its abacus is desirable. Even where 
great accuracy is required, an gbacus is useful for getting a 
first approximation : for instance in the calculation of an- 
nuities (Abaque de M. Prévot), or in the solution of Kep- 
ler’s equation i f : 

a — e Bin a= p 


(abaque de-M. d'Ocagne). 

The scientific question as to what laws are capable of 
such exhibition is reserved for the final chapter. The rest 
of the book consists of classified instances. These instances 
are of quite surprising range and power. Practically a new 
subject is sprung upon us, claiming to be useful in so many 
directions that it would strain the faculty of an institute of 
technology to review the book in full detail. Thus we 
find an abacus (again: by M. Prévot) used in the construc- 
tion of the chromatic harp, an abacus of the penetration of - 
light from a lighthouse (M. Allard), of the march of troops 
(M. Goedseels), of the deviation of the compass for an as- 
signed ship (M. Lallemand), of the gauging. of yachts (M. 
Chancel). These few random instances will serve-to-indi- 
cate the possibilities of the abacus in abolishing needless 
arithmetic. But the applications to the classic problem of 


sp ei, 
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cuttings and embankments must, be especially mentioned, 
as M. d’Ocagne implies that the subject really grew out. of 
this problem. 

In the construction of an abacus, free use is made of the 
elements. of analytic geometry, and in particular of both 
point and line coordinates. But the curve of the geometer 
` is replaced at the outset by the scale (échelle). That is, 
the relation y = f(z) is shown not by a curve but by the Y- 
axis itself, the point of this axis whose distance from the 
origin is f(x) being marked simply z. Thus the common slide 
rule is built of two parts, either of which is a scale of log- 
&rithms, representing in the manner stated y = logt. 

- Bo a scale of cosines might bear the numbers 0, 10, 20, ..., 
180, the number z being distant from the origin cos 2°, or 
l cos z? if 21 is the length of the scale. 

Such scales play a great part in the construction of abaci. 
But referring to the book itself for the other means em- 
ployed, we shall do better to give a specific instance of an 
abacus. 

Consider two points of a sphere, whose latitudes are 4 
- and 4’ and the difference of whose longitudes is L. The 
angle at the center is p where 


2 cos p = (1 + cos L) cos (4 — X) 
— (1 — cos L) cos (A+ 4^). Ge 
"Write u=—lcos (à +2), 9€ l cos (à — X). 
Then | u(1— cos L) + «(1 + cos D) = 21 cos g. (2) 


Take a square of side 21, whose center is the origin. Mark 
a scale of cosines along the right side upwards, along the 
left side downwards, and along the'top to the right. From 
the right 8cale read the number marked i— A: its ordinate 
is u. © From the left scale read the number 4 4 A: its ordi- 
nate is v. These numbers « and v are parallel coórdinates 
of a Bine (as i in Salmon, Conics, p. 386 of the sixth edition). 

And whatever values we assign to u and v, subject to (1), 
the line passes through a point; that is, (2) is the equation 
of a point. By an easy calculation this pou is 


z= l cos L, ` y = l cos g. 


We lay then a line through the points 2 + 4, and observe 
where it cuts the vertical through the point of. the top scale 
marked L; the ordinate of this point is / cos p, and e itself 
is read off from the scale at the right. 
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The square with its scales, and the moveable line, consti- 
tute then the abacus of the equation (1). Naturally, the 
square is marked with vertical and horizontal lines to assist 
the reading. 

The questions raised in ‘the book should appeal not only 
to the technical man, but also to the teacher of elementary 
analytic geometry, at least to those teachers who care to 
heed that class of students whose cry is “of what use is 


this?” FRANK Monixv. 


An Elementary Treatise on the Theory of Equations. By S. M. 
Barron, Ph.D. D..C. Heath & Co., Boston, 1899. 8vo, 
xii + 198 pp. 

Tur title of Professor Barton’s book suggests at once to 
the English-spesking student’ of mathematics the well- 
known treatises of Todhunter and of Burnside and Panton, 
_ and calls to mind how consistent English practice has been 
in assigning the theory of equations, to distinctive works.on 
the subject. Among the comparatively, few books thus 
styled may be mentioned Chapman’s ‘‘An Elementary 
Course in Theory of Equations,” published in this country 
a few years ago. 

The present treatise is much more limited in scope than 
the English works above mentioned. There is no attempt 
to deal with the formal side of the higher algebra. The 
book is intended expressly for undergraduate instruction in ' 
our colleges and technical institutions, and the contents 
and treatment are accordingly quite narrowly prescribed by 
the requirements of the usual college course. 

The work falls into two parts: I., an elementary exposi- 
tion of determinante; II., the theory of equations proper. 

Part I.—The first two chapters give the principal theo- 
rems of determinants, and the third consists of applications 
to linear equations and a consideration of special determin- 
ant forms. The subject is introduced by considering the 
permutations of a group of elements, after which the devel- : 
opment follows the usual course. The author here un- 
doubtedly exposes himself to criticism for devoting so much 
space, some seventy-five pages in all, to a theory of which 
he is able to make very little use in the remaining chapters. 

Part IL.—In this part Burnside and Panton have been 
laid under heavy contribution. An inspection of the table 
of contents and a review of the pages show, as the author 
states, dhat the development has followed very closely in 
the lines of the first ten chapters of the treatise cited. It 
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will perhaps be fair to characterize this part as an attempt 
to adapt a portion of the Burnside and Panton to the needs 
of the general student, and at the same time to provide an 
introduction to the more extensive treatises on the subject. 
To secure the requisite condensation, an’ occasional change 
in arrangement has been made, statements and proofs ab- 
ridged, and certain parts omitted. In all essential respects, 
however, the proofs, method, and arrangement of the Eng- 
lish book have been retained. 

In so far as the excellent features of the large treatise are 
‘found reproduced in the smaller work, to that extent is this 
grade of text-book enriched. <A decided gain is the reten- 
tion of the purely algebraical methods of proof. There is 

. undoubtedly a tendency, quite marked in some of our col- 
lege text-books on algebra, to replace the algebraical proofs 
of certain theorems by the methods of the calculus. The 
gain in an elementary text-book by a substitution of this 
character is neither apparent nor real, and does not warrant 
so radical a departure from algebraical methods; on the 
contrary, the change is attended by a loss in simplicity and 
uniformity of development. 

It is to be regretted that Professor Barton has not availed 
himself of the opportunity to improve upon Burnside and 
‘Panton in the matter of drawing a sharp distinction between 
the variable z and its absolute value. The need of a eare- 

' ful discrimination in this direction is particularly felt in the 
chapter on the properties of entire polynomials. 

The condensation and abridgements previously referred 
to have not always been effected without loss. Occasion- 
ally indeed there are statements which, unqualified, are not 
true. Again, there is a failure at times to express with suf- 
ficient directness and simplicity the nature and purposes of 
the propositions. Attention may be here directed to sev- 
eral-cases in which changes seem desirable. In the intro- 
duction to Part IL., page 77, the double assumption that a 
and Pf are distinct roots and that a is not zero, is a rather 
unhappy conjunction of hypotheses. So in chapter VIL, . 
page 125, following the statement of the general theorem, 
the corollary : ‘‘ Corollary I. Every root of an equation is a 
divisor, whole or fractional, of the absolute term of the equa- 
tion’’ should be eliminated. As it stands, it is incorrect ; 
and if restored to the form in which it appears in Burnside 
and Panton, it is void of significance. On page 162, the 
reference to the sign of the intermediary Sturm function 
f(x) is superfluous, and, moreover, the function dbes not 
necessarily change sign when x passés through a. 
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For completeness of statement, we note that the intro- 
duction to the second part is followed by a chapter of six- 
teen pages on complex numbers, containing De Moivre's 
theorem and the trigonometric solution of the binomial 
equation. ‘There is also a chapter of six pages on elimina- 
tion, with illustrations of Euler's and Sylvester's methods. 
The volume concludes with the methods of approximating 
to the real roots of numerical equations. Each theorem of 
the text, as far as possible, is immediately supplemented 
by problems showing its applications and place in the 
theory. . 

In conclusion, there are many &dmirable features in the 
work which would make it in some respects a valuable ad- 
junet to instruction, and it is to be hoped that in a second 
edition a careful revision and the elimination of the rather 
numerous typographical errors will bring these qualities 
more clearly to light and place it in a position of consider- 


‘able usefulness. James MAOLAY. 


The Theory and Practice of Interpolation: Including mechan- 
. ical quadrature and other important problems concerned 
with the tabular values of functions. With the requi- 
site tables. By HxRsERT L. Rice, M.S. The Nichols 

Press, Lynn, Mass. 1899. Or. 8vo., 284 + ix pp. 

Tux theory and practice of interpolation is, in its essen- 
tials, based on the fact that in nearly all functions which 
arise in physical problems, a small change of the variable 
produces a small change of the function. The simplest 
cage is the one in which we may consider the ratio of the 
two small changes as constant: in the language of the sub- 
ject, the first differences are constant. When this assump- 
tion will not give stfliciently accurate results, we have to 
consider the difference of the first differences or the second 
differences, and even differences of higher order. Ulti- 
mately we neglect differences of some definite order and 
thus implicitly reduce the problem to the consideration of 
the values of a function which, between certain limits and 
to a given degree of accuracy, may be considered rational, 
integral and algebraic. Round this.problem a mass of lit- 
erature has grownup. The values of a function are re- 
‘quired for certain values of the variable. To obtain these 
every time from a formula may be troublesome, or even im- 
possible if no such formula is known; tables are therefore 
made giving the values of the function for certain values of 
the variable, and Ehe entdeck teaches how we can thence 
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obtain an ‘approximate value of the function for the given 
value of the variable, and convérsely. 

' Mr. Rice, in this volume, appears to aim at placing before 
‘the reader all the formule which are likely to be required 
for computing purposes, rather than to give an account of 
the principles which underlie the methods used. He has 
developed many formule very fully so as to show how they 

_may be applied to any particular case, and has illustrated 
their use by many numerical examples. The book is essen- 
tially a practical one and as such will doubtless be of great 

. Service to a student wishing to learn the methods in use, as 
well as to one who knows them but desires to have the results 
gathered together in one volume; and the tables at the end 
wil greatly increase its value. To one intérested in the 
subject from the mathematical point of view only, it will 
perhaps be found to be lacking in interest. But this separa- 
tion of the theoretical from the practical may be necessary 
here if either is to be of service. From the practical side, 
the processes used carry their own justification; that is, the 
results appear to justify the means employed. The theorist 
would probably prefer to investigate their validity and de- 
termine their limitations. One of the chief problems for the 
latter is the consideration of the limits between which any 
of the functions which arise for consideration can be repre- 
sented, either theoretically or usefully for computing pur- 
poses, by & rational integral function, and the degree of er- 
ror committed in so doing. 

There are three principal formule used—those of Newton, 
Stirling, and Bessel—which really amount to a development 
by Taylor's theorem, with the assumption that we can 
always ‘stop at some particular term and neglect the re- 
mainder. The differences between the three formule simply 

consist in the manner in which the various orders of différ- 
‘ences are grouped ` the best formula for any particular put- 

pose is generally that which gives the required accuracy 
with the least amount of calculation. All these details dre 
fully set forth by the author, and the reader will have no 
difficulty in immediately finding for practical use anything 
he may require. 

‘One or two details call for slight criticism from the point 
of view of accurate statement. On p. 40 a remark is made 
which would leave the reader to infer that interpolation 
may give more accurate results than direct calculations 
‘even when both methods ‘are available; this, if true, at 
least requires explanation. Again the author Deg the el- 
liptic integrals (with ‘a real variable) as exazaples of noir 
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integrable expressions when the modulus is near unity; this 
is misleading, a8 & transformation enables us in Buch & case 
to approximate as close as we wish to the numerical value 
of the integral. The writer of this notice has not tested 
any of the formule but they appear to be carefully worked 
out and the author seems to be familiar with the best 
methods of computation. Ernest W. Brown. 


Vorlesungen über Geschichte der Trigonometrie. Von Dr. A. von 
BnauwMÜnr. Erster Theil Leipzig, B. G. Teubner, 1900. 
260 pp. 


Vox BnaAuNMUÜRT'S history of trigonometry is to be in two 
parts. The volume before us is the first part, and carries 
the narrative down to the invention of logarithms. If 
the second half of the work rises to the level of the first, 
the book will at once take its place as the most complete 
and authoritative work on the history of trigonometry. 

In the perusal of this volume we realize the rapid prog- 
ress which has been made in the study of mathematical 
history. The “restitution of decayed intelligence"! has 
been carried on with great diligence. Formerly the origin 
of trigonometry was ascribed to Hipparchus and Ptole- 
maeus ; now the earliest attempts to establish relations be- 
tween the sides and the angles of & right triangle can be 
traced back to & period as long before the time of Hippar- 
chus, as Hipparchus was before our time. e Ahmes 
papyrus of about 2000 B. C. contains five problems involv- 
ing such relations. 

In Whewell’s History of the inductive sciences we read 
of the “sterility of Arabian genius,’’ but in recent years 
& closer acquaintance with Arabic research in mathematics 
forces us to the admission that the Arabs displayed consid- . 
erable originality. Von Braunmühl makes it plain that in 
trigonometry much of what has been ascribed to Europeans 
of the fifteenth century was worked out at an earlier period 
by the Arabs. The author suggests that even our present 
knowledge may require considerable revision after Arabic 
manuscripts have been read; which at present, covered with 
the dust of centuries, lie untouched on the shelves of Span- . 
ish libraries. 

'The author has embodied in this volume a great deal of 
original research. He has brought to light the fact that the 
Greeks possessed a graphic method of solving spherical tri- 
angles which was extended by the. Hindus and Arabs so as 
to become a fruitful aid in trigonometric computation. This 
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remained in use as late as the seventeenth century. Von 
Braunmühl traces the beginning of the graphic treatment 
of spherical triangles back to Anaximander, but suspects 
that these graphic processes are much older, that they were 
known to the Egyptian and possibly also to the Chaldean 
astronomers. l i 

' The graphic method of solving spherical triangles is the 
oldest trigonometric method known to us. Ptolemaeus 
gives graphic processes in which sine is used, but curiously 
enough, in all trigonometric computation he employs in- 
stead the chord of double the arc. This anomaly finds its ex- 
planation in the fact that the Greeks treated the graphic 
solutions and the numerical solutions apart from each other; 
it remained for-the Hindus and Arabs to unite the two 
methods and to recognize the advantage, in all cases, of 
' using half the chord in place of the whole chord. 

We have noticed no errors of importance. On page 88 
the date of Alcuin’s birth is given as 736. The same date 
occurs in Felix Müller's Zeittafeln, but the correct date is 
uncertain; it is probably 735. Snellius’s baptismal name is 

, spelled on page 70 Willebrod, in other places it is given cor- 
rectly as Willebrord. FLORIAN CAJORI. 


Histoire des Mathématiques. Par Jacques Boyer. Illustrée de 
fac-similós de manuscrits et de portraits. Georges Carré 
et C. Naud, Éditeurs. Paris, 1900. 9250 pp. 

-Ox opening this book the reader is attracted by several 
facsimile reproductions from old mathematical books or 
documents and by a number of portraits of mathematicians. 

_ Thus he has before him a facsimile of part of the Egyptian ` 

Akhmim papyrus, of the title page of the Acta Eruditorum, 

of a page of Euclid’s Elements, from a manuscript preserved 

in the Bibliothéque Nationale of Paris. There are nineteen 
portraits of mathematicians. The list comprises eleven 

Frenchmen, three Englishmen, two Germans, two Russians, 

and one Swiss. Two likenesses are of women, namely, of 

Mme. Du Chatelet and Mrhe. Kovalevski. 

To write a general history of mathematics and confine it, 
as M. Boyer does, to the small compass of 247 pages is no 
easy task. Anything like completeness cannot be looked 
for. Perhaps all one can expect is that the information 
offered be accurate, that the broad movements in mathe- 
matical thought be brought before the reader and that the 
narrative be made attractive so as to invite more thoreugh 
study in larger treatises. In this last respect we think that 
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M. Boyer-has done well; but in the other two his success 
is not always so evident. 

As'a rule the information is up to date and the facts are 
‘accurately presented. In the case of Mme. Kovalevski he 
puts us on our guard against the usual 1853 as the date of 
-her birth, and gives it correctly as 1850. In some places 
the author fails to embody recent results ‘of historical re- 
search. He mentions Argand on the graphic representation 
of ‘the imaginary, but says nothing of Wessel ; he does not 
mention Taurinus in connection with Gauss, Lobachevski 
and the Bolyais ; the native place of Serenus isgiven as An- 
tisea, but according to Heiberg it should be Antinoeia. M. 
Boyer refers to the question whether or not ‘‘the physical 
space of our experience"! is that of Lobachevski and then 
says: "7 Peirce conclut par l’affirmative en se basant sur de 
délicates observations des parallaxes d’étoiles fixes." By, 
the reference given in the alphabetical index this remark is 
‘attributed to Benjamin Peirce, but this is probably an error, 
for it was Mr. Charles S. Peirce who once maintained that 
he had demonstrated the above. 

M. Boyer has failed to emphasize that, according to recent 
study of Arabic manuscripts, Nasir Eddin and other Arabs 
had really developed trigonometry to a much fuller extent 
than was formerly supposed. We were rather surprised to 
find no reference whatever to such original workers in alge- 
bra as D. F. Gregory, George Peacock, and George Boole, 
while an eighteenth century English algebraist,of lesser note 
is not only mentioned but also honored with a portrait. 
The author has signally failed in setting before the reader 
a view. of the development of theories. For instance; 
nothing worthy of notice is given on the growth of the theory 
of limits, or the gradual extension of the number concept. 
No matter how inadequate the space may be for recent his- 
tory, it would seem as if the broad fact should be presented 
that at the beginning of the nineteenth century mathematics 
-had no adequate logical foundation, and that, Gauss, Abel, 
and Cauchy were compelled to begin to build anew on firmer 
ground. ‘The alphabetical index is inaccurate and incom- 
plete. 

"Notwithstanding these defects the book will be useful in 
attracting students to the study of the history.of mathe- 
matics and making them acquainted with the names and 
some of the achievements of great mathematicians. 

FLORIAN GaJORI. 
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Vorlesungen über Kreis- und Kugel-Functionen- Reihen. Von 
Dg. J OHANNES Frisonaur. Leipzig, B. G. Teubner, 
1897, pp. 60. ` 

. "Tur little treatise will be welcomed by studente of pure 
analysis and also by students of mathematical physics. The 
Subject treated has already an extensive literature of its 
own; but the important results in this field are scattered 
through different memoirs of Dirichlet, Du Bois Reymond, 
Bonnet, Lipschitz, Dini, and others, while there hasappeared 
no distinctly elementary treatment of the subject as a whole. 
Thorough and comprehensive treatments of Fourier’s series 
and other allied developments have indeed been given by C. 
"Neumann in his ‘‘ Uber die nach Kreis- Kugel- und Cylinder- 
Functionen fortschreitenden Entwickelungen," and by Dini 
in his ‘‘ Serie di Fourier e altre rappresentazioni analitiche 
delle funzioni di una variabile reale, but these treatments 
could hardly be called elementary—certainly not in com- 
parison with the above work. The author has followed a 
uniform and easy method throughout and has shown the 
convergence of Fourier’s series, of Fourier’s integral, and 
of the developments in terms of zonal and spherical harmon- 
ics in case the function to be developed has but a limited 
number of maxima and minima within a certain interval 
and is either continuous within this interval or else has but 
a finite number of so called ‘‘ finite discontinuities.” Some 
of the simpler cases are also considered in which the maxima 
‘and minima Become infinite in number in the neighborhood 
of certain points, or in which the function at certain points 
becomes infinite in value. In brief, the author has given us 
an elementary, systematic treatment of these series for 
all cases which might ordinarily arise in connection.with ` 
nature. 

Chapter I. deals especially with Fourier’s series. ‘Chap- 
ters Il. and III. are devoted ‘to the discussion of certain 
general properties of zonal and spherical harmonics, and 
Chapter IV. relates to the developments in terms of the lat- 
"ber functions. Illustrative examples are given throughout. 

W. B. Fon». 
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` NOTES. 


(pe sessions of the coming summer meeting of the Society 
will be held on the afternoons of Wednesday, Thursday, 
and Friday, June 27th-29th, alternating with those of 
Section A of the American association for the advance- 
ment of science. A fourth session will be added if neces- 
sary. The place of meeting is room 506, Fayerweather 


Hall, Columbia University. The Council will meet on 
Thursday morning. 


‘Tu ninth conference of the German association for pro- 
moting instruction in the mathematical and natural sciences 
was held at Hamburg, June 4th-7th, 1900. ` : 


A New scientific journal, JI Bolletino di matematiche e di 
scienze fisiche e naturali, devoted to the interests of the 
teachers and students of the normal schools of Italy, has 
been lately founded at Bologna, under the editorship of 
Professor ALBERTO CowTÉ. The initial number appeared 
December 1, 1899, and each annual volume will consist of 
twenty-four numbers. 


. Tu. Revue Philosophique for April 1900, contains two 
articles of interest to mathematicians: “La premiére anti- 
nomie mathématique de Kant," by C. Dunan, and " PAnti- 
nomie du trangfini," by É. BOREL. 


Tus first and second numbers of the first volame of the 
‘third series of Bibliotheca Mathematica under the editorship 
of Gustaf Enestrom appeared from the press of B. G. 
Teubner April 30th, 1900. The enlarged sphere of this 
journal is amply indicated by the table of contents of this 
. double number of two hundred and ninety-six pages, con- 
taining a portrait of Sophus .Lie as frontispiece, some 
thirty papers, obituary notices of C. I. Gerhard, F. Ro- 
senberger, H. E. Wappler, and L. G. @ascó, a chron- 
ological list of the writings of Sophus Lie by F. Engel, 
, accounts of the annual meetings held by mathematicians 
in Germany, France, England, and America last summer, 
reviews, new publications, and current notes of scientific 
interest. 


Tex last three TER of Gmo Lorra’s Le scienze esatte 
nell antica Grecia are announced for early publication. 
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The first two parts appeared in 1898 and 1895.. The con- 
eluding booka are entitled respectively : Il substrato mate- 
matico della filosofia naturale dei Greci; Il periodo argenteo 
della geometria Greca; L’aritmetica dei Greci. . 


Tue first part of Pers MÜLLER’ s Mathematisches Vocabu- 
larium in deutscher und franzósischer Sprache is in the 
press. ‘The completed work will contain ten thousand terms 
of pure and applied mathematics ; it has been prepared with 
the assistance of J. NEungRG and A. WANGERIN, and repre- 
sents years of labor. The authors hope that this vo- 
.cabulary will prove to be 1? a useful supplement to all 
French and German dictionaries, 2° the forerunner of an’ 
exhaustive mathematical dictionary, 3° a lexicographical 
guide to the terminology of the mathematical sciences. 


Tun third volume of the second edition of M. Canvor’s 
Vorlesungen über Geschichte der Mathematik is in the 
press; it will appear in three parts. 


Feurx L. Damas, of Berlin, announces the appearance of 
the first part of the third and final volume of Professor J. G. 
Hacen’s Synopsis der höheren Mathematik. The three 
volumes are devoted respectively to algebraic analysis, 
geometry, and differential and integral calculus. 


THe University or CuicAgo. The announcement for' 
the summer quarter of 1900 appeared in the May number 
of the Butierin. During the three quarters (autumn, 
winter, spring), October, 1900, to June, 1901, the following 
' mathematical courses will be offered, four or five hours 
weekly :—By Head Professor E. H. Moore: Theory’ of 
groups with applications to algebra (introductory course 
followed by a seminar), autumn and winter quarters; Func- 
tions of & real variable, spring quarter; Advanced integral 
ealeulus I, autumn quarter; Advanced algebra II, winter 
quarter.—By Professor Oskar Borza: Theory of elliptic 
functions ( Weierstrass) with applications, winter and 
spring quarters; Calculus of variations, winter quarter ; 
Theory of functions of a complex variable, spring quarter.— 
By Associate Professor H. Masonxz: Selected chap- 
ters of algebra, autumn quarter; Projective geometry, 
autumn quarter; ‘Modern analytic geometry (continu- ` 
' ation), winter quarter; Advanced integral calculus II, 
winter quarter.—By Assistant Professor J. W. A. Youne: 
Theory of equations I, autumn quarter.—By Assistant Pro- 
fessor L. E. Droxson: Lie's theory of differential edua- 
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tions, winter-quarter ` Continuous groups, spring: quarter.— 
By Dr. H. E. Seen: Solid analytical geometry, spring 
quarter.—By Dr. J. H. Bovp: Theoretical! mechanics, 
autumn quarter; Differential equations, spring quarter.— 
- By Dr. F. E. Mouton Analytical mechanics I, II,: 
STEE and winter quarters. : 


Yare Untversiry.  The.following courses, in mathe- 
matics are announced for the year 1900-1901 :—By Pro- 
fessor J. WinLARD Grsss: Vector analysis, three hours; 
Multiple algebra, two hours; Electromagnetic theory of 
light, two. hours.—By Professor W. BEEBE: Celestial me- 
chanics, three hours.—By Professor J. Prerront: Differ- 
ential’ equations and theory’ of functions, three hours; 
Galois’s theory, three hours;+ Theory of numbers, three 
hours; t Partial differential equations and in. particular 
those of dynamics, three hours.t—By Professor P. F. 
"Baren ` Continuous groups, two hours; Transformations 
of space, two hours ;{ Differential geometry, two hours.t— 
By Professor Q. P. STARKWEATHER: Theoretical mechanics 
(advanced), two hours.—By Dr. M. B. PogrE2: Linear 
differential equations, three hours;.Caleulus (advanced), 
three hours.—By Dr. H. E. HAwxzs: Modern geometry, 
three hours; Advanced algebra, three hours. t—By Mr. E. 
B. Wirsow: Algebraic plane curves, three hours ; f Theo- 
retical mechanics (elementary), three hours.T 

Courses marked + extend through only one-half of the 
year. : 


A MATHEMATICAL seminary; appointed as are those of the 
universities of Göttingen and Leipzig, has been equipped at 
the University of Jena. 


Tux mathematical prize of the Istituto Lombardo di 
scienze e lettere in Milano, wil be awarded for the year 
1901 for a study of the differential equations of electrotech- 
nies.that will indicate the most practicable methods for 
their approximate integration and illustrate the exposition 
with examples. 


Tax Istituto "Veneto delle scienze, lettere, ed arti offers 
its.prize for the year 1902 for a memoir on the projective 
character of two Eege surfaces in space of n-dimen- 
sions. 


PROFESSOR Pious CRAIG, of Jolins Hopkins University, 
died at Baltimore, May 8th, 1900, aged 44 years. Professor 
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Craig was one of the pioneers in the great movement, of the 
last-quarter:of a century which has brought, American mathe- 
maticians in touch with continental ideas and methods. He 
graduated at Lafayette. College in.1875, with. the degree of 
civil engineer ;; but-with the advent of Sylvester in America 
his natural interest in pure mathematics-immediately as- 
serted itself. At the opening of Johns Hopkins, University - 
in 1876, he was appointed to a fellowship and at the same 
time was entrusted with a part of the mathematical instruc- 
tion. In 1878, he received the degree of doctor of philos- 
ophy from Johns Hopkins, his dissertation being entitled : 
‘Representation of one surface upon another, and on some 
points in the theory of the curvature of surfaces." During 
the years 1879-1881, he was connected with the United 
States Coast Survey, continuing, however, to give certain, 
lectures at the University. His connection with the Uni- 
versity covered the éntire twenty-four years of ite existence., 

Since 1892 he held a full professorship of mathematics. A 
considerable part of his activity for twenty years was de- 
voted to the American Journal of Mathematics, of which he 
was an editor from 1888, and editor-in-chief from 1893 
to.1898. Besides numerous articles in the American Jour- 
nal of Mathematics and elsewhere, Professor Craig published 
a treatise on the mathematical theory of projection (1879), 
8 treatise on linear differential equations (1889), and two 
briefer works on fluid motion (1879). 


Prorgssor L. Branom has been made a member of the 
editorial board of the Annali di Matematica in the place of 
the late E. Beltrami. The board now consists of L. Cre- 
mona, U. Dini, G. Jung, and L. Bianchi. 


Proressors W. FonsrER, of Berlin, and E. Wess, of 
Vienna, recently celebrated twenty-five year jubilees as pro- 
fessors at the respective universities. 


Proressor L. BOLTZMANN, of Vienna, has accepted the 
call to a professorship of physics recently tendered him by 
the University of Leipzig. 


Mr. J. F. Hupson, of Oxford University, has been ap- 
pointed mathematical lecturer at University College, Bristol, 
in the place of Mr. J. F. MoKzan, who resigned to become 
mathematical lecturer at the Royal Naval Engineering 
College, of Devonport. 


Pnaorzssog F. Moriry, of Haverford College, has 
appointed head of the department of mathematics at Johns 
Hopkins University. 


. 
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‘At Yale University the following changes have taken 
place in the mathematical staff: In the Sheffield Scientific ` - 
. School, assistant professor Prrory F. Soru has "been pro- - 
moted to a full professorship, and Dr. G. P. STARKWEATHER 
to an assistant profeasorship of applied mechanics. Mr. E. 
B. WirsoN has been appointed instructor in the BESCHE 
department. 


At Princeton University Mr. A. H. WirsoN resumes his 
duties as instructor in mathematics after spending a year on 
leave at the University of Gottingen, and Dr. E. O. Loverr 
has been promoted to a full professorship in mathematics 
and granted a year’s leave of absence. 


A SEPARATE department of astronomy has been organized . 
at the University of California and placed under the charge 
of associate professor A. O. LEUSOHNER. Dr. E. M. BLAKE 
and Mr. D. N. LEnMER have been appointed ee in 
the department of mathematics. 


AT Columbia University, Mr. O. J. Keyser, has been 
promoted to an instructorship in mathematics, and Mr. D. 
H. PorrARD has been appointed assistant in mathematics. 


Dr. G. H. Line, of Wesleyan University, has been ap- 
- pointed professor of mathematics at the University of Cin- 
cinnati for the summer session of 1900. 


Mr. A. H. LYBYER, of Princeton University, has ‘Goan 
made professor of mathematics at Roberts College, Constan- 
‘tinople. 
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NEW PUBLICATIONS. 


L HIGHER MATHEMATICS. 
BRUNEL (G.). See ENOYELOPADIE. 


'BURALI-FORTI (C.). Les propriétés formales des EE algébriques. 
Turin, 1900. 12mo. 40 pp. r. 1.00 


BURKHARDT (H.). See ENOYEKLOPADIE. 


CanNoY. Cours de géométrie 'analytique. Vol. I: Géométrie plane. 
6e édition. Paris, Gauthier-Villars, 1899. 8vo. Fr. 11.00 


Cox (H.). Rudimentary treatise on integral ealonlus. New edition. 
London, Lockwood, 31900. 12mo. 136 pp. (Weale's series.) 
1s. 6d. 


DzHN (M.). Die Legendre’schen Sätze über die Winkelsumme im 
Dreieck, ([Diss.] Leipzig, Teubner, 1900. Geo, 38 pp. M. 1.20 


ENOYKLOPÁDIE der mathematischen Wi&sensohaften mit Einschluss 
ihrer Anwendungen. : Vol. IL., redigiers von H. Burkhardt. Heft 2 
und 3: G. Brunel, Bestimmte Integrale [Schluss]; P. Pane 
'"Gewóhnliche Differenti leichungen, Existenz der Lösungen ; E 
Vessiot, Gewóhnliche Dilferentialgléichungen, elementare Integra- 
tionsmethoden; E. von Weber, Partielle Diforentialgleiohungen. 
Leipzig, Teubner, 1900. 8vo. Pp. 161-399. M. 7 


Grok (E.). Ueber die singulüren Punkte algebraischer Flächen.’ 
(Die 1, Tübingen, Pietzcker. 1900. Geo, 40pp. M. 1.00 


GurTZMER (A.). See JAHRESBERIOHT. ' 
` HAVOK (G.). See JAHRESBERIORT. 


HENTSOREL (O.). Ausführung einiger konformen Abbildungen. I. 
(Progr.) Salzwedel, 1899, 4to. 8 pp., 4 plates. 


HERMITE (C.). See SERRET (J. A.). 


HxRrFF(E.) Die Maxima und Minima einer verwandelbaren Funktion. 
(Progr) Sigmaringen, 1899. 4to. 18 pp. 

JAHRESBERICHT der deutschen Mathematiker-Vereinigung, enthaltend 
die Chronik der Vereinigung für das Jahr 1899 und die auf der Ver- 
sammlung zu München gehaltenen Vorträge. Herausgegeben von 
G. Hauck und A. Gutzmer. Leipzig, Teubner, 1900. 8vo. 231 pp. 


Ers (G. A.) Die Anwendung unendlioher Produkte in der Funk- 
tionentheorle. (Progr.) Sichsisch-Regen, 1899. 4to. 32 pp. 


PAINLEVÉ(P.). See ENOYKLOPÁDIE. 


' PESOIONE (A.). Le coniche in coordinate cartesiane ; appunti di geo- 
metria analitica, 1899. 8vo. Fi. 2.50 


PICARD (E.) et BIMART(G.). Théorie des fonctions algébriques de deux 
variables indépendantes. Vol. II, fasoioule 1. Paris, Gauthier- 
Villars, 1899. Geo, AL 206 PP- Prix du volume complet 

‘ Fr. 14.00 


PRINCIPALES formules de la théorie des fonctions elliptiques ; tableau 
résumé publié par les Nouvelles annales de mathématiques. Paris, 
Gauthier. Villars, 1900. 8vo. (Concours pour l'agrégation de mathé- 
matiques. ) Fr. 0.75 
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RADELFINGER (F. G.). Linear differential’ equations. (Philosophical 
Society of Washington, Bulletin, Vol. 14, pp. 21-85.) Washington, 
1900. 8vo. 

SERRET (J. A.). Cours de calonl différentiel et intégral. Be édition, sug- 
mentée d'uae note sur les fonctions elliptiques, par C. Hermite. 
(En 2 volumes.) .Vol. I: Caloul différentiel ; 13 -+ 617 pp. Vol. Il: 
Caleulintégral; 13 -]-904 pp. Paris, Gauthier-Villars, 1900. 8vo. 


, Fr. 25.00 
SmarT (OG). See PICARD (E.). 
SPORER (B.). Zur Ableitung wr cape Pigonsohaften algebraischer 
Kurven. (Progr.) Ehingen, 1899. 4to. pp. 
TORROJA (E.). Tratado de Dau one de la posicion y. sus aplicaciones á 
la geometria de la medida. Madrid, 1899. 4to. 813 pp. Fr. 25.00 
Vrsstor (E.). See EXOYKLOPADIE. 


VILLAFRARE Y VIRALS (J. M.). Tratado de analisis matematica (alge- 
bra superior). 2a edicion, corregida y aumentada., Barcelona, 1899. 
4to. 996 pp. : Fr. 25.00 


o 
WEBER (E. von). See ENOYKLOPADIE. 


WEINER (F.). Eine Anwendung der Hermite’schen U-Funktionen. 
(Progr.) Wien, 1899. 8vo. 16 pp. 


II. ELEMENTARY MATHEMATICS. 


-ALEU (M. L.). Elementos de matematica. Geometria, 2a edicion. 
Madrid, 1899. 4to. 8-- 268 pp. Fr. 6.50 


ARERNDT(E.). Hauptesütze der ebenen Geometrie, nebst Uebungsaufgaben 
zum Gebrauche an Volke- und Mittelschulen. "be Auflage. Berlin, 
Oehmigke, 1900. 8vo. AL 56 pp. M. 0.50 


CHEYSTAL (G.) Algebra. Elementary text-book for her classes of 
secondary schools, eto. Part 2. 2nd edition. Edinburgh, Black, 
1900. 8vo. 632 pp. 12a. 6d. 


COoMBEROUSSE (C DE). See RoucnÉ (E.). 


CONSTABLE (W. G.) and Muts (J.). Elementary algebra, including 
quadratic equations. London, Longmans, 1900. 12mo. 272 pp. 
Cloth. ' Og, 


F. (F.) Manuel d’algébre et de trigonométrie. Paris, Poussielgue 
[1900]. 16mo. 8 + 216 pp. 


FooKkg (M.) und KRAss (M.). Leitfaden zur Einführung in die Stereo- 
metrie und Trigonometrie. Sonderausgabe für die Untersekunda 
aus den gleichnamigen Lehrbüchern. 3te Auflage. Münster, Cop- 
penrath, 1900. 8vo. 32pp. Boards, M. 0.60 


HARMUTH (T.). Textgleichungen geometrischen Inhalts. Für den 
Gebrauch beim Unterricht entworfen. 2te Auflage. Berlin, 
Springer, 1900. Geo 4+-75 pp. Boards. M. 1.20 


Krass (M.). See Fook: (M.). 
Mrs (J.). See CONSTABLE (W. G.). 


ROLLNER (F.). (a) Beweis eines Gesetzes der gleichzeitig gleichechnel- 
len*Rotationen. (b) Ueber Aehnlichkeit und Symmetrie als grund- 
gande Principien der Geometrie. (Progr.) Römerstadt, 1899. 
8vo. 17 pp. 
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RoucuÉ (E.) et CowBEROUBSE (C. DE). Traité de géométrie. 7e 
édition, revue et augmentée, par E. Rouché. Première partie: 
Géométrie plane. Paris, Gauthier Villars, 1800. 8vo. sr pp. 
. Fr. 7.50 


Testi (G. M.). Nozioni di geometria ad uso pid specialmente delle 
allieve del corsi complementari (già scuole preparatorie normali). 

-4a edizione migliorata. " Livorno, Giusti, 1900. 16mo. 8 4-100 pp. 

Fr. 1.00 


Werspaon (J.). Tafel der vielfachen Sinus und Cosinus, sowie der 
vielfachen Sinus versus von kleinen Winkeln, nebst Tafel der ein- 
fachen Tangenten. Ote Auflage. Berlin, Weidmann, 1900. 8vo. 
28 pp. M. 1.00 


DL APPLIED MATHEMATICS, + 


ALBRECHT (T.). Bericht über den Stand der Erforschung der Breiten- 
variation ani Schlusse des Jahres 1899. Herausgegeben vom Cen- 
tralbureau der internationalen Erdmessung. Berlin, Reimer, 1900. 
4to. 26 pp., 1 plate. M. 3.00 


BLAHA (E.). See Leer (C.). 
. OHARBONNEL (J.). Laloidu trapàze. Paris, Dunod, 1900. Geo, '75 pp. 


Eocxns (W.). Lehrbuch der darstellenden Geometrie. TeilI: Die 
Elemente der darstellenden Geometrie. 2te Auflage. Leipzig, See- 
mann, 1900. 8vo. 7-}54 pp., 5 plates. Boards. . 1.50 


GuanATZ, LÜDEKE, und WEIGEL. 301 Aufgaben aus der darstellenden 
Geometrie für Maschinenbauer, Kesselscohmiede und verwandte 

` Gewerbe. Mit kurzen praktischen Lösungen und 333 Zeichnungen. 
Leipzig, Seemann, 1900. 8vo. 34 pp. Boards. M. 92.25 


Haut (E. H.). Elementary lessons in physica; mechanics (including hy- 
drostatici) and light. New York, Holt, 1900. 12mo. WII pp. 
Cloth. 65 


HELLER (J. F.). See SMOLIK (F.). 


Horr (J. H. VAN'T). Vorlesungen über theoretische und physikalische 
Chemie. Heft 3: Beziehungen zwischen Eigenschaften und Zu- 
sammensetzung. Braunschweig, Vieweg, 1900. 8vo. 10 pp. 

. 4.00 


Jounson (J. B.). Theory and sia of surveying; for surveyors and 
engineers generally, but esp solali for students of engineering. 15th 
tion, revised and enlarged. ew York, Wiley, 1900. 8vo. 900 

pp. Cloth. $4.00 


LACHMANN (M.). See BoDkET (J.). 
Lea (C.). Die Steuerungen der Damptmasohinen. Zugleich als vierte 


Auflage des gleichnamigen Werkes von E. Blaha. Berlin, Springer, 
1900. Geo 15-770 pp. Cloth. M. 20.00 


LÜDEKE. See GUBATZ. 
Mxzncuri0H (M.). Isagoge in principia mathematica oeconomices poli- 
ticae, eruditis orbis catholici congressum ae mense su 


anni 1900 Monaci celebraturis tradita. Vienna, Sta 
Merchich, 1900. 8vo. 26 pp. 
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MonroHoisy (DR). Cours pratique et théorique de machines à vapeur, 

rofessó à l'Ecole supérieure de maistrance de la marine. 3eódition, 

En deux volumes.) Vol. I: 15-4623 pp. ; Vol. I1: 671 pp. Paris. 
Challamel, 1900. 8vo. 


NovAT (J.). Cours pratique de résistance des matériaux, professó à la 
Société d'enseignement professione] du Rhône. Paris, Béranger, 
1900. 18mo. 2-+ 440 pp. . i 


RITTER (W.). Anwendungen der graphiechen Statik. Nach C. Culmann 
' bearbeitet. Teil 3: Der kontinuierliche Balken. Zürich, Raustein, 
1800. Avo. 12 + 270 pp., 4 plates. M. 9.60 


Roper (J.J. Berechnung der Leitungen von Mehrphasenstrómen. 
Uebersetzt von M. Lachmann. Leipzig, Leiner, 1900. Ben, 7 +. 
55: pp. : M. 2.76 


Scumipr (J.X Anleitung zur Konstruktion von Sonnenuhren. (Progr. ) 
. Plan, 1899. Geo, 21 pp., 3 plates. 


SMOLIK (F.) Elemente der darstellenden Geometrie. Neu bearbeitet 
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SOME REMARKS ON TETRAHEDRAL GEOMETRY. 
BY DR. H. E, TIMERDING. 


(Read before the American Mathematical Society, June 27, 1900.) 


1. Any two quadric surfaces have in general a common 
: self-conjugate tetrahedron. If we refer to it a system of 
homogeneous point codrdinates c, 2, Ty t, the equations 
of the two quadrics take the forms : 


9,2, Fg, + 9% gn = 9, , 
hg? + A, + A, + EN = 0. 


Now the polar planes of a point with respect to: these two 
quadrics cut each other in straight line, which we may 
also find as the polar line of the given point in the follow- * 
ing way, starting from the quartic curve of intersection of 
the two quadrics: We draw the two chords of the quartic 
curve which pass through the point, and determine on each 
of them the fourth harmonic to its two curve points and the ' 
given point. Joining these two fourth harmonic points we 
have at once the required polar line. 

We fix a straight line in space by Plückerian line co- 
ordinates, viz., if x, y, be the coórdinates of any two points 

upon the line, by the six expressions 


Q) 


(2) : Pa = TY, — V 
. Between them the identical relation exists 


(3) Da Dua F De Dan + Pa Pu = 0: N 


The polar lines of all points in space, with respect to a 
quartic space curve of the first species, form a complex of 
lines. This complex has' been called by Reye a tetrahedral 
complex. If e, be the coordinates of the point, we imme- 
diately find for the coordinates of its polar line , 


(4) Da = Jafëv 
by making 
(5) Ja = gh, m LA 


These magnitudes gẹ, which also satisfy the condition 
WA Zaff F Gala + 959, = D 
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may be regarded as the coórdinates of the quartic curve 
referred to its fundamental tetrahedron, whose vertices are. 
the vertices of the quadric cones passing through the curve. 
The equations (4) give & representation of the lines of 
the tetrahedral complex by means of the codrdinates of 
their poles." From them we find the other representation 


(7) PaPu Pa Pu PuPu, 
` Baal [SU 8s, 


whence the necessary condition (3) is, by (6), at once de ` 
rived. 

The fundamental tetrahedron has the singular property 
. that every straight line lying in one of its faces, and every 
line passing through one of its vertices belongs to the tetra- 
hedral complex. In fact, one coordinate of each of the three 
pairs p, Puj Ps Pu; ; Pi» Pa then vanishes, and the double 
equation (7) is sati sfied. 

The tetrahedral Se da of the second degree. Those of its 
lines which pass. through any point cobstitute a quadric 
cone, which is circumscribed about the fundamental tetrahe- 
dron ; and the lines lying in any plane envelop a conic sec- 
tion of this plane. which is inscribed in the fundamental 
tetrahedron, as will be shown hereafter. 

Since the tetrahedral complex is given by the ratios of the 
three binary products 


Eu Be Pn Par Pr Pw 
and their sum is always 0, any equation 


(8) À Pas Pay + Ay Da Pai A Pa Pay = O 


may be regarded as defining a tetrahedral complex. 

‘We may enquire for the quartic space curves, by aid of 
which this complex is to be obtained. Their fundamental 
tetrahedron must, of course, be that of the tetrahedral com- 
plex, and the condition their coórdinates g, must satisfy ig 
at once found, by supposing 





(6) Gau F Bai + Iau = 0, 
to be 
(9) d À gay, + A uf +s 9,593, = O. 


This form is the same as that of the proposed equation of 
‘the complex of lines, and we can say that this triply infinite 
set of quartic curves is also a tetrahedral complex, 
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2. Instead of taking the polar planes of points with re- 
spect to two quadric surfaces, we may join the poles of any 
plane with respect to the same surfaces, and we shall thus 
obtain the same tetrahedral complex of lines. For, if w, v, 
be the codrdinates of any two planes passing through a ` 
given straight line, we may also denote the magnitudes 


(10) dg = UY, — UY, 

as coordinates of the line, and we then have 
Ia = Pw In Pw Ia = Pus 
lu = Pa Iu = Daun In = Pr 


But the line, which joins the poles, with respect to the sur- 
faces (1), of a plane with coordinates w, has itself in this 
sense the following coórdinates :, : 


(11) 


w w ' ; 
12 ‘= g — E 
a2) E Jar oh,” 


whence, by yirtue of (11), the relation (7) is again 
derived. 

Now let us consider, instead of only two quadrics, all 
quadrics having the same common curve. Then for any point 
we obtain a pencil of polar planes with respect to these sur- 
faces, and the pencils thus found for all points of space are 
in & projective relation. This relation is such that the 
planes passing through the same vertex of the fundamental 
tetrahedron are always corresponding planes; and the planes ' 
joining the lines of the tetrahedral complex, as axes of these 
pencils of polar planes, to the vertices of the fundamental 
tetrahedron have all therefore the s&me anharmonie ratio. . 
Hence reciprocally : If we determine the straight lines such that 
the planes joining them with four given poinis have the same an- 
harmonic ratio, then these lines form a tetrahedral complex. 

If we take the quadrics inscribed in the same quartic 
developable, then the poles of any plane with respect to 
these quadrics lie upon a straight line, and the straight 
lines thus obtained are in a projective relation. This rela- 
tion is such, that the points where the straight lines meet 
the planes of the fundamental tetrahedron are correspond- 
ing points of the lines. Hence, as above: If we determine 
the straight lines whose points of intersection with four given 
planes have the same anharmonic ratio, these lines form a teteahe- 
dral complex. 
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As a corollary we find that, the fundamental tetrahedron 
being known, a tetrahedral complex is wholly given by one 
of its lines. With regard to every tetrahedron the straight ` 
lines in space are divided, in an entirely determinate man- 
ner, into a set of tetrahedral complexes. 

If we draw in two faces of the fundamental tetrahedron, 
through their points of intersection with a line of the tetra- ` 
hedral complex, the straight lines to those vertices of the 
tetrahedren which are not common to both planes, then we 
get, varying the line of the complex, in the two planes two 
projective pencils of rays, and every line meeting two cor- 
responding rays of these pencils belongs to the tetrahedral 
complex. Hence it is evident how all lines of the complex 
may be found, if the fundamental tetrahedron and one line 
are given. 

. The analytical proof is very easy. For, the points of in- . 
tersection of the line whose codrdinates are given by (4) 
with the first and second plane of the fundamental tetrahe- , 
dron have coordinates 2, and y, determined thus : 


2, =0, ia Pu ` Du ` Pig = Hafe ` Vus ` ue 
9,70, NY: Ye = Pan € Pas Da = Jn I fa: Jue 


dom s. Us ^ = a 3. 
T, u a V Gun a 
EE Is Iu const., 
i Ha Ju 


which proves the theorem. 

3. From the poles of any planes, with — to one 
quadrie, we obtain the poles of the same planes, with re- 
spect to another quadric, by a collinear transformation. 
Hence: If we transform the. points of space by a collinear trans- 
formation and join every point with its corresponding point, these 
lines will form a tetrahedral complex, whose fundamental tetrahe- 
dron is determined by the self-conjugate points. Reciprocally : 
JIf*we transform the planes of space by a collinear transformation 
and cut every plane by its corresponding plane, the lines of inter- 
section will form a tetrahedral complex, whose e tetra- 
hedron is determined by the self-conjugate planes. 

For an analytical proof suppose ` 


Ash, = hy = hy ; 


theft [compare (4)] a line of the complex has coordinates 
of the following form: 
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GER Pa (9,— 9222, 
or ; 
a37) — Pa = YEr Mäe 
by making KC 
j (4) Y= 9£, (i= 1, 2, 3, 4). 


But these equations represent a general collinear transform- 
ation, whose fundamental tetrahedron is that of the tetra- 
hedral complex. 

Instead of the one transformation just obtained, we may 
employ any transformation of the form 


(15) : = (9, A Ai, 
where 2 is an arbitrary parameter, and arrive at the same 
tetrahedral complex, Al these transformations are said to 
form a pencil. They convert every line of the complex into 
itself, and we obtain by them successively all points. of the 
line from any one point,upon it. 

Starting from planes, we get our tetrahedral complex by 
any transformation of the form 


(16) v= (7, —2)w, (t= 1, 2, 3, 4), 
where v, and w, are plane coórdinates and 

1 
(17) i= 9 


In fact, these equations give, for the line of intersection of 
two’ corresponding planes, the following coórdinates: 


(18) gg rz VW, — vw, = = rowa, , 


and this line belongs to the same tetrahedral complex as 
that given by (13). 
' The transformation (16) is expressed, in point codrdin- 
ates, as follows: 
1 


(19) i nS Z% (i — 1, 2, 8, 4). 
n 


All these transformations, which we obtain by varying 2, 
are said to constitute & series. By them the planes through 
any line of the complex pasg one into another, and are all 
to be found from any one among them. 

4. If, in the expressions 


(18) à Pa (9,— 9) 22, 
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we put 
(20) 2, fu, whence. mae : 

i 


and, regarding the u, as plane coórdinates, write d, for Pa 
we do not change the tetrahedral complex. But 





(21) Fat? «bn m= 0 
a 1 1 3 4 


represents the polar plane of the point with codrdinates 
2, with respect to the surface 
oi zy zy EN 

and this is a general quadric, for which the fundamental 
tetrahedron is a self-conjugate one. Thus we see, that a 
tetrahedral complex remains unaltered, if in place of each of its 
lines we take the reciprocal polar of this line with respect to any 
quadric surface having the fundamental tetrahedron for a self- 
conjugate tetrahedron. 

On-the other hand, let 


Ja = YF Méi 
be the coórdinates of any line; then its reciprocal polar for 
the surface (22) has the coordinates 


= Ia 
Da SA, DH " 
hence, whatever be the values of the f, we have 


Dapu 20 PuPu = Pips 
giu Gage. — gun 
Jf we take the reciprocal polars of a straight line for all quadric 
surfaces having a certain common self-conjugate tetrahedron, these 
polars will form a tetrahedral complex which contains the gwen - 
line and whose fundamental tetrahedon is the common self-con- 
jugate tetrahedron. 
5. By regarding, in the equations (19), s, as fixed and 2 
as variable, we see that every point is transformed by the 
transformations of the series into the points of a cubic space 
curve. Wemust suppose the right members of the equations 
to be multiplied by the common factor 


Dn — à) 2-4) Uc A Duc Ai 


D 
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then they all are cubic functions of 2 and vanish for three 
of the values yı, Ys Ys, 74, whence for 2 = y; three of the coör- 
dinates y are = 0, and only y: is + 0. Thus the cubic curve 
is circumscribed about the fundamental tetrahedron. I call 
this curve a pole curve of the tetrahedral complex, and the 
point with codrdinates z, its pole. 

' This curve has the singular property, that every one of tts 
chords Ze a line of the tetrahedral complex, as it is easily shown. : 
For, let 2, 2’ be the parameters of the points where the 
pole curve is met by a chord; then the coórdinates of this 
chord are 

EI EN ER 2r 


y,—À yn—^ n—Àn-*. 








Da 
Hence, if we put 
zer e 
(232 Q —*) 


write gu for Pa, and suppress the common factor à — 2’, we 
find 


W; = 


a = (1 — ya) WW [see (18)]. 


` Every cubic space curve is contained upon a doubly in- 
finite set of quadric surfaces. They all are ruled surfaces, 
and one of the two sets of straight lines upon them is formed 
by chords of the cubic curve. In our case the surfaces pass- 
ing through the pole curve are covered by an infinity of com- 
plex lines, and may be generated by a line moving in the 
tetrahedral complex. We shall call them simply quadrics 
of the complex. Any two pole curves lie upon one quadric, 
and this is always a quadric of the complex. 

6. Before inquiring into the general equation of these. 
quadrics, let us find first the equations of the four cones 
projecting a pole curve from the vertices of the fundamental 
tetrahedron. This is immediately done if we omit one of 
the four equations (19), for instance the last, and eliminate 
4 from the proportion 

£g 


i Ze " 2, 


n—i nì K Ya — À 
KK ory a E —2): — à). 
wu. ho9t0 9:9 
Multiplying the several terms of this proportion by 7, — Ya 
%s— Yu Y,— y, and adding, we get 


2 £e Zy bw 
— y) — MÄ — 23-0. 
Gs) ri Tix) ^ TO, —-5) ^ 





VIZE ke 


or 
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Finally we make 

, yır, 
(23) fetu 


k 

and then obtain the required equations of the four cones in 
question . 3 

TUY Ye F Ta. + Tatts = H 

Tad E YM F st = O, 

TVs Tay. rug, = 9, 

UY: F tits + tuu, = D 

The magnitudes r,, again subject to the condition 

(25) Zeie F Tafu F Tiafu = O, 


fix the pole curve among the cubic curves circumscribed about 
the fundamental tetrahedron, and may be regarded as its 

coordinates in the system of these curves. Then the equa- 

tions (23) show that one of these curves is a pole curve of . 
the tetrahedral complex of lines given by the equation 


À Psp t APs Pa + A Da Dn =0 
if between its coördinates the relation exists - 


Arar, F Au + Aau = D 


(24) 


The pols curves of a tetrahedral complex of lines form again a tet- 
rahedral complez among the cubic space curves circumscribed about 
the fundamental tetrahedron. 

7. If we multiply the equations (24) respectively by a. 
Su Ze 7, and add them all, we immediately find the follow- 
ing éxpression for a quadric surface containing the pole 
curve : f 

(h — Seel + Ca — WA 


(26) TO — Mada: OR — MIY. 
+ Ohn — 20848. + Oh — a) Tue, = 0. 


These surfaces constitute double infinity, since the equa- 
tion of one of them is not altered, if we add any arbitrary 
constant to the 7's, or multiply them by a common factor. 

If we put the foregoing equation identical with the fol- 
lowing 


(27) Sadie + GA, + Gast + 2,4. E 09. + ded = 0, 
supposing always i 
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(28) a, = Gy 


and denoting generally the a, as coórdinates of a quadric 
circumscribed about the fundamental tetrahedron, we find for 
these magnitudes such expressions as 


dg = Ui Halten Ou = (a —7)ru ete., 
or if we substitute the values of r, from (23), we get 
(29) an = Qn — m) (1 — Fa) à, On —m = 13) (1 = 70) 





PA H A D z ete WI 
and henee 
(80) ` a SN R d 2 =0, 
where 
:60,:G, 


= (7 = Ys) (n —pn): E = EI =y): ez = 72) (rs — s 
(81) | 
= (ga — 98) (9a — Ja) :(9 — K) (Ja — 9:09 — 92) (Ys — 92) 
so that 


(82) G+ G+ G,— 0; 
and 
n Dën: _ PuPu — PuPu 


Dro up Te 


represents the tetrahedral complex of lines. "The equation 
(30), which defines a set of four dimensions among the 
jwe-dimensional multitude of quadrics circumscribed about 
the fundamental tetrahedron, gives the necessary and suffi- 
cient condition that one of these quadries isa quadric of 
the tetrahedral complex. 

Especially we may consider the cones among these quad- 
rics of the complex. Every point in space is the vertex of 
one of them, and the cone itself is generated by the com- 
plex lines passing through this point. The equation of 
such & complex cone is at once derived from (26), if we 


make n; 73; Nay 74) = Qu Zon Za r) 
and substitute for ther, their values (23). We then get 
"E G, ENS G, G, 
fa 5 LAC Uno aa? Tga? 
(34) 
G, G, G, . 
2 2 BHT ys: , ga ze 


2,2, 
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whence EIN mu Per 
(35) V ag, + V tyty + CECR = 0. 


Rationalizing, we may write this same relation 


0 Qua My Qu | = Y, 
an D Oy “ty 

gu 0, H i 
Du 95 
and this is in fact the condition, that the quadric (27) 
should become a cone. Thus, the complex cone belonging 
to a point with coordinates z has the equation 


(36)G. V. y ys +a HY 4 äi 4- G. Yds 4 ede =0 
: Kad Ag, ‘ i 244 268, E 2,2, KH f 


8. The foregoing considerations may be repeated in the 
reciprocal form, without undergoing any other change or 
restriction, except that in place of the y, we must take their 
reciprocal values g, Instead of the pole curves cireum- 
ascribed about the fundamental tetrahedron we then get cubic 
space curves inscribed in it, whose osculating planes inter- 
sect in pairs in lines of the complex. The coordinates of 
the points of these curves are represented by a variable 
parameter as follows : 


(37) t= m(g, X ay’, (i — 1, 2, 8, 4), 


where the m, are certain magnitudes. Indeed, it isat once 
clear that the points in which this curve intersects any 
plane of the fundamental tetrahedron coincide. These 
four planes are, therefore, osculating planes of the curve 
and their points of contact correspond respectively to the 
values gi, gs, Js; 9, Of the parameter 2. 

There exists not only a system of quadrics circumscribed 
about the fundamental tetrahedron, which are covered by 
complex lines, but also a system of inscribed quadrics enjoy- 
ing the sameproperty. Any quadric inscribed to the funda- 
mental tetrahedron has an equation of the form 


0 Dn Gs Ay = 0, 


Gy, 0 On Ay 
Gy da O Oy 
Gu da Gu 0 2 


$55 


© 
1900.] TETRAHEDRAL GEOMETRY. : 421 


and the same equation (80) expresses the condition that 
the surface may be generated by lines of the complex. 

The lines of the tetrahedral complex which lie in a given 
plane envelop & conic section of this plane touching the 
four planes of the fundamental tetrahedron. We call it a 
a complex curve. Thenefrom (36) we see at once that, if 


Wy F Wt F Wyts + Wye, = 0 


be the equation of the plane, the equation of its E 
curve in plane coordinates v, is 





e» acea) eae) en (ente 


AU. Ww 


Hence the four cones projecting the conic from the vertices 
of the fundamental tetrahedron have, in point coordinates, 
the following equations : 


S. V/2, + 85/2, t 8, 2, =0, 


ay Je Fs mu IO, 
8, 2, + EH + 8a V T, = 0, 
8a 2, m Sa V T, + DCH — 0, 

if we make 

(40) bn V Gy, s m V Gow, ete. 


The s,, bound to the identical relation 
(41) babu F 85844 F Sen = O, 


are the coórdinates of the complex-curve among the totality 
of conics inscribed to the fundamental tetrahedron. From 
(40) we derive 


Mr — Ki bau 8595. 
x GG, — 6, 


The complez-curves of a tetrahedral complex of lines form again 
a tetrahedral complex. 

9. We add, in conclusion, a few remarks on the pole 
curves of our complex, the coórdinates of whose points are 
represented by a variable parameter, as follows : 








enc | n= oo (i= 1, 9,3, 4). 
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The plane joining three points of the curve corresponding | 
to parameters 2, 2’, 2" has the equation : 


Gai (n — A) (n —A" HA 
o Pl D Pal De Pl éi 
* 


` 4 (r, p 2) Qq — X) (ra EE A") Ya 
s n) e Y) e, 


OA) e — X) OQ, ex de / 
dé E n) Gs Sek Ys) e = Ya) ki 
mA) (r,— ?) dE = 0. 
(mo vo f= a) rg ae Ys) 2, 


Hence we find the equation of the EE plane at the 
point whose parameter is 2 








(43) 








Gr Mou Une iem v KEEN Z 
(65) F) a UG f'G5 a fU fGs5 


where f'(4) denotes the derivate function of 
JO) = m=) a=) ai) —2. 


Now the osculating planes of a skew cubic in the three 
points where a plane meets the curve intersect in a point 
of this plane, and thus by means of the cubic curve there 
is associated with every plane a point lying in it, and recip- 
rocally to every point a plane passing through it. This 
correspondence between the planes and points in space has 
been called by Moebius a null system (Nullsystem);* every 
point is the null point of its corresponding plane, and every 
plane the null plane of its corresponding point. Denoting 
be a, plane coórdinates and by x, the coordinates of the con- 
jugate point, we have, for any such transformation, a rep- 
resentation of the following form: 











= Piata Pas F Put, 
(45) Uy pat, F Pats F Putu 
Us = Da, F Pats + Puto 


V, = Paty F Put + Piss 3 





* This name has been chosen, because for the lines in a plane passing 
through éts null point, or for the lines through & point lying in its nul 
plane, the moment of a certain system of forces is zero. i 
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where always 
Pat Pu = O. 
If we ask what the values of these magnitudes p, are for 


the pole curve (19) just considered, we find the following 
, expressions : ` 


Pa = (n E YA) Gr fu (T: —n)n-— rj 











2423 2,8, 

. ; " NT 8 f 
(46) py = G nos te aes (rs (nero eme re pt 

Pa= ez SS ra) WE D — n— T (n— py 

n Së >» Pu o 22, ) 


or, if we like, 


(40^) m Gr, pa Dan Pa= Dat 

f = Dia Pa = Ofw Pu = Ofw 

ee ris and (31)]. 

. To verify this result, it suffices to show that the plane 

` corresponding to any point of the pole curve is the osculat- 

ing plane at this point. Let 2 be the parameter of the point 
and 

f Aum + um, E Us, + Wéi =0 


the equation of the corresponding plane.’ Then, consider- 
ing first the codrdinate u,, we find for it 


m-A Cra — 2) Cra — Aue, 
| —-Q-no-rG-2(-2 
to-rnom-r'm-2-— 
be mat) n—r2 6 —2 DÄ 
But the right side of this equation is easily shown to be 


Gi E n) Gi = Ty) Gi =. SN Gr ps a)’. 


This equation is to be multiplied by (y, — 4) on both sides ; 
and if we add the corresponding equations for w, Uer t4, 
which are at once obtained De a cyclic permutation, and 
omit the common factor (y, — 2) (r, — 2), — gel Ar, Ai 
at the lef, we finally get 
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A = n I T) oun s 29 qr ` 
% = (4-71) Gi wë CH o =y) "CH ` 
= (s nm ron) (n , 


uum qun) 0— mn 


as it should be. : 
From (46) we still derive the following relation : 


— y 
-r B= 5. 
a t 





(47) VpaPDu + YPa Pu + Pap, = 0. 


This is the necessary condition for the determining mag- 
nitudes of a zero system, if it is to be found from a skew 
cubic circumscribed about the fundamental tetrahedron.. But 
we should have found the sàme equation by starting from a 
skew cubic inscribed in the fundamental tetrahedron. In 
fact, by applying the polar transformation, which is simply 
represented as follows : 


Cry Yor Yar Yo) = Di fat Mer Aal: 


we get instead of the circumscribed pole curve an inscribed 
cubic space curve, which furnishes the same zero system, 
and hence also the equation (47) remains unaltered. 


STRASSBURG I. E., 
March 15, 1800. 
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ON SINGULAR TRANSFORMATIONS IN REAL 
PROJECTIVE GROUPS. 


BY PROFESSOR H. B. NEWSON. 


(Read before the American Mathematical Society, April 28, 1900.) 


A SINGULAR transformation in a continuous group has been 
defined as one that can not be generated from an infinitesi- 
mal transformation of the group. There have recently ap- 
peared in this country several papers* dealing with the 
question of singular transformations in continuous groups, 
and in particular in the subgroups of the projective group. 
The authors of all these papers use the same method, viz., 
Lie’s theory of continuous groups, and consider the vari- 
ables and parameters to be complex numbers. 

In this paper it is proposed to treat those transformations 
in real projective groups which can not be generated from 
the real infinitesimal transformations of these groups. I 
shall make use of a radically new method of treatment, in 
fact an independent theory of these groups. In what fol- 
lows the discussion will be limited to real projective trans- 
formations in one and two dimensions. The method admits 
of ready application to three and higher dimensions. 


S 1. Real Transformations in one Dimension. 
Every projective transformation in one dimension 
az + b 


T $ Zur oa d s (1) 
ean be reduced to one or other of the normal forms 
x, — A’ em A’ 1 1 





Gad up ea E 


In the first form k is the cross ratio of the two invariant 
points A, A’ and the pair of corresponding points v, æ. For 
any transformation of this form the crosg ratio kis the same 
for all pairs of corresponding points. The invariant points 
A, A’ and the cross ratio k are the geometric constants of 
the transformation. 





* Rettger, Amer. Jour. of Math., vol. 22, p. 60; Proc. Amer. Acad., vol. 
33, p. 403; Williams, Proc. Amer. "Acad. vol. 35, p. 97; Taber, BULLETIN, 
vol. 6, p. 199, and several other papers by the same author. Fdt refer- 
ences to these, see footnote on page 81 of Mcd paper in Amer, Jour. 
of Math., vol. 22. 


H 
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There are two cases under (a) to be considered: (1)'When 
the points A, A’ are both real, k is also real; this is the 
hyperbolic case. (2) When the points A, A' are conjugate 
imaginary, bis a complex number of the form ef^, i. e., |k| — 1. 
These cases must be discussed separately. ` In the parabolic 
case (5) we have a single real invariant point A and a real 
constant a. Every real projective transformation of one 
dimension is either hyperbolic, elliptic, or parabolic. 

In the hyperbolic case all transformations which have the 
same real invariant points A, A’ but different values of k 
form a one parameter group, and kis the variable parameter 
of the group. Two transformations T and T, whose cross 
ratios are respectively k and k,, combine to. form T, whose 
cross ratio b, is equal to the product of k and k,; thus k, = 
kk. The identical transformation in the group AG (A, A^ is * 
given by £—1; and two distinct infinitesimal transformations 
in the group are given byk=1+2. Every transformation 
of the group for which kis positive and b >1 can be generated 
by repéating the infinitesimal transformation k =1 + ? a suf- 
ficient number of times; every transformation for which k is 
positive and k < 1 can be generated from the other infinitesi- 
mal transformation 1 — ô; the transformations of the group 
for which kis negative are all singular transformations in the ` 
sense that they can not be generated. from either infinitesi- ` 
mal transformation of the group.* Al transformations of 
(1) for which the determinant s 

ab 

| cd | = 0 
are hyperbolic with negative b, and are therefore singular 
transformations. 

In the one parameter elliptic group eG, two transforma- 
tions also combine by multiplying their constants; thus 
k,— kk, or e% = e9. dii, whence 0,=0-+ 0. The iden- 
tical transformation is given by e$ =1, i e., by 6 — 0. 
Two infinitesimal transformations.are given by k = e*í*9, 
Evidently all transformations in the elliptic group eG, can ` 
be generated from either infinitesimal "transformation of 
the group. 

In the parabolic case we have a single invariant point A and 


a constant a, both of which are real. Two transformations 
of a one parameter group combine by.adding the constants,’ 





* The pair of inverse transformations for which k = 0 and œ respeo- 
tively meed not be exoluded from the group, but their exceptional charac- 
ter as limiting cases should be noted. 
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thus a, =a-+a, The identical transformation is given by 
a= 0, and two infinitesimal transformations have as con- 
stants + ĝa. Every transformation with positive a in the 
group pG, can be generated from the infinitesimal transfor- 
mations -+ ĝa, and every transformation with negative a can 
be generated in like manner from — Ae, Hence there are 
no singular transformations in the real parabolic group 
pG g 
"asonen 1. In one dimension all real hyperbolic transforma- 
tions with positive k, all real elliptic and parabolie transformations 
are non-singular ; all hyperbolic transformations with negative k ` 
are singular transformations, 

The one parameter hyperbolic group is composed of three 
subdivisions as follows: all transformations with 1<k<o 
form subdivision I.; all with 0 <<k< 1 form subdivision II. ; 
all with negative k form subdivision III. A one parameter 
parabolic group is composed of two subdivisions ; all trans- 
formations with positive « form subdivision I., and all with 
negative a form subdivision II. The one parameter elliptic 
group shows no such subdivisions. 

One of the foundation stones of Lie’s theory of continu- 
ous groups is that every one parameter continuous group 
contains one infinitesimal transformation, and that all finite 
transformations of the group can be generated from the in- 
finitesimal transformation of the group. We have seen 
that the real one parameter groups AG, eQ, and pG, each 
contain two distinct infinitesimal transformations, one 
positive and the other negative. There is no vital contra- 
diction here, for in Lie’s theory no distinction is made be- 
tween positive and negative infinitesimal values of the 
variable parameter of a group: in the most general form of 
his theory the parameter is a complex variable, so that pos- 
itive and negative distinctions are out of place. However, 
for real groups the distinction between thé two infinitesimal 
transformations of & one parameter group requires recogni- 
tion. 

We have seen that all elliptic and parabolic one parameter 
groups can be generated from infinitesimal transformations 
belonging to those groups, but all the transformations of a 
hyperbolic group can not be so generated. Yet the hyper- 
bolic dne parameter group AG, is clearly continuous. It 
follows’ at once without further elaboration that the con- 
tinuity of a real one parameter projective group is not co- 
extensive with its generation from an infinitesimal ane 
formation of the group. « 
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82. Heal Projective Transformations in the Plane. 


We come now to the consideration of real projective trans- 
formations or collineations in the plane. Every projective 
transformation of the plane belongs to one of the five types 
enumerated by Lie in-his ‘‘ Continuierliche Gruppen," page 
66. The normal forms of the equations of these five types 
were given by the writer in the Kansas University Quarterly, 
Series A, vol. 7, pages 48-66. Making use of these normal 
forms we can determine the structure and properties of the 
continuous groups of projective transformations in the plane 
in a manner'similar to that used above for one dimension. 

Type I. What I have called the implicit normal form for 
a transformation T of type I is given by the equations 








v, y, 1 z y l uy 1 z y l 
A B 1| ẸJA B 1 A B1 A B 1 
A" B" 1 A" B" 1 A'B' 1| A’ Bi 
BMC E DEN E c E, 
Is nl z y ll’ |x yl soy 1 
A’ B' 1 Ai B' 1 A’ D 1 A’ Bl 
All D" 1 A” B" 1 A" Br 1 A" D" 1 














Here A, B; A’, B' ; and A”, B" are the coórdinates of the 
three vertices of the invariant triangle of T, and k and # are 
bro independent cross ratios; b is the cross ratio of the one 
dimensional transformation along the invariant line joining - 
(A, B) and (A, B') ; # is the cross ratio of the one dimen- 
sional transformation along the line joining (A, B) s 
(A", BY). 

There are two cases to be considered. The invariant tri- 
angle is either real in all ifs parts or has one real and two ' 
conjugate imaginary vertices. These are respectively the 
hyperbolic and elliptic cases and must be treated separately. 
In the hyperbolic case & and # are both real quantities, 
while in the elliptic case they are both complex quantities. 

Let T(k, Ei and T(k,, k/) be two hyberbolic transforma- 


tions having the same invariant triangle. It may readily be . - 


verified from equation (3) that their resultant is Ph, Op 
where k, = kk, and k’ = Kb, Al transformations having 
the same invariant triangle form a group of two parameters, 
kand k’ being the independent parameters of the group. 
k adl EH may assume in turn all possible real values; thus 
our group AG,(ABC) is continuous. 


e 
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The two parameter group AG, contains an infinite number 
of one parameter, subgroups, and we proceed to determine 
these. All transformations in hG, for which the two par- 
ameters satisfy a relation of the form H = Jl, where r is a 
constant, form a one parameter subgroup ; and conversely, 
in all one parameter subgroups, k and H satisfy a relation 
. of this form. There are different subgroups for different 
values of r. Geometrically,* r is interpreted as the constant 
cross ratio of certain four points on the tangent to a path 
curve of AG. (r), viz., the point of tangency 7 and the points: 
of intersection of the tangent with the sides of the invariant 
triangle. These four points are all real for a real hyper- 
bolic group and hence r is also real. 

In order to study the distribution.of the o? transforma-' 
tions of AG, into one parameter subgroups we resort to & 
geometrical device as follows: Let k and k’.be the rectang- 
ular coórdinates of & point in a plane (not to be confused 
with the plane of our transformation). It is evident, since 
k and H are ‘independent parameters, that there is a point 
in the plane corresponding to every transformation of the 
group AG,(ABC). Since all transformations, whose par- 
ameters E and E satisfy the relation X = k'~, form & one 
parameter subgroup of AG, we see that the curve y = al? 
represents this subgroup and the individual points of the 
curvé represent the individual transformations of the group. 
If we give to r all real values, we have a family of curves 
which represent the system of subgroups of AG,(ABC). 

From the properties of this system of curves we deduce 
the following results: If + is an irrational number, the 
curve y = ZS" contains no real point for which either coördi- 
nate is negative; the curve lies entirely in the first quad- 
Tant. Ifrisa rational fraction with odd numerator and 
odd denominator, y cannot be negative, and the curve lies 
` above the axis of.« in the first and second quadrants. If r 
is rational with odd numerator and even denominator, the 
curve lies in the first and fourth quadrants. If r is rational 
with even numerator and odd denominator, the curve lies 
in the first and third quadrants. 

Every curve passes through the point (1, 1), which shows 
that the identical transformation belongs to every subgroup. 
The curves of our family contain every point in the first 
quadrant, but not every point in the second, third, and 
fourth quadrants. Consequently our two parameter group 
2G,(ABC) contains transformations which do not belong to 
any of its subgroups. Such a transformation has one%r both 


* Lie, ‘‘ Contin. Gruppen," p. 78. 
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of its cross ratio constants negative, and their values are 
such that they do not satisfy an algebraic equation of the 
form En = k", where m and n are integers. 

'The variable parameter of every one parameter group in 
AG, (ABC) isk; and every one parameter group contains 
two real infinitesimal transformations, viz., when k = 1 Æ ô. 
Each infinitesimal transformation generates its correspond- 
ing portion of the group. .Every transformation in the 
group AG,CABO) for which both k and # are positive 
can be generated from an infinitesimal transformation of the 
group, while no transformation for which either k or Kis 
negative can be so generated. Thus the group AG, contains 
three singular transformations for every non-singular * one. 

The failure of Lie's theory to express fully. the relations 
here set forth for the real group AG,(.AB C) is due to the 
fact that he assumes kand # to be of the form d and ei, 
thus silently excluding from consideration negative values 
of k and K. 

We turn now to the consideration of the real elliptic 
group eG,(ABC) in which the invariant triangle has one 
real vertex A and two conjugate imaginary vertices B and 
C. The invariant line BC is a real line, and the one dimen- 
sional transformation along that line is elliptic, for the two 
invariant points on it are conjugate imaginary. The quan- 
tities k and £' in equation (3) are both complex numbers ; 
hut the necessary and sufficient condition that the transfor- 
mation T shall be realis that k and MN shall be conjugate im- 
aginary numbers. Thus the real elliptic group eG, 4 PO, 
instead of having two independent variable parameters k 
and E: has only one, viz, k; but this is a complex number 
and may assume in turn all possible complex values. Con- 
sequently the group eG,(ABC) contains a transformation 
corresponding to every point in the complex plane. 

The question of the distribution of the transformations ' 
of eG, ABO) into one parameter subgroups and their gen- 
eration from infinitesimal transformations of the group need 
not detain us long; for this group is holoedrically isomor- 
phic with the group G,(mn) of circular transformations of 
the complex plane. This latter group was fully discussed 
by the writer in the Bom, Vol. 4, pp. 112-115. We 
learn, therefore, that every transformation of e@;(ABC) 
belongs to at least two distinct subgroups and may be gen- 





* The inappropriateness of the term singular transformation is hereby 
shown. eThe term would be more appropriate if applied to those trans- 
formations in AG,(A4BC) which do not belong to one parameter sub- 
groupe. 
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erated from at least two infinitesimal transformations of the 
group. We sum up the discussion of type I. as Mllows: 

THEOREM 2. Every real elliptic projective transformation of the 
plane belongs to some one parameter group and may be generated 
from the infinitesimal transformation of the group; the same is 
true for every hyperbolic transformation for which k and H are 
both positive. All other hyperbolic transformations are singular ; 
and many of these singular transformations do not belong to one 
parameter groups. 

Type 11.—The implicit normal form of a transformation 
_ of type II. is as follows: 























jA y 1 sz y 1d a, y 1 i y 1 
jA B 1 AB 1 A'B' 1 AB 1 
Pe 8 O e 8 0 le s 0| je a 0l 
Ka Y >] t y ts T A 1 Iz y pe 
AB i| JAB d |A B 1| [AB 1| 
A PI |AÀ4B at "AP ui | A E I 

(d $1.) 


: 

The invariant figure consists of two lines, their point of 
intersection, and a second point on one of theselines. We 
designate a transformation of this type by T", and its in- 
variant figure by (ABL). Along the invariant line AB 
there is a one dimensional hyperbolic transformation whose 
cross ratio is k; while along the invariant line Al is a one 
dimensional parabolic transformation whose constant is a, 
For a real transformation k and a are both real quantities. 
. Two transformations T'(k, a) and T/(k,«) having the 
same invariant figure combine to form T; (k, a) where k, = 
kk, and a= a + a, ; T/ has the same invariant figure as T’ 
and T/. Thus all transformations of type II. leaving( A Bl) 
invariant form a two parameter group G,'(ABl), the two 
parameters being k and a. 

The group G,(A.Bl) contains c! one parameter sub- 
groups; to show these subgroups we assume & relation be- 
tween these quantities k and a, and consider only those 
transformations of the group G, for which k and a satisfy 
the assumed relation. Let k= a*, where ais a constant; 
all transformations in GL satisfying this relation, form a 
one parameter subgroup of G,', a being the parameter. 
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Within the group G; there are oi such one parameter sub- 
groups, one for each positive value of ‘a. 

In order to study the distribution of the transformations 
in Q; into subgroups and their generation from infinitesi- 
mal transformations, we resort to the same device as in type 
I. and make k and « the rectangular coórdinates of a point 

in a plane. The family of curves y= a? represents the 
system of one parameter subgroups of G,’. For positive 
values of a these curves lie in the first and second quad- 
rants and completely fill the upper half of the plane. There 
are no continuous curves for negative values of a, and hence 
continuous subgroups of OI exist only for positive values 
of a. 

Two particular curves of the family deserve special atten- 

tion. For a very large value of a, the curve y = a° differs 
but little from the axis s= 0; hence in the limit when ` 
a = co the line z = 0 is a curve of the family ; on the other 
hand when a = 1 the curve reduces to the line y — 1. In 
the first case z = 0 is the only curve of the family that 
penetrates into the lower half of the plane, and conse- 
quently the corresponding group is the only continuous 
' subgroup of GJ containing transformations with nega- 
tive yalues of & The transformations of the group 
corresponding to a = œ are in reality not of type II. but of 
type IV.; they are perspective transformations, the line Al . 
being the axis and the point B the vertex of the transforma- 
t&ons of the group. The transformations of the group cor- 
responding to a=1 are of type V.; they are elations, 
the line AB being the axis and A the vertex of the trans- 
formations of the group. 

Each one parameter subgroup of GL contains two infini- 
tesmal transformations, one positive and the other negative. 
Every transformation in a subgroup of GL may be gener- 
ated from one of its infinitesimal transformations, except 
the transformations with negative k in the perspective sub- 
group a= œ, The transformations properly of .type I. in 
G for which k is negative do not belong to continuous sub- 
groups of GI and cannot be generated from infinitesimal 
transformations of the group. 

THEOREM 3. All real projective transformations of type LI. for 
which k is negative are singular transformations and do not be: 
long to one parameter groups. 

Types III., IV., V.—The remaining types of e 
transformations in tho plane viz., types LII., IV., V. may 
be passed over rapidly. The invariant figure of a transfor- 
mation of type III. is a lineal element Al. There are c? 


L 
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transformations of type IL. leaving invariant the same 
lineal element and these form a three parameter group G” 
[Lie, (13)].* Thisthree parameter group breaks up into co! 
two parameter subgroups G,” [Lie, (24), and into œ? one 
parameter: subgroups Gi" [Lie, (87)].° Every transforma- 
tion in G," belongs to a one parameter subgroup and may be 
generated from a real infinitesimal transformation of the 
group. Hence thereare no singular transformations of this 
type. I give the facts only without the proof. 

Every real projective transformation of type IV. leaves 
invariant & real point and a real line, the vertex and axis 
respectively of the transformation. Every line through the 
` vertex is an invariant line and has on it two real invariant . 
points. Along each invariant line is & one dimensional 
hyperbolic transformation, and all are characterized by the 
same cross ratio k. The latter may assume in turn all real . 
values and we thus have a one parameter group of perspective 
transformations, The structure of this group is identical 
with thatof the hyperbolic groupinonedimension. Hence 
all transformations of this group for which k is negative are 
singular perspective transformations. 

Along- each of the invariant lines of a projective transfor- 
mation of type V. is a one dimensional parabolic transfor- 
mation with a real constant o, a may assume in turn all 
real values and thus we have a one parameter group of type 
V. which is identical in structure with a one dimensional 
parabolic group. Hence there are no singular franforma, 

tions of type V. 
'  'TuxonEM 4, All real projective transformations of type IV. for 
which k is negative are singular transformations. 

It is unnecessary to discuss in detail all groups of real 
projective transformations in the plane. The groups con- 
taining singular transformations discussed above enter as 
subgroups into many of the groups of higher orders; and 
consequently these latter groups also contain such singular : 
transformations. Any one who is acquainted with the 
structure of the projective groups of the plane can readily 
make. the application for himself. 


KANSAS STATE UNIVERSITY, 
April, 1900. 





`, * These numbers refer to Lie’s list of perspective groups given on pages 
288-291 of ** Continuierliche Gruppen." 
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ON GROUPS OF ORDER 81/2. 
BY IDA MAY SOHOTTENFELS. 


(Read before the American Mathematical Society, June 29, 1900.) 


$1. In the Dote, vol. IV. (1898), pp. 495—510, Dr. 
L. E. Dickson discusses the structure of the hypoabelian 
groups. Among the simple groups of the system J, occurs 
one of order 8!/2 (p*=2', m = 8); this 2.8 or senary 
linear group is defined as the totality of linear substitu- 
tions on 2.8 indices, as follows : 


3 
, == (a & + 0139 
(1) " (t= 1, 2, 8), 
-E CEP $ T ap zl 








satisfying the relations 2d 
3 Dt 8 (0 0 H 

D i =L tol EIER 

(2) 
i a® gf xo a 
A X | gb Ao | = 0, SI a0 |= 0, 








(=k; j, k= 1, 2, 8) ; 
3 8 

8x. 20969, PL =0, Sapam, 
(i= 1, 2,3; m= 1, 2, 3). 


The -present paper determines that the above group is abstractly 
the alternating group Gs. ,and thus establishes a new proof sf 
its simplicity. * 

Writing the substitutions (1) in square array, and con- 
sidering the elements of the group as the ni&trices of these 
coefficients, we have 





*Dr. L. E. Dickson in the Proe. of the Lond. Math. Soc., vol. 30, 
“Thè sgrucbure of certain linear groups with quadratio invariants, ? pp. 
81 et seq., has proved the correspondence of these groups. 
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(a yP a yP ap 78) (100000 
go Am pO A0 gp ap 010000 
af? yP a® yP aP yP| with the identity 0 0 10 0 0 
B® Am B» An en ap matrix 000100 
a® pP aD 7% op T 000010 
BP Ap ge Ap en Ap 000001 


where a, &9, 7®, 4? are the marks 0 and 10f the G.F. [2]. 


‘These matrices compound according to the general law of 
composition of matrices 


A= (a), B= (by), O= (s), AB= O, Bad = te 


§ 2. Access to the above described prone is obtained 
through the Dickson generators MM, Na A=1; Giel 
- 2, 3),* of the table p. 442, and elements EJ, EI, yp By are 

determined having the following properties: 


x ily =, Er) (E = Euh = (B Ew) = GUT Y = 1] 
"o0 GiLjoL$ 6; iic) 


where J is the identity element. 

83. Making use of Theorems B and C of Professor 
Moore's paper ‘‘ Concerning the abstract groups of order kl 
and k! holoedrically isomorphic with the symmetric and 
alternating groups on k letters,” Proceedings of the London 
Mathematical Society, Dec. 10, 1896, vol. 28, pp. 358-359, the 
definite conclusions are arrived at that the generators 
EI, +, Ej satisfying the relations E(E/, =, Ed), with order 
greater than the limit prescribed in the above theorem C, 
and therefore, by theorem C, satisfying no further relations, 
generate a groupG(E/, =, E/), and this group OC EY, =, E) 
is holoedrically isomorphie to the alternating group of 
gree eight Gha, and is therefore simple; but the GET 
senary group, as Dr. Dickson f has proved, is of order 81/2 ; 
itis therefore identical with ite, as we may say, alternating 
subgroup G(E/,--, E), and is therefore simple. 

§.4. The deme M, M, P, 1 (5j = 1, 2, 3), taken in 
pairs, thus M, Py; M, M, Py; M, M, Pi play a most im- 


13} 18) 





* BULLETIN, loc. oit., p. 496, 8 8; Nga(à = 0) is the identity element 
in the G.F. [2a]. 

“loo. oit., 2 5. 

+ BULLETIN, loo; cit., 4 3; MMH: transformed by Nyi = On, Ro trans- 
formed by Qu = Py. 
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portant róle; the discovery of their simple combinational 
properties forms the basis of this paper, namely the deter- 
mination of S, an element of period seven, 


S= (MM. Nin» Nis Pae Pas) 5 2 


m* 


the element T of p three . 


= (Mn - MOM; 


. and the elements Wand R defined in the next paragraph. 

§5. The elements EI, =, EI were derived from suitable 
combinations of the two elements, W of period four and E 
of period fifteen, 


W-(TS.P4,), R—(TS.M,M; 


in fact A , —— E/ are identically the Ee of Wand H 
that ep ses aro of c, and c, in Prof. Moore's article: ‘‘Con- 
cerning the general equations of the seventh and eighth ` 
degrees," Mathematische Annalen, vol. 51, p. 487, in which 
the identity is established of the alternating group of degree 
eight G;,,,, and a certain quaternary group. R and W once 
the following properties: * 


XC, W); {Wie R*- (VR) = (WR (WR = 
(ER! = (WR) = 14. 


$6. Table exhibiting the matrices corresponding to the notation 
MM, Ni, ete. 


AM, if, MM, Nu May 
(010000) 010000) (100100 (100001 
100000 100000 |010000 010000 
000100 001000 011000 001000 
001000 000100 000100 000100 
000010 000001 000010 010010 
000001 000010 000001 000001 

Pus , Pry Pa 
001000) (000010) (100000) 

000100 000001 010000 
100000 0010.00 000010 
010000 000100 000001|, 
000010 100000 001000 
000001 010000 000100 





Prof. Moore's '* Congruence group,” loo. cit., p. 436, marked 
T The Dickson generators M,H, — ALM, - MM, and Ny; are not used 
in the present paper. 


* The relations Z(E, W) are the same as the relations 2( Cy €) of 
(*). 
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S T R D 
(100100) 100100) (011111) (001111) 
001000 001000 100101 100001 
100010 011000 010110 010110 
000001 100000 000101 000101 
011001 000010 100001 100101 
100000} 000001 001111| 011111 

E’ Ey Ey Ej 
(100000). (010101) (100000) (011111) 
111101 001000 111101 000010 
100101 010000 100000 011010 
101001 101001 101001 010110 
000001 $50001| 101010 010000 
101111 000001 000100 111110 

Ey Ei 
(010100) (100000) 

001001 1011010 
010001 000010 
101001 101001 
101111 001000 
1000001 100110 
+, CHICAGO, ‘ 
August, 1899. 


LOBACHEVSKY’S GEOMETRY.’ 
(Second PAPER.) 


LosBAoRzVskY's earliest published work on geometry, 
translated by Engel under the title * Ueber die Anfangs- 
gründe der Geometrie," * contains the elements of 8 system 
of analytic geometry under the hypothesis of a variable angle 
0f parallelism, together with numerous applications to the de- 
termination of the lengths of arcs, areas, and volumes. 
Some of this matterappears also in Lobachevsky’s article on 
** Giéométrie imaginaire’’ (Crelle, vol. 17) and more in his 
** Pangéométrie" (Kasan, 1856); but it is probably safe to 
say that the knowledge of this part of his work is not so 
general as that of the more elementary side of his theory,. 
partly because of the difficulties involved in reading the last 
mentioned articles, and partly because of the fact that the. 
widely known ‘‘Geometrische Untersuchungen " does not 


* See the BULLETIN for May, 1900, p. 339. $ 





444 LOBAOHEVSKY'S GEOMETRY. Lie, 


contain this analytic treatment. It is not the least of Profes- 
sor Engel’s services in publishing his volume on Lobachevsky ` 
that he accompanies this part of the work with Incid notes, 
more copious than the text itself, which smooth away many 
difficulties in the path of the reader. It.is the purpose of the 
present article to present a few of the chief points in this 
treatment, and in particular to emphasize the analytic con- 
nection pointed out by Engel between Lobachevsky’s equa- 
tions and those of the projective measurement of Cayley. 

Lobachevsky’s angle of parallelism, //(z), where z is the 
perpendicular distance from a point on one parallel to the 
other, is analytically defined by-the equations 


tan $Il(z) = 677, 
(1) 
10) =, DL 0) —0, I g) = x — M(x). 

From these the functions sin I/(z), cos (2), tan I(x) are 
easily written in terms of the exponential or the hyperbolic 
functions; but we will retain Lobachevsky's notation, the 
strangeness of which disappears very quickly in practice.* 
Angles and distances are measured as usual by the repeated: 
application of a unit of measure to the thing measured, but 
the two units of angle and of length can not be assumed in- 
dependently of each other. If we adopt the usual unit of. 
angle such that the entire angular magnitude about a point 
in a plane is equal to 2z, then the unit of length is fully 
defined by the above equations, if the angle of parallelism 
for any value of x is assumed or experimentally determined. 
In the space in which we live, we can only know that the 
unit of length is extremely great compared with the great- 
est length which enters into experience. 

In a right triangle with sides a, b, c, and with angles A, 

* 
D ER 
sin Hioic sin I/(a) sin (5), sin I/(c) — tan A tan B, 
tan I (0)= tan Dia) sin A4, — tan I/(c)= tan HE) sin B, 
cos /7(a)— cos (ce) cos B, cos 11(b) = cos Il(c) cos A, (2) 

sin 4 = sin I/(b) cos B, sin B = sin //(a) cos A, 
tan A cos J/(a) tan (b), tan B = cos /I(b) tan Il(a). 


B the following relations hold : 


I 





* The interesting little book by J. Frischauf, (Absolute Geometrie 
nach Johann Bolyai," Leipzig, 1872, contains some of the equations of 
this article in the exponential notation, ] 


H 
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LetOX and OY be two coordinate axis at right angles to 
each other. From any point P of the plane drop a perpen- 
dicular to OX meeting it at M. Then the distances OM (2) 
and MP(y) are the coórdinates of P, the usual conventions 
as to signs being maintained. It is essential that the coör- 
dinates be always drawn as just stated; a perpendicular 


Yj A 








-from P to OY will not be equal to x, for no rectangle exists 
on Lobachevsky’s plane. If OP, the distance of the point 
from the origin, be denoted by v, and the angle. XOP be 
denoted by 3, equations (2) give 


sin U(r) = sin I(x) sin II(y), 


o£. _ tan I(r) 
Sin ú = tan Z(y) ` (3) 
eos I(x) 
d = ————, 
Ka cos f(r) 


If ris constant, while z and y vary, the first of these 
equations represents a circle with the center at the origin. 

Let AB be any straight line, p the length of the perpen- 
dicular OD from the origin, a the angle XOD. Then, in 
the right triangle ODP, 


! cos (a — 0) cos I(r) = cos Il( p), 
whence, by (3), 
cos « COS Il(2) 4- sin asin I(x) cos H(y)— cos H( p). (4) 


'This equation, in which p may have any value from 0 to 
+ o, and a any value from 0 to 2x, is Engele form ef the 
equation of the straight line. We may obtain the form 


e 
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given by Lobachevsky by assuming that AB eus OY at 


a point (0, D under an angle 4. 'Then in the right fries c 


angle ODA, 
cos I1( p) — cos JI(L) cos (5 —a), 


tan (5-«)- sin DCD cot A, 


"whence by substitution in (4), 


cos DCD? 


am gs — S MCD) eot A cot Dien, (5) 





eos II(y) = 


‘This is called by Lobachevsky the general equation of the 
straight line. It is so in the sense that the equation of any 
straight line may be given this form by a proper choice of 
axes. If the axes are fixed, however, the equation fails for 
lines parallel to OY or divergent from it. The case of 
. parallelism may be included by taking the limiting' form of 
(5) as l increases indefinitely, and the case of divergence 
may be met by introducing the conceptions of imaginary, 
lengths or angles, which we can only do after we have an 
analytic expression far each. Engele equation has no such 
defect, and we will base our work upon it. 

It is worth noticing that s = c represents & straight line, 
while y = e does not; the former being obtained from (4) 
by placing a = 0, p = c, while the latter is not conan in 
(+). Both of these facts are geometrically evident. 

The derivation of ‘expressions for distance and Sech is 
facilitated by first studying the distance DP and the angle 
OPD of the figure. If‘we place DP equal to d, we have, by’ 
(2) and (3), | 


sin I(r) _ sin I(x) sin ll(y) 


sin ID = np) sin Cp) 





whence 


dd lE sin? Dia) sin? ai 


sin Il(p) 
The latter equation gives, by use of (4), 





4 sin a cos I(x) — cos a sin I(x) cos Hy) 
sin Ip) 





eof (d) = 


` 
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where the sign is determined by assuming a positive direc- 
tion on DP. 
Similarly, if the angle OPD is called f, 


; . oo sin Drei sin Il(y) cos Il( p) 
sin f = cos I(r) sin Dr p) gd 





M" sin a cos Il(z) — cos a sin I(x) cos ta 
cos U(r) sin f/(p) g 





' eos f = 


the sign of cos f corresponding to that of cos (d). 

Passing to the general case, suppose two lines (2, Pp) 
' and (a, p,) intersect at P. The angle between them is the 
algebraic difference of the angles £, and f, made aes each 
with OP. Placing 9 = f, — Bu we find 


Soa ne cos (a, — a) — cos I( p) eos HC p,) ` (6) 


sin //( p,) sin Hp? "s 


tlie simplifieation being effected by means of (3) and (4). 
This equation affords a simple analytic criterion for the 
relative position of two lines, they being intersecting, paral- 
lel, or divergent accerding as cos ¢ is numerically less than, 
equal to, or gréater than unity. 

In a similar manner, the distante between two points 
(2,, y,) and (z, Y) is the algebraic difference of the two dis- 
tances d, and d, measured as above along the line joining 
the two points. If we call d, — d, = D, and make use 
of Lobachevsky’s formula, 


sin (d) sin Hd: 
1— cos //(d,) cos (d,)’ 


we find | gin VCD) = 





sin II (d, — d,) = 


(7) 
sin (e) sin I(z,) sin (y) sin Il(y,) 
1— cos II(x,) cos is) — sin I/(2,) sinl/(,) cos (y, ) cos IO 


Neither (6) nor (7) is given by Lobachevsky, but his 
equation for the length of a line measured from ite intercept 
on O and expressed in the parameters of equation (5) may 
be derived from (7). 

Engel calls attention to the fact that equation (4) is linear. 
. in two functions of z and y, and that a simple substitution 
leads to a system of projective measurement as developed by 
Cayley. Following this line of thought, let us place, with 
Engel, 








D 
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£ = cos U(x), (8) 
7 = sin ll(z) cos ll(4), 


thus reducing (4) to 
Ecosa + nsin a = cos II (p). 


Now from equations (3), together with (1), if a point is 
at a finite distance A from the origin, 


O0 — sin I(x) sin Iy) <i, 


while a8 r increases indefinitely, sin (x) sin J/(y) ap- 
proaches zero as a limit. Therefore, since 


sin I(x) sin (y) = V1-—E-— gf 


_ if (£, 3) be interpreted as Cartesian coordinates on a plane, . 
the entire plane of Lobachevsky corresponds to the interior 
of the conic 

DN + ai — L ses D 


&nd the infinitely distant portion of the plane corresponds 
to the conic itself. We will take this conic as the funda- 
. mental conie of a system of projective measurement, so 
choosing the arbitrary constants involved that, if M is the 
distance between two points (&, 7,) and (&,, »,), and if a 
is the angle between two lines (u,, v,, w,) and (wu, v, w,),* 


LEE gu e 


cos iM = n 
v = EF = dw a T d SS 1) : 


(9) 





un, ae VU, T WY, 
V (uj + v? = wj) (us SR vy = wy) ` 


Comparing these with D and e, computed above for, the 
corresponding points and lines, we have D = M, ¢ = c. 
The latter assertion follows at once from (6), by placing 
Cos a = u, Sin a — v, — cos Il(p) — w. To establish the 
former, we substitute from (8) in (7), obtaining 


sin Dr Dn VU —5 290—884). 1 
1—£&£,— 70, cos iM’ 








cos d = 


(10) 











* For these and other refefences to projective geomety, see Klein's' 
Autograppirte Vorlesungen tiber Nicht-Euklidische Geometrie, vol. 1. 
(Göttingen, 1892). 
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.or 2 SÉ 2 
ete? eo teh? 





of which the only solution in positive real qualities is 
D = M. 

It was first shown by Klein and is now wel known that 
' the projective geometry in which a.real conic serves as the 
basis of measurement has all the characteristic features of 
Lobachevsky’s geometry. -The equations (8) establish a di- 
rect analytic relation between the two geometries, since 
they image the entire Lobachevsky plane upon the interior 
of the (£, 7)-plane with preservation both of angle and of : 
distance, with the understanding that these magnitudes are 
to be measured in the proper way on each plane. To any 
real point (£, 7) lying within the fundamental conic, corre- 
sponds one and only one real. point (x, y) and conversely. 
In order to extend this correspondence to imaginaries with- 
out destroying the one to one relation, we may agree to con- 
sider on’ the (v, y)-plane only complex quantities of the type 
a + bi, where 0b <2z. With this convention any two 
straight lines intersect in one and only one point, since two 
equations of type (4) have always an analytic solution. 
Lobachevsky’s distinction between intersecting, parallel,and 
divergent lines appears accordingly as one in real finite 
variables only. Divergent lines meet in an imaginary 
point, corresponding to a real point ($, 7) outside of the 
conic. 

The use of the (£, »)-plane offers a two-fold advantage : 
first, it often makes the peculiar properties of Lobachev- 
sky’s geometry directly visible; and secondly, it simplifies 
the analytic treatment. As an example of the first use, 
consider Lobachevsky’s theorem that two straight lines 
either intersect, are parallel, or have a common perpendic- : 
ular. On the ($, 7)-plane two lines are always perpendic- 
ular to the polar of their point of intersection, and this polar 
appears in the interior of the conic only when the two lines 
intersect on the exterior ; so that, Lobachevsky, working in 
reals, could only recognize the common perpendicular ‘for 
divergent lines. In the same connection, the impossibility 
of the existence of a rectangle is evident from the properties 
of poles and polars. 

The nature of the circle is also.easily studied on the (Sai. 
plane. If, in equation (7), we hold D constant and,take 
(mp, ¥,) as a fixed point, while replacing (x, y,) by the vari- 
able point (x, y), we have the equation of the circle. * The 
corresponding equation (9) is 


‘ a 


f e 
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k(1— EA We gail =1 - ey, 


which is the equation of a conic tangent to the fundamental 
conic at the points where it is cut by the polar of (5, 7,). 

There are then three cases, according as (&,, 7,) is within, 
on, or outside the conic. These correspond on Lobachev- 
sky 8 plane respectively to an ordinary circle with real 
center and finite radius, to a limit circle approached 
by &ny circle as the radius is indefinitely increased and the 
center becomes indefinitely remote, and to a curve all points 
of which are equidistant from a real straight line. The. 
first two kinds are given by Lobachevsky, but it is doubtful 
if he knew that the last was.also a circle with imaginary 
center and radius. - 

An expression for the element of arc may be obtained 
readily from (9) by placing £, —,£, 7, = 7, &,=&+ dé, and 
7, = 7+ dy and neglecting infinitesimals of higher order. 
There results 


Vd? + dei — (ot — Eda) ` 


des 1—8—35 
By means of (8) and the formula of differentiation i 
dil (x) = — sin J/(z)da, 


this becomes ds = NE see 
d a b sed 

a result which may be obtained with more difficulty from 
(7) and is derived by Lobachevsky directly from an infinitesi- 
mal triangle. Either of these expressions applied to the 
circle 

gin Il(z) sin Il(y) = sin I(r) 
or. 1— ££ — y = sin! (v) 
gives as the entire circumference 

C = 2x cot I(r) = «(é— SH, 


Similarly the expression given by Klein for an area on 


the (E, 7)-plane : 
d£dy 
s- (f s e — yu ‘ 
| * 


becomes by change of variables 


D f ' 
* 
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S= dady . 

i sin Drui"? 

and either of these applied to the circle gives as the entire 
area : ; 


A= ste — ey, 


The integration of the last integral with respect to y gives 
as the area dS of a narrow strip on the plane 


dS = cot Hy). ds. 


This expression is found by Lobachevsky as a’result of 
the theorem that the area of a triangle is equal to x minus 
the sum of its anglés. Conversely the latter theorem may 
be derived by integration as shown in the “ Pangéométrie.’’ 
To see this, consider first an infinite strip of the plane 
bounded by the positive part of OX, & portion of OY, and 
a line parallel to OX cutting OY at a distance a from O. 
The equation of this parallel, found by placing | = a, and 
A = Hoi in (5), is 


cos /I(y) = cos Il(a). ez, 
Hence 


9 D T 
S= KS cot Hoi dz = -— f SIn Cy) dy zu Mm 3-4 
Consider now a triangle right-angled at C, and draw 


-through -A a line parallel to CB. Prolong AB to G, so that 
GF perpendicular to AB shall be parallel to CB. 


4 





" The triangle ABC equals the sum of the infinite strips 
DACE and EBFG diminished by DAGF. Substituting the 
areas of the strips, as found above, 


e ° 
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ABO ;— (A+ 4) FK 35—B— (5-4) 


JT 
eg AB 


es CA LPL 0). 


The theorem is thus proved for a right triangle, and is 
readily extended to an oblique triangle by dividing it into 
two right triangles by & perpendicular from any vertex. 

In the foregoing pages no attempt is made to give an ex- 
haustive statement of Lobachevsky’s methods and results 
on the plane nor to indicate his extension of his methods to 
space. FREDERICK S. Woops. 


MABSAOHUSETIS INSTITUTE 
oF TECHNOLOGY, May, 1900. 


BURKHARDT’S ELLIPTIC FUNCTIONS. 


Functionentheoretische Vorlesungen. Von HEINRICH BURK- 
HARDT. Zweiter Theil: Eliptische Punctionen. ‘Leipzig, 
Veit and Company, 1899. 8vo., x + 378 pp. 


Ture theory of elliptic functions has developed so rapidly 
and in so many different directions in recent years that an 
elementary treatise of moderate compass which would afford 
arapid survey of its many and heterogeneous parts has been 
a long felt want. The admirable little treatise by Appell and 
Lacour is perfect in its way, but it addresses itself only to 
stadents who do not care to go very far into the theory of 
functions. It makes no pretentions to satisfy the needs of 
another large class of students, namely those who regard 
the theory of elliptic functions as merely one division of a 
greater theory and who thus study the elliptic functions not 
only on account of the interesting properties they offer per 
se, but also as a means of becoming more familiar with the 
principles and methods of the theory of functions, or as a 
stepping stone to the more abstruse theories of the abelian 
transcendents and automorphic functions. 

The present volume meets the wants of this latter class 
most successfully. We are so impressed with its many 
merits that we do not hesitate to predict for it a rapid and 
widespread popularity. 
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The characteristic feature of the book is the predomi- 

nance it gives to the ideas of Riemann. It is indeed re- 
.markable, as Professor Burkhardt observes, that up to the 

present time no work on the elliptic functions has treated 
the theory from Riemann’s standpoint. In several works 
on this subject we find reference to some of Riemann’s 
ideas; but with the exception of Thomae’s Abriss they are 
cursory and inadequate. We feel sure that this novel and . 
valuable feature will be widely appreciated. 

Another feature of the work is its comprehensiveness, ac- 
companied by very moderate proportions. There is some- 
thing so encouraging to the student in a text book of mod- 
erate size. The main divisions of the theory have received 
attention in accordance with their relative importance. . By 
seeking everywhere the simplest form of treatment, Profes- 
sor Burkhardt has succeeded in compressing a great deal into 
a very small compass. The student who reads this book 
with care will gain a very good idea of the modern theory 
of elliptic functions, in spite of the gigantic size this theory 
has assumed. g 

We indicate rapidly the contents. At the very outset an 
embarrassing quéstiom presents itself to the author of an 
elementary treatise on this subject: how are the elliptic 


' functions to be introduced? Historically they arose in in- 


verting the integral : 
II ` R da: t — 
° Vf 


f being a polynomial of fourth degree. i 

The attempt to obtain analytic expressions of x considered 
as function of u led Abel and Jacobi to the theta functions, 
and these were used by the latter in his later university 
lectures as the fittest elements upon which to build up the 
theory. Already, then, in the infancy of this theory two lines 
of approach offered themselves, the one starting with an 
implicit, the other with an explicit definition. It was found 
that each had its advantages and disadvantages, and thus no 
traditional way of developing the theory has ever gained 
ground, In the Jasf generation the two classic works were 
,without doubt those by Briot and Bouquet and by Königs- 
berger. The former starts with the thetas, the latter with 
the integral. Today we find the same lack of uniformity. 
. Halphen’s great treatise introduces the elliptic function by 
means of the integral definition; Weber and Krause, on 
‘the other hand, employ the thetas ; finally the classic 


D 


e 
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treatise of Tannery and Molk begin with Weierstrass’s 
equivalent for the thetas, viz., the sigmas. 

The advantages of starting with the integral definition 
seems to be chiefly these. First, it permits us to use Rie- 
mann’s theories for which the elliptic integrals are merely a 
special, though extremely interesting, case. Secondly, in 
the physical applications it is as integrals that these trans- 
cendents appear. The objections are two-fold. For the 
student of pure mathematics who does not care to go beyond 
the elliptic functions, as well as for the student of physics, 
Riemann’s theories form an unnecessary baggage. The sec- 
ond objection lies in the difficulty of establishing the one- 
valuedness of the inverse function at any early part of the 
course. 

The advantage of beginning the elliptic functions with 
the thetas or sigmas is again two-fold: First, it defines 
them as explicit analytic expressions, which the student can 
see and from which he can deduce readily their principal 
elementary properties. Secondly, the existence theorem 
just mentioned falls away of itself. The disadvantage of 
this procedure is the unsatisfactory position it assigns the 
integrals. 

Professor Burkhardt has followed a middle course. In 

‘chapter I. he has used the integral definition in connection 
with Riemann’s surface. A simple proof of the uniformity 
of x(u) for the case of real branch points is given by em- 
ploying conformal representation. The general case is re- 
served for a later chapter. 

In chapter II. an entirely new start is taken and we see 
no more of the elliptic functions as inverse of an integral 
until four chapters later, barring one or two fleeting refer- 
ences. The four chapters D. III., IV., V., occupying a 
little less than one hundred pages, give an account of double 
periodic functions in general, the $-function in particular, 
the functions c, 9$, ^, and the functions of Hermite. The 
treatment follows the path.opened up by Liouville and de- 
veloped later by Hermite and Weber. There is not much 
chance here for an author to develop anything very novel 
when such masters have passed over the same route, but an 
attentive examination shows many minor merits. 

The reviewer regrets that the historic functions of Jacobi, 
an, cn, dn, are given an altogether inferior position. We 
touch here one of the serious difficulties which students 
encounter as goon as they begin to consult the literature of 
elliptic €unctions. They find to their dismay that there are 
two theories, running side by side, which, while but two 


D 
. 
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aspects of the same thing, are yet so different as to make 
it impossible to pass from one to the other without con- 
siderable study. Now if students, when they first take 
up the elliptic functions, are taught almost altogether one 
theory, they are sure to experience a serious hindrance in 


- their work later, since some mathematicians employ babitu- 


ally the one, and some the other theory. It seems to us 
exclusive to maintain that either theory is the better; as 
well maintain that one system of coordinates always lends 
itself most simply to all problems. The ideal way is to 
have both theories equally in one’s control. To this end it. 


. seems advisable, in an introductory course, to teach both 


simultaneously, pointing out as one goes along their inter- 
relations. ` In this way the student does not acquire such a 
stiperior dexterity in one theory as to make it distasteful to 
him to employ the other. Such a course has not been fol- 
lowed here. 

In chapter VI., which takes up the problem of inversion 
left unfinished in chapter I., we enter again the circle of 
ideas proper to Riemann. From now on they are our con- 
stant companions. This chapter treats, besides the prob- 
lem of inversion, which is here brought to a close, various 
properties of integrals of the first, second, and third species ; 
€. g., Abel’s theorem, the theory of Riemann-Roch, Legen- 
dre’s relation, the interchange of argument and parameter 
in integrals of the third species, etc. 

Chapters VII. to X. treat the following topics; reduc- 
tion of elliptic integrals of the first species to canonical 
forms, the linear transformation, degeneration of the ellip-, 
tic functions, and reality. In treating the linear transforma- 
tion, an eighth root of unity enters as function of the co- 
efficients of transformation. This was first determined by 
Hermite by making use of the sums of Gauss. Enneper 
and Thomae have shown how this root may be determined 
very simply apart from & plus or mipus sign. Professor 
Burkhardt has been content to leave the problem at this 
point. For the more advanced parts of the theory this 
sign is simply indispensable. We take this occasion to re- 
mark that it may be determined à priori* by using no. 
more of the theory of numbers than the simple law. of 
reciprocity of quadratic residues. 

True to his purpose to give Riemann’s theory full sweep, 
Professor Burkhardt has not failed to show the relation be- | 





* Weber gives an A posteriori demonstration ` but such verifigations are 
always unsatisfactory. $ 
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tween linear transformation of the-periods and alterations 
in the system of cuts which make Riemann’s surface simply 
connected. Unless we are very much mistaken, this subject 
is treated here for the first timein any treatise on the ellip- 
tic functions. The effect of varying the branch points 
along certain curves, closed or not, so that the surface re- 
turns to its original shape, is also studied and the notion of 
the monodromy of the branch points introduced. 

In chapter XI. we reach another grand division of the 
modern theory of elliptic functions, viz, the elliptic modu- 
lar functions. The 51 pages which make up the chapter 
form one of the most interesting and instructive parts of ` 
the book. In the older theory the elliptic functions were 
studied almost uniquely as functions of a single variable, . 
namely the argument u. But besides the argument, they 
involve certain parameters, the modulus x, the periods «,, 
w, and the invariants g, gẹ With these, many important 
quantities are formed which do not contain u at all, “As 
soon as the theory of functions became somewhat developed ' 
it must have occurred to many to investigate these quanti- 
ties from a function-theoretical standpoint. 

For example, what is the relation between z, which defines 


an(u, x) from the integral standpoint, and t = HE which 


we use to build the corresponding thetas. "This question 
forces itself on one almost imperatively even in an elemen- 
tary treatment. 

The function x of t was found to possess the most remark- 
able properties. The most striking at first sight was that 
it had a natural boundary. Weierstrass’s theory of functions, 
by starting with the notion of analytical continuation, had 
made the existence of such functions possible; and indeed 
isolated examples were discovered quite early, Thus it was 
known that the function 


L + 2g + 2g + 24° + --, 


which occurs already in the Fundamenta Nova,* possessed 
the unit circle as natural boundary. But here was a whole 
class which had this peculiarity. Another characteristic 
property is this; it is a one valued function remaining in- 
variant for a subgroup of the general modular group 








* Jacobi's Works, Vol. I., p. 235, 2 65 (6). 
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a, b,c, d being integers and ad — be = 1. The group in 
question, call, it L, is, as Hermite first showed in his cele- 
brated memoir ‘‘ Sur la théorie des équations modulaire" 
(1859), defined by the congruences 


a=0, bel, emi, deo (mod. 2). 


Such groups are called congruence’ groups ; their order is 
given by the modulus, which is here 2. The conformal 
representation of x by r brings us to the important notion 
of fundamental domain. The points 0 and 1 divide the 
real z axis into three segments +œ, 1; 1, 0; 0, — c. In 
the r plane these are represented respectively by the upper 
half of the circumference of a unit circle and the right lines 
yi, 1 + ty, (y > 0), which may be considered as the three 
sides of a circular triangle T whose vertices lie at + 1, 
0, o. If z move now so as to cover every point once and 
only once in the upper half of the x plane, + passes over 
every point of this triangle once and only once. 

Suppose now that x passes into the negative half of its 
plane ; if must cross over one of the three segments just 
mentioned. Then r passes out of T crossing that side of 
the triangle which corresponds to the segment z crossed. 
Let x now cover all points of the negative half plane with- 
out going back into the positive half plane; we find that 
z sweeps over a region which is got from T by reflection 
with respect to that side of T which r crossed: This can 
therefore be nothing but a circular triangle, say T. If x 
crosses back to the positive half plane and then covers again. 
all its points, the same reasoning shows that r passes out 
of T, and generates a new triangle T, also got from T, by 
reflection. -As this process can go on indefinitely, we gradu- 
ally cover the upper half of the t plane by circular triangles 
as in the adjoined figuré. 


E == PLANE 
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Any two successive triangles, as 7, T', form a region within 
which x (7) takes on every value once and once only. For 
this reason it is called a fundamental region. The triangles 
T,T,, =- we observe are of two kinds, those like the one we 
first bonaidered spreading out from left to right and having 
all the same size, and secondly those which approach nearer , 
and nearer the real axis, constantly diminishing in size. 
This shows at once that the real « axis is a natural boundary. 
Suppose x describes a circuit about x = D in the positive di- 
rection ; we find is t subjected to the transformation S= 
(t, 74-2). Ifc describe a circuit about x —1, e undergoes the 


transformation Y = ( T, e ) . .À$ every circuit z can 
— AT 

make is made. up of. these two, we see that the group L, 

mentioned above is identical with the group generated by 

the repeated combinations of $*', 5*!. 

Now the elliptic function presents ari unlimited number 
of such functions and we are thus led to ask what are their 
properties and mutual relations. The attempt to answer this 
question has given birth to the theory of elliptic modular 
functions which today has become an independent branch 
of mathematical science. The present chapter will prove a. 
very valuable introduction to the classic: treatise by Klein 
and Fricke on this subject. i : 

Closely related with the theory of modular functions aro 
the problems of transformation and division ; these occupy 
chapter XII. The linear transformation was discussed in 
an earlier chapter. Here a rapid orientation of the general 
transformation problem is given. The theory of this prob- ' 
lem might alone easily fill a book. Historically it arose in 
trying to find commodious methods of computing the ellip- 
tic integrals of the 1° species 





, z dz 9 i 
u= f 7 o VI — r sin? g (D 


where z= sine, and 0 «2 «1. The transformation of 
Landen and Gauss showed that it was possible to transform 
(1) into an integral of the same form, aside from a factor, 
viz., 








v (A 1- I "ram ¢ (2) 





on making a simple change of the variable z. By repeat- 
ing thèse transformations the moduli à, 2,, 4,- may be 
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made to approach 0 or 1 as a limit. ‘That is, the approxi- 
‘mate value of u is made to depend on a degenerate elliptic 
integral, viz., either ‘ . 


: LA SC v. dy = T d, 
ER dé —4$. or J wos p = 108 tam (7 + 5). 





When z is near 4 it is necessary to repeat the algorithm sev- 
eral times before a fair degree of approximation can be ob- 
tained. In attempting to get transformations of greater 
rapidity Jacobi was led to his celebrated theory of transfor- 
mation which he later made the basis of his Fundamenta 
Nova. He proposed and solved the problem: Determine 
the coefficients a, b, the new modulus 2, and the multiplier Af 
so that 
200, d- ag + am + + ae" 

ob, + byw + bu d- + ban 

converts (1) into (2). 


From the standpoint of today the problem presents itself 
more naturally thus: Given two elliptic functions 


Tä, o, w),  g(u, v, m), 
constructed: respectively on the networks 
Mo, 9), gc? 94); 
what is their relation to one another? The most general re- 


lation we can assume between N and N is that they have 
a network Jf in common. Jacobi’s problem is a special 
case of this, namely the case when one of the networks 
N, N becomes identical with M. In this case we have 





a, + bw 
SEN » (ad — be = n), 


` and the transformation is said to be order n. For such 
a transformation the Jacobian formula (3) gives g as 
rational function of degree nin f. The case where N = N 
gives the linear transformation n — 1. 

To tréat the transformation in full requires us to pass to 
the thetas or their equivalents thesigmas. The mostexten- 
sive and modern treatments are found in the works of Weber, 
Krause, and Tannery and Molk. In the elements, only the 
linear and quadratic transformations are useful and these 
are given with sufficient detail. The short sketclf of the 
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general theory which Professor Burkhardt.gives will help the 
student to place these special transfor mations in their proper 
relation to the general theory. 

The problem of division is this : The addition theorem 
shows that, for integral n, g(nu) is rational in g(u) and 
9 (u). This relation may however be regarded from another 


standpoint, viz., as defining p B ) as an algebraic function 
d o(u), f (u). The problem is: what is the natare of this 
algebraic function; in particular express explicitly e (5) 


in g(u), e/(u). To solve completely either the problem of 
division or transformation we are led to certain algebraic 
equations called equations of transformation between modu- 
lar functions which are of extraordinary interest. Profes- 
sor Burkhardt has given an excellent account of these from 
a function-theoretical standpoint. They are also of equal 
interest from an algebraic and arithmetical point of view. 
For example, in algebra they défine new algebraic irration- 
alities in terms of which the roots of a large class of alge- 
braic equations can be,expressed. Thus the equation be- 
tween the old and new modulus z, z corresponding to a , 
transformation of order 5 was used by Hermite (1858) to 
solve the general equation of fifth degree. 

From the point of view of the higher arithmetic, they are 
` chiefly interesting when complex multiplication takes place. 
This brings us to another great division of the modern 
theory of elliptic functions. What is complex multiplica- 
tion? The answer lies in the following considerations: 
Up to the present point the periods of our elliptic functions 
have been left entirely free, with the sole restriction that 


a(i)»o. 4) 


But an immense field is opened up when we require c to 
satisfy a quadratic equation of a certain kind. Suppose, in 
fact, we ask with Abel: Is it possible to determine » other 
than an integer, so that ei?) is rational in e(«) ahd ¢’(u) 
: as in ordinary multiplication? The key to this question lies 
in the elementary theorem: In order that an elliptic func- 
tion ¢(w) may be rational in ¢(1, w, v,) and its derivative, it 
is necessary and sufficient that ¢ admits «,, e, as periods. 
Applying this condition to ¢ = era) we have at once 


t 
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` "` gua, = aw, + bus, 
po, p ew, + de, (6) 
which gives a condition for r, viz., ry 
br? + 7(a—d) —e- 0. (6) 


If 7 is an independent variable, (6) requires that b = o = 0, 
a = d, which put in (5) makes o an integer. If, however, 
we suppose r is not variable, but on the contrary satisfies 
an equation of the type (6), SS (5) show that u 
satisfies the equation 


. Steeg 
setting n = ad — bc as usual. This gives 


—~a+dtvVa4 
2 


wheré 4 == (a — d)? + 4be = (a + d)! — 4n is the discrimi- 
nant of (6). The condition (4) shows that 4 <0; hence 
. (7) shows that is never real, whence the name complex 

multiplication. We see then that, when e(u, o v,) admits 
complex multiplication, t is.root of a quadratic equatiou 
with integral coefficients and negative discriminant. The 
converse is obviously true. Modular functions built up on 
such zs are called singular. The corresponding equations 
of transformation enjoy the most remarkable properties. 
The simplest case of complex multiplication arises in con- 
nection with the lemniscate. In fact, the ER u of an 


are is given by 
d? 
w= f Vap p' 


The value of r is here given by t’ + 1 = 0, hence 4 = +i. 
Already in the Disquisitiones Arithmetiee (1801) Gauss , 
calls attention to the fact that the equations of transforma- 
tion for this case can be solved algebraically, a theorem which 
Abel generalized to all cases in the Recherches. 

Let us indicate in as few words as possible the rôle com- 
plex mujtiplication plays in the higher arithmetic, namely, 
in the theory of binary quadratic forms, with negative deter- 


minant, , 
m Ax! + 2Bry + Cy = (A, B, C). 


Such forms Gauss always took with even middle coefficient. 
` The modern theory shows that this was unfortunfte, as 


(7) 
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most material simplifications arise when we allow the mid- 
dle coefficient to be either odd or even. As no elementary 
account of the new theory has yet been given, we follow here 
the classical notation. We saw that the necessary and suf- 
ficient condition for complex multiplication was that r be 
root of an equation 

w+ er tti=0 ; (8) 


with negative discriminant 4 = &' — Ant. The coefficients 
we can suppose relative prime. According, then, as s is 
odd or even, we associate with (8) either the form 


(2r, 8, 2t) or (r,s/[2, t). 


The determinant D of this form is also negative. Con- 
versely to every primitive form F= (R, S, T) with nega- 
tive determinant will correspond an equation of the type 
(8) which will give a singular 7. 

Consider now the absolute invariant J(r) built on the sin- 
gular 7 defined by (8) or the corresponding form F. Then 
to one form F with negative determinant corresponds one 
singular J(t). Apply to - a linear transformation, giving 
*. Then J(7) = J(+). But the form F which corresponds 
. to 7 is got from F by the same transformation ; i. e., F and 


F belong to the same class of quadratic forms. Thus not 
only does NH give rise to a particular singular invariant J(r) 
but every form in the same class as F gives rise ty the same 
invariant. Let now Fi, Fa, =, Fg be properly primitive 
forms one from each of the H(D) classes belonging to a 
given determinant D, and 


I(t), Ia) — Ten) (9) 


the corresponding singular invariants. The equations of 
transformation between J and its transformed show that 
the quantities (9) are roots of an irreducible equation with 
integral coefficients. This equation defines thus a numer- 
ical algebraic body, which on account of this intimate rela- 
tion with the classes of binary quadratic forms is called a. 
class body. The theory of these bodies is interwoven in 
the most wondrous and fascinating manner with the theory 
of composition of quadratic forms of negative determinant 
and their division into genera. 

The present work, being only one.volume in & course on 
the theory of functions, quite rightly does not even touch 
these questions. Indeed only three pages are devoted to 
complex multiplication. We have however felt justified in 
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going out of our way to speak of these questions partly be- 
cause of their intrinsic interest and partly because the re- 
viewer deplores how little the higher arithmetic is culti- 
vated in America. The theory of complex multiplication 
with its intimate relation to binary quadratic forms and 
algebraic numerical bodies offers & promising field for young 
men who seek to gain distinction as original investigators. 
. Leaving this subject, continue with our review. The 
next chapter, the thirteenth, treats the question of numer- 
ical computation. This vexatious subject,‘so important in 
all practical applications, is very satisfactorily handled here. 
Care is taken to give limits of error, a point often neglected. 
The last three chapters are devoted to applications, one 
being selected from each of the three broad fieldsfof geom- 
etry, analysis, and mechanics. For geometry “it is the 
theory ‘of elliptic curves, 4 e, curves defined in homoge- 
neous coordinates by the equations 


pt, = Dä, pu, = Tu), 


the T's being conjugate intermediate functions of Hermite, 
4. e., functions of the form 


e“a(u — bijo (u — bi) = o(u—b,). 


Curves of the third and fourth orders receive especial atten- 
tion. The application to analysis is the discussion of Picard’s 
equation of the second order, in particular Lamé’s equation 


TY = in (n + 1) pu + Bly. ^ do 


'The application to mechanics is the spherical pendulum. In 
discussing the horizontal motion of the bob, the author 
passes to polar coórdinates, thereby missing a pretty appli- 
cation of Lamé’s equation discussed in the chapter just pre- 
ceding. In fact, keeping rectangular coórdinates zu, it is 
easily shown that z + iy and s — iy are two solutions of 
(10) for n = 2. ` 


The rapid survey we have here made shows most clearly 
that we have in the present volume a text book which is 
rich to an uncommon degree in the latest results and points 
of view in the subject it treats. It fills most timely a place 
unoccupied by any other work and will, we are sure, prove 
itself invaluable to the large class of readers for which it is 
intended. 

JAMES PIERPONT. 

YALE UNIVERSITY. 
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x CORRECTION. 


Iw my paper ‘On the geometry of the circle," pp. 819- 
322 óf the May number of the current: volume of the BULLE- 
TIN, & term in the transformations involved was wrong and 
the results are partly incorrect. The following corrections, 
which were kindly pointed out by Professor P. F. Smith, 
Should be made in the paper : 


P. 820, lines 7 and 10, for bicircular read binodal. 


P. 321, the last paragraph is only projectively correct. 
There are 40 double tangents and no single foci. 


P. 322, the corrections corresponding to the preceding are 
to be made in the case of the sphere. 


The eliminant of 4, 4, ' pp. 320-321, contains gegen 
factors ; its reduced order is 16. , The order of the gegen 
p. 322, reduces to 24. 

VIRGIL SNYDER. 
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NOTES. 


Tue forty-ninth annual meeting of the American associ- 
ation for the advancement of science was held at Co- 
lumbia University, New York City, June 23-30, 1900. The 
presence of no less than sixteen affiliated scientific socie- 
ties, among them the AMERICAN MATHEMATICAL SoorETY, 
added to the interest and importance of the occasion. It 
was decided to hold the next meeting of the Association at 
Denver, Colorado, August 24th-31st, 1901. Professor 
CHARLES S. Muxor was elected ‘president. of the Association. 
The officers of Section A are: vice-president, Professor 
Jasres MoManon ; secretary, Professor H. C. Lon», 


At the meeting of the Cambridge philosophical society 
on May 21st, the following mathematical papers were pre- 
sented: ‘‘On a certain diophantine inequality," by Major. 
P. A. MAcMAHON ; * On rational space curves of the fourth 
order,” by Mr. H. W. Riouwosp; ‘ On. the reduction of 
quadrics,’’? by Mr. T. J. I. Broarwiog. 


UNIVERSITY. OF CarrroRN1A.— The following courses are 
announced for the year 1900-1901 :—By Professor I. STRING. 
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HAM: History of mathematics, two hours; Logic of math- 
ematics, two hours ; Absolute geometry, two hours ; Mathe- 
matical seminary, two hours.—By Professor M. W. Has- 
KELL: Analytic projective geometry, three hours; Higher ` 
geometry, three hours.—By Professor G. C. Epwanps: Dif- 
ferential equations, three hours.—By Professor A. O. Lxv- 
SORNER: Theoretical astronomy, two hours; Perturbations, 
four hourg.—By Mr. A. B. PrEROE: Theory of numbers, 
three hours.—By Dr. E. J. WinczvNsKi: Transformation 
groups and differential equations, two hours.—By Mr. A. 
W. WurrNEY: Theory of probabilities, Life insurance, two 
hours.—By Dr. S. D. TOWNLEY : Method of least squares, 
three hours. 


Jonn Hopxtns UNIVERSITY. During the year 1900-1901 
the following advanced courses in mathematics are offered : 
—By Professor F. MonrEv: Theory of functions (second 
course), two hours; Geometry (sècond course), three 
hours; Seminary, one hour. — By Dr. A. Conen : Theory of 
functions (first course), two hours ` Lie’s theory of transfor- 
mation groups, two hours ; Theory of numbers, three hours, 
first semester ; Differential equations (second course), two 
“hours, second semester. 


Ar a recent meeting of the Royal Society of Edinburgh, 
Professor A. R. FonsvTH, of the University of Cambridge, 
was elected as one of the British honorary fellows of the 
society. 


. TuE honorary degree of doctor of science was conferred 
on Professor HENRI Pornoars, of Paris, on June 12th, by 
ihe University of Cambridge. 


PRorrssoR Gasron Darsoux was elected on May 21st to 
succeed the late Joseeg BERTRAND as perpetual secretary for 
the section of mathematical sciences in the Paris academy of 
sciences. At the next meeting of the same academy, May 
28th, Professor Lupwie BorTZMANN, of Vienna, recently 
called to Leipzig, was elected correspondent for the’ section 
of mechanics, in the place of the late Faso BELTRAMI, 
of Rome; the same honor had been bestowed at the previ- 
ous meeting o on Professor J. LES Gisss, of Yale Ke 
versity. 


Amone the recipients of ee degrees at the recent 
celebration at the University of Cracow was Professor SIMON- 
Newco. 


Dz. E. D. Roz, Je, has been appointed to an associate 
professorship of mathematics in Syracuse University. Dr. 
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Borg Gentry has been promoted to a similar position at 
Vassar College. NEL 

Tux following academic appointments have also recently 
been made: Dr. W. G. Bozann, instructor in mathe- 
matics, Syracuse University : Dr. C. C. ENcBERG, instructor 
in mathematics, University of Nebraska; Mr. E. B. Escort 
and Mr. WILLIAM MARSHALL, instructors in mathematics, 
University of Michigan; Dr. L. W. Rep, instructor in 
mathematics, Haverford College; Dr. Anne L. WILKINSON, 
instructor in mathematics, Vassar College. 


Dr. Mary F. WixsToN, has resigned the professorship of 
mathematics at the Kansas State Agricultural College. 


NEW. PUBLICATIONS. 


L HIGHER MATHEMATICS. 


BAKER (H. F.). See MEMOIRS presented, eto. 
BEMAN (W. W.). Bee FINE (K.). 


BERRY (A.), BOLTZMANN (L.), Brown (E. W.). See MEMOIRS pre-. 
sented, eto. 


BaÜckNER (M.). Vielecke und Vielflache; Theorie und Geschichte. 
Leipzig, Teubner, 1900. 4to. 8-]-9227 pp., 12 plates. M ETE 
. 16.00 


BURNSIDE (W.). See MEMOIRS presented, ete. 


CASSIRER (E.). Descartes’ Kritik der mathematischen und naturwissen- 
schaftlichen Erkenntnis Marburg, 1900. 8vo. 102 pp. M. 3.00 


ERATOSTHENIS Catasterismorum. fragmenta Vaticana, edidit A. Rehm. 
Praemissum est de Catasterlamorum recensionibus commentariolum. 
Auerbach, 1900. 8vo. 26-18 pp. 


FINK.(K.). A brief history of mathematics; an authorized translation 
of Dr. Karl Fink’s Geschichte der Elementar-Mathematik, by W. W. 
Beman and D. E. Smith. With biographical notes and full index. 
oe The Open Court Publishing Co., 1900. 8vo. 12-- u^ pp. 

loth. 1.60 


FoRsvTH (A. R.). See MEMOIRS presented, eto. 


GRASSMANN (R.). Die Differential--und Integralrechnung bei Vermei- 
. dung der Trugsehlüsse eine héchat leichte Wissenschaft. Stettin, 
Grassmann, 1900. 12mo. 44pp. Boards. M. 0.40 


——. Die Funktionenlehre, namentlich die Differential- und Integral- 
rechnung in strenger Formelentwicklang. (Neue Titelanagabe von 
“Die Folgelehre," 1895.) Stettin, Grassmann, 1900. 8vo. 12- 
189 pp. . M. 1.75 
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—-—. Die Zahlenlehre oder Arithmetik in strenger Formelentwicklung. 
„(Neue Titelausgabe von " Die Arithmetik," 1891.) Stettin, Grass- 
* mann, 1900. 8vo. 12-]-942 pp. M. 2.00 


Hoxson (E. W.). See MEMOIRS presented, eto. 


HünpER(O.). Anschauung und, Denken in der Geometrie. Akademi- 
sche Antrittsvorlesung, mit Zusützen, Anmerkungen und einem Re- 
gister. Leipzig, Teubner, 1900. 8vo. 75 pp. M. 2.40 


LAMB(H.), LARMOR (J.). See MEMOIRS presented, etc. 


LAURENT (H.). L'élimination. Paris, Carré et Naud. 1900. 16mo. 
75 pp. (Scientia, physique mathématique, No. 7.) Boards. 


LzE(A.). Integral tables of F(r,v) and H(r,v) functions. London, 
1900. 8vo. 50 pp. 2s. 6d. 


LINEBARGER (C. E.) See Youna (J. W. AA 


LrvErNG (G. D.), Lopar (O. J.), Love (A. E. H.), Loverr (E. O.). 
© See MEMOIRS presented, ete. 


Lupwia (B. von). Ueber die Nothwendigkeit der Beschränkung des 
Jacobi'sehen Umkehrproblems auf Abel’sche Integrale erster Gat- 
tung. (Diss) Halle, 1900. Geo, 94 pp. 


MANCHESTER (J. E.). Ueber Singularitüten ebener Kurven. (Diss.) 
Tübingen, 1899. 8vo. 38 pp. 


MEMOIRS presented to the Cambridge Philosophical Society on the oo- 
casion of the jubilee of Sir George Stokes, Bart. Cambridge Uni- 
versity Press, 1900. 4to. 28-4 447 pp., 1 portrait, 25 plates. Cloth. 

21s. 


(Contents : Order of the proceedings at the formal celebration by the 
University of Cambridge of the Jubilee of Sir G. G. Stokes, Bart., 
Lucasian Professor, 1849-1899. The Rede Lecture by A. Cornu: 
La théorie des ondes lumineuses. H. F. Baker, Theory of functions 
of several complex variables ; A. Berry, Quartio surfaces which ad- 
mit of integrals of the first kind of total differentials ; L. Boltzmann 
and Mache, Ueber die Bedeutung der Konstante b des van der 
Waals’schen Gesetzes; E. W. Brown..Solution of a pair of simul- 
taneous linear differential equations in the lunar theory ; W. Burn- 
side, Class of groups of finite order; A. R. Forsyth, Integrals of systems 
of differential equations; E. W. Hobson, Green's function fora circular 
dise; H. Lamb, Electromagnetio illustration of the theory of selec- 
tive absorption of light by a gag; J. Larmor, Dynam'ecs of a system 
of electrons or ions ; G. D. Liveing, Effects of dilution, temperature 
and other circumstances on the absorption spectra of solutions of 
didymium and erbium salts ; O. J. Lodge, Experiments on oscilla- 
tory discharge of an air condenser; A. E. H. Love, Propagation of 
waves of elastic displacement along a helical wire; E. O. Lovett, 
Contact transformations and Optica: H. M. Macdonald, Demonstra- 
tion of Green’s formula of electric density near the vertex of a right 
cone ; P. A. MacMahon, Application of the partition analysis to the 
study of the properties of any system of consecutive integers; A. 
A. Michelson, Echelon spectroscope; G. Mittag-Leffler, Analytical 
representation of a uniform branch of a monogenic function; H. 
Poincaré, Groupes continus; H. W. Richmond, Minimal surfaces ; 
A. Schuster, Periodogram of magnetic declination, 1871-95 ; C. 
Taylor, Geometry of Kepler and Newton; H. M. Taylog, Construc- 
tion of a model showing the 27 lines on a cubio surface. 
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MAODONALD (H. M.), MacMAHON (P. A.), MIOHELSON (A. À.). Bee 
MEMOIRS presented, eto. 7 ; 


MILLER (G. A.). On the transitive substitution groups which are iso 
morphie to a given group. (Giornale di maiematiche, vol. 38.) 4to. 
9 pp. 

——. On the product of two substitutions. (American Journal of 
Mathematics, Vol. 22, pp. 186-190.)  4to. 


MITTAG-LEFFLER (G.). See MEMOIRS presented, eto. 
NERNST (W.). See Youna (J. W. A.). 


Oscoop (W. F^). Ueber einen Satz des Herrn Schénflies aus der Theo- 
rie der Funktionen zweier reeller Veründerlichen. (Nachrichten der 
E. Gesellachaft der Wissenschaften su Gottingen, mathematisch-physi- 
kalische Klasse, 1900, Heft 1.) 8vo. 4 pp. 


PorNcARÉ (H.). See MEMOIRS presented, eto. 
Rena (A.). See ERATOSTHENES. 

RroBMoND (H. W.). See MEMOIRS presented, eto. 
BSOHÜNFLIES (A.). See Youxa (J. W. A.). 
ROHUSTER (A.). See MEMOIRS presented, eto. 
Sarr (D. E.), See Frwk (K.). 


Tait (P. G.). Soientific papers. Vol. II. Cambridge, University Press 
(New York, The Maemillan Company), 1900. 4to. 14-+500 pp. 
Cloth. $6.50 


TAYLOR (C.), TAYLOR (H. M.). See MEMOIRS presented, eto. 


VxccH1I (8.) Sulle figure complete, determinate da un numero qus- 
lunque di punti o da un numero qualunque di tangenti di una conica e 
sulle loro correlative nello spazio. Parma, Rossi-Ubaldi, 1899. 4to. 
16 pp., 2 plates. 


WEBER (E. von). "Vorlesungen über das Pfaff’sche Problem und die 
Theorie der partiellen Differentialgleichungen erster Ordnung. Leip- 
zig, Teubner, 1900. Geo, 11+ 622 pp. Cloth. (Teubner's Samm- 
lung von Lehrbüchern auf dem Gebiete der mathematischen Wissen- 
achaften mit Einschluss ihrer Anwendungen, No. 2.) M. 24.00 


Youne (J. W. A.) and LINEBARGER (C. E.). The elements of the dit- 
ferential and integral caloulus, based on Kurzgefasstes Lehrbuch der 
Differential- und Integralreohnung von W. Nernst und A. Bohónflies. 
New York, Appleton, 1900, 8vo. 17--410 pp. Cloth. $2.20 


IL ELEMENTARY MATHEMATICS. ` e 


BARDEY (E.). Arithmetische Aufgaben, nebst Lehrbuch der Arithme- 
tik, vorzugsweise für Realschulen, hóhere Burgerschulen und ver- 
wandte Anstalten, neu bearbeitet und mit einer Logarithmentafel 
versehen von H. Hartenstein. 3te Auflage. Leipzig, Teubner, 1900. 
8vo. 4+ 202 pp. Cloth. M. 2.00 


——. Aufgabensammlung, methodisoh geordnet, mehr als 8000 Auf. 
gaben egthaltend, über alle Teile der Elementararithmetik, vorzugs- 
weise für Gymnasien, Realgymnasien und Oberrealschulen. Neue 
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Ausgabe, nach der 24sten Auflage bearbeitet von F. Pietzker und O. 
- Presler, Leipzig, Teubner, 1900. Geo, 7-+ 376 pp. Cloth. 
M. 3.20 


BorrToLoTTI (E.). Nozioni pratiche di geometria per le gouole comple- 
mentari. Roma, Società editrice Dante Alighieri, 1900. 8vo. 140 
pp. Fr. 1.75 


COMPLETE SOLUTIONS to papers in mathematics (second stage), 1887-99. 
Science and art examinations. London, Moffat & Paige, 1900. 12mo. 


Boards. 28. 6d. 
Contr (A), Elementi di aritmetica razionale. Parte I. Bologna, 
Zaniohelli, 1900.' 12mo. 304 pp. Fr. 2.40 


-——. Problemi di terzo grado: duplicazione del cubo; trisezione 
dell’angolo. Bologna, Zanichelli, 1900. 8vo. 56 pp., 3 plates. 


DESCLAUX (G.). Cours primaire de trigonométrie pratique, à l'usage des 
écoles normales primaires et dea écoles primaires supérieures. Paris, 
Hachette, 1900. 16mo. 79 pp. ! Fr. 1.00 


FISHER (G. E.) and Sog wATT (I. J.). Rudiments of algebra. Phila- 
delphía, Fisher and Schwatt, 1900. 12mo. 7-4 183 pp. Halt- 


leather. $0.60 
——. Secondary algebra. ae Fisher and Schwatt, 1900. 
12mo. Half-leather. , . $1.06 


HAENTZSCHEL (E.). Ueber die EH Grundlegungen in der 
Trigonometrie. (Progr.) Berlin, Gaertner, 1900. Geo, 31 pp. 


HarsrED (G. B.). Noneuolidean geometry for teachers. 8vo. 14 pp. 
H D 
HARTENSTEIN (H.). , See BARDEY (E.). 


Havok (G.). Lehrbuch der.Stereometrie. Auf Grund von F. Kom- 
merell'a Lehrbuch neu bearbeitet und erweitert. 8te Auflage (7te 
der N eubearbeitung). Tübingen, Laupp, 1900. 8vo. 16 -+ 224 pp. 
Cloth. M. 2.90 . 


LÜBSEN (H. B.). Ausführliches Lehrbuch der Elementargeometrie- 
Ebene und körperliche Geometrie. 29ste Auflage. Leipzig, 1900. 
8vo. 4 -- 179 pp. M. 3.00 


—— —.  Ausführliches Lehrbuch: der ebenen und spharischen Trigono- 
metrie. 17te Auflage. Leipzig, 1900. 8vo. 4+ 115 pp. M. 2.40 


MIELE (S.). Problema sulla costruzione d'un segmento circolare di data 
area. Firenze, Niccolai, 1900. 8vo. 24 pp. 


NoZzioNI elementari di geometria piana e solida. Bologna, Pongetti, 
1900. Oblong. 24 pp. P. 


PIETZKER (F.). See BARDEY WAN e 


Porra (F.). Iecomplimenti di matematica per lammissione all’ Acca- 
demia militare, 4dta edizione. Torino, 1800. 8vo. 218 pp. Fr. 4.00 


PRESLER (O.). See BARDEY (E.) ws 

ROSENBERG (K.). Methodisch geordnete Sammlung von é-fafgaben aus 
der Arithmetik und Algebra für Lehrer- und Lehrerinfien-Bildungs- 
anstalten sowie für andere gleichgestellte Lehrefndalten. 2te 
Auflage. Wien, Holder, 1900. Geo, 4+ 255 pp. loth. M. 2.60 
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SAUERBECE (P.). Lehrbuch der Stereometrie, nebst zahlreichen Ue- 
bungen und einem Abschnitt über Krystallographie. Zum Gebrauoh 
an hóheren Lehranstalten, sowie für den Selbetunterrloht bearbeitet. 
Stuttgart, Bergatriisser, 1900. Geo, 7-+ 291 pp. M. 5.40 


SoHÜLEE (A.). Vierstellige Logarithmentafeln, nebst mathematischen, 
physikalischen und astronomischen Tabellen. Für den Schulge- 
brauch zusammengestellt. 3te Auflage. Leipzig, Teubner, 1900. 
Beo, 2+ 18 pp. M. 0.60 


ScmwERING (K.). Stercometrie für höhere Lehranstalten, nach den 
neuen Lehrplünen bearbeitet. 2te Auflage. Freiburg i. B., Herder, 
1900. 8vo. 7+ 56 pp. M. 0.80 


SENDLER (R.). Theorie und Praxis des geometrischen Unterrichts in 
der Volksschule. Im Anschluss an die ‘‘Raumlehre für Volks- 
schulen ” bearbeitet. Breslau, Handel, 1900. Geo, 8-180 pp. 

M. 1.80 


Simon (M.). Geometrie für höhere Bürgerschulen (Realschulen) und 
Lehrerseminarien, Ein methodischer Leitfaden in heuristischer 
Darstellung. öte Auflage. Breslau, Hirt, 1900. Geo, 80 pp. 
Boards. M. 1.00 


BPIEKER (T.). Kurze Anleitung zum Lösen der Uebungsantgaben des 
Lehrbuehs der ebenen Geometrie für höhere Lehra ten. 2te 
Auflage. Potsdam, Stein, 1900. Geo, 4- 68 pp. M. 1.20 


WINTER (W.). Stereometrie.. Lehrbuch und Aufgabensammlung für 
Schulen. 3te Auflage. München, Ackermann, 1900. Geo 4+ 116 
pp. M. 1.60 


WooLwICH mathematical papers for admission into the Royal Military 
Academy for the years 1890-99. Edited by E. J. Brooksmith. Lon- 
don, Maomillan, 1900. 12mo. 68. 


IIl. APPLIED MATHEMATICS. 


BLAKE (E. M.). The ellipsograph of Proelus. (American Journal of 
Mathematics, Vol. 22, pp. 145-153.) 4to. 


DnupE(P.). Lehrbuch der Optik. Leipzig, Hirzel, 1900. 8vo. 14- 
498 pp. ‘ M. 10.00. 


Ewzns(P.) Zar Mechanik der Kanal- und Kathodenstrahlen. (Diss.) 
München, 1898. 8vo. 52 pp. 


FRITSOHE (C.). Ueber die Beeinflussung der Cireumnutation durch ver- 
schiedene Faktoren. Leipzig, 1900. 8vo. 35 pp. . 


Hatzipakis (N. J.). Sur les équations cinématiques fondamentales des 
variétés dans l'espace à n dimensions. (Comptes rendus, 26 février, 
1900.) 4to. 3 pp. 


HEERSANN(G.). Die graphische Theorie der Turbinen und Kreisel- 
puntpen. 2te Auflage. Berlin, Simion, 1900. Bea, 7+ 213 pp., 
7 plates. Cloth. + M. 8.00 


Horr (J H. AN'"T). Lectures on theoretical and physical chemistry. 
Translates fy R. A. Lehfeldt. Part 2: Chemical Statics. London, 
Arnold, 1900. Svo. 156 pp. 8a. 6d. 
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Krog (W.). Vorträge über Mechanik als Grundlage für das Bau- und 
Masohinenwesen. Teil I: Mechanik starrer Körper. 2te Auflage. 
Hannover, Helwing, 1900. 8vo. "EL 330 pp. M. 10.00 


LARMOR (J.). Aether and matter ; a development of the dynamical re- 
lations of the aether to material systems on the basis of the atomic con- 
stitution of matter, including a discussion of the influence of the 
earth's motion on optical phenomena ; being an Adams prize essay in 
the University of Cambridge. Cambridge University Press, 1900. 
8vo. 394 pp. . 10s. 


LAUENSTEIN (R.). Die Mechanik. Elementares Lehrbuch für tech- 
nische Mittelschulen und zum Selbstunterricht. Are Auflage. "Stutt- 
gart, Bergstrisser, 1900. 8vo. 7-201 pp. M. 4.40 


——-. Die grapische Statik. Elementares Lehrbuch für technische Un- 
terrichtsanstalten und zum Gebrauch in der Praxis. 6te Auflage. 
Stuttgart, Bergstrüsser, 1900. 8vo. 8-4251 pp. ` M. 5.40 


LEHFELDT (R. A.). See Horr (J. H. VAN’T). 


OBERMAYER (A. VON). Leitfaden für den Unterricht in der Physik an 
der technischen Militür-Akndemie mit besonderer Berücksichtigung 
ausgewühlter Capitel, insbesondere der Mechanik. Wien, 1900. 8vo. 
35 -+- 827 pp. M. 13.40 


PASOAL. "Traité pratique des ponts métalliques. Calcul des poutres et 
des ponts à une ou à plusieurs travées par la méthode ordinaire et par 
la statique graphique; ponte en are. Nouvelle édition, entièrement 
refondue et considérablement augmentée. Paris, Baudry, 1900. 
8vo. 7-]-987 pp., 15 plates. 


REYNOLDS (O.). Papers on mechanical and physical subjects, Re- 
printed from various transactions and journals. Vol.I. Cambridge 
University Press, 1900. 8vo. 158. 


SoNNET(H.). Dictionaire des mathématiques appliquées, comprenant 
les principales applications des mathématiques, à l'architeoture, à 
Varithmétique commerciale, à l'arpentage, à l'artillerie, aux assu- 
ranoes, à la balistique, à la banque, à la charpente, au chemins defer, 
eto , et l'explication d'un grand nombre de termes techniques usités 
dans les applications. 6° édition. Paris, Hachette, 1900.  8vo. 
4 -+ 1478 pp. Fr. 30.00 


STURM (R.) Elemente der darstellenden Geometrie. 2te Auflage. 
_ Leipzig, Teubner, 1900. 8vo. 6 4-157 pp.,7plates. Cloth. M.65.60 


Susnov (G. K.). Analytical mechanics. Vol. I. Kiev, Ogloblin, 1900. 
: 8vo. 144-543 pp. (Russian.) R. 3.75 


VEooHi (S.). Saggiodi un disegno polarimetrioo; esercizio di geometria 
descrittiva. Parma, Rossi- ldi, 1899. 4to. 8pp., 2 plates. 


Zunov (I. M.). Moments of inertia, statical momenta, and other ele- 
ments of cross-sections of parte of metallic constructions. Moscow, 
1900. 8vo. 127 pp. (Russian.) R. 1.75 


. H 
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READ BEFORE THE AMERICAN MATHEMATICAL BOOIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING, REFERENOES TO 
THE PLACES OF THEIR PUBLICATION., 


ALEY, R. J. A Triangle Related to Nagel’s Triangle. Read (Chicago) 
April 9, 1898. Proceedings of the Indiana Academy of Science, 1898, 
pp. 89-91. > 


—— A New Set of Three Collinear Points Sage with a Triangle. 
Read (Chicago) Deo. 28, 1899 Bulletin of the American Mathematical 
Society, vol. 6, No. 5, p. '193; ; Feb., 1900. 


BENNER, H. giannis: der Coefiicienten welche hei der Berechnung 





der Integral EUER mad nd f SÉ , auftreten 
er In e eten. 
Vicarius 7 Vidabb as 

Read ( Chica o) Deo. 31, 1897. Doctor Dissertation, University of 
Erlangen, 1897, pp. 57. Boston, Ginn and Company, 1899. 


BAKER, A. L. Fundamental Algebraic Operations. Read Aug. 19, 1898. 
Proceedings of the Rochester Academy of Science, vol. 3, p. 162. 


BLAKE, E. M. Linear Euthymorphio Functions of the First Order. Read 
(Chicago) Deo. 31, 1896. Proceedings of the Indiana Academy of 
Science. 1896, pp. 87-88. 


—— The Ellipsograph of Proclus. Read (Chicago) Deo.:31, 1897, and 
April 9, 1898. American Journal of Mathematics, vol. 22, No. 2, pp. 
146-153 ; April, 1900. 


—— — On the Ruled Surfaces Generated by the Plane Movements whose 
Centrodes are Congruent Conics Tangent at Homologous Points. Read 
Aug. 19, 1898. eg Journal of Mathematics, vol. 21, No. 3, pp. 
' 257-909 ; July, 1899. 


BéourR, M. On Regular Singular Pointe of Linear Differential Equa- 
tions of the Second Order whose Coefficients are not Necessarily 
Analytic. Read Dec. 28, 1899. Transactions of the American Mathe- 
matical Society, vol. 1, No. 1, pp. 40-52; Jan., 1900. 


. —— Some Theorems Conoerning Linear Differential Equations of the 
Second Order. Read Feb. 24, 1900. Bulletin of the American Mathe- 
matical Society, vol. 6, No. 7, pp. 279-280 ; April, 1900. 


Borza, O. The Elliptic Sigma-Functions Considered as a Speoial Case of 
the Hyperelliptic Sigma-Funotions. Read (Chicago) Dec. 28, 1899. 
Transactions of the American Mathematical Society, Vol. 1, No. 1, pp. 
53-65 ; Jan., 1900. 


BROWN, E. W. On the Particular Integrals of Linear Differential 
, Equations, and Their Application to the Lunar Theory. Read Mar. 
` 28, 1898. Cambridge Philosophical Transactions, vol. 18, pp. 94-106 ; 
1899. 


—— On Tide Currents in Estuaries and Rivers. Read Apr. 29, 1899. 
Annak of Mathematics, 2d series, vol. 1, No. 2, pp. 68-70 ; Jan., 1900. 
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CaJoRr, F. Notes on the History of Logarithms. Read Aug. 25, 1899. 
Zeitschrift für Mathematik und Physik, vol. 44, Supplement: Abhand- 
lungen cur Geschichte der Mathematik, vol. 14, No. 9 . pp. 31-39 ; 1899. 


CAMPBELL, D. F. On Linear Differential Equations of the Third and 
Fourth Orders in whose Solutions Exist Certain Homogeneous Rela- 
tions. Read Feb. 25, 1899. Quarterly Journal of Mathematics, vol. 
31, No. 122, pp. 161-192 ; Sept., 1899. 


CAMPBELL, J. E. On the Types of Linear Partial Differential Equations 
of the Seoond Order in Three Independent Variables Which are Un- 
altered by the Transformations of a Continuous Group. Read Deo. 
28, 1899. Transactions of the American tenent TEN vol. 1, 
No. 2, pp. 243-258 ; April, 1900. . 


CHESSIN, A. B. On Relative Motion. Read Aug. 19, 1898, “Ost. 29, 
1898, and Aug. 25, 1899. Transactions of the Ameri ican ' Mathemat- 
teal Society, vol. 1, No. 2, pp. 116-169 ; April, 1900. 


——- On the Development of the Perturbative Function in Terms of 
the Eccentric Anomalies. Read Deo. 28, 1898  4sironomical Jour- 
-* mal, No. 446, vol. 20, No. 10, pp. 73-76 ; July 22, 1899. 


COOLIDGE, J. L. A Purely Geometric Representation of all Points in 
the Projective Plane. Read Oct. 28, 1899. Transactions of the 
American Mathematical mee vol. 1, No. 2, pp. 182-192; April, 
1900. 


COTTIER, J. On the Expression ‘of the General Equations of Hydrody- 
namics in Terms of Curvilinear Coordinates. Read March. 27, 
1897. Mathematical Magazine, vol. 1, No. 3. 


Davis, E. W. Noteon Special Regular Reticulations. Read (Chicago) 
Deo. 31, 1897. Bulletin of the American Mathematical Society, vol. 4, 
No. 10, pp. 629-530; July, 1898. 


—— The Group of the Trigonometrio Functions. Read (Chicago) 
April 1, 1899. Bulletin of the American Mathematical Society, vol. b, 
No. 8, pp. 380-381 ; May, 1899. 


Dioxson, L. E. The Structure of Certain Lipear Groups with Quad- 
ratio Invariants. Read Aug. 19, 1898. Proceedings of the London 
Mathematical Society, vol. 30, Nos. 662-664, pp. 70-98; Nov., 1898. 


—— The Determination of the Struoture of All Linear Homogeneous 
Groups in a Galois Field which are Defined by a Quadratio Invari- 
ant, with the Announcement of Two New £ystems of Simple Groups. 
Read (Chicago) Dec. 30, 1898. American Journal of Mathematics, 
vol. 21, No. 3, pp. 193-258 ; July, 1899. 


—— A New Definition of the General Abelian Linear Group. Read 
Feb. 25, 1899, and Aug. 26, 1899. Transactions of the American 
Aathematical Society, vol. 1, No. 1, pp. 91-96 ; Jan. 1900. 


——- Concerning the Four Known Simple Linear Groups of Order 
25920, with an Introduotion to the Hyper-Abelian Linear Groups. 
Read (Chicago) April 1, 1899. Proceedings of the London Mathe- 
matical Society, vol. 31, Nos. 680-683, pp. 30-68 ; April, 1899. 


—— Definition of the Abelian, the Two Hypoabelían, and Related 
Linear Groups as Quotient Groups of the Groups of Isomorphisms 
of Certain Elementary Groups. Read Aug. 26, 1899. Transactions 
of the American MatAematical Society, vol. 1, No. 1, pp. 30438 ; Jan., 
1800. 
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— — Canonical Form of a Linear ‘Homogeneous Substitution in a Qen- 
eral Galois Field. Read (Chicago) Dec. 28, 1899. American Journal 
of Mathematics, vol. 22, No. 2, pp. 121-137 ; April, 1900. 


— Proof of the Existence of the Galois Field of Order p” for Every 
Integer r and Prime Number p. Read Dec. 28, 1899. Bulletin of 
the American Mathematical Society, vol. 6, No. 5, pp. 203-204 ; Feb., 
1900. E 


~~~ Isomorphism between Certain Systems of Simple Linear Groups. 
Read Feb. 24, 1900. Bulletin of the American Mathematical Society, 
vol. 6, No. 8, pp. 323-328 ; May, 1900. 


——— Proof of the Non-Isomorphism of the Simple Abelian Group on 2m 
Indices and the Simple Orthogonal Group on 2m --1 Indices for 
m 7» 2. Read Feb. 24, 1900. Quarterly Journal of Mathematics, vol. 
32, No. 1, pp. 42-63 ; June, 1900. 


EMOH, A. Ciroular Transformations. Read Ge Jan. 1, 1897. 
Annals of Mathematics, Ist series, vol. 12, No. 5, pp. 141-160; Aug., 
1898. 


—— Illustration of the Elliptic Integral of the First Kind by a Cer- 
tain Link-Work. Read Aug. 25, 1899. Annals of Mathematics, 2d 
series, vol. 1, No. 2, pp. 81-92; Jan., 1900. 


ENGBERG, C. C. : The Cartesian Oval and the Auxiliary Parabola. Read 
(Chicago) Deo. 30, 1898. The Graduate Bulletin of the University of 
Nebraska, vol. 1, No. 1, pp. 23-34; April, 1900. 


GOODSPEED, E. J. The Ayer Papyrus:. A Mathematical Fragment. 
Read (Chicago) Deo. 31, 1897. American. Journal of Philology, vol. 
19, No. 1, pp. 25-39 ; April, 1888. 


GoRDAN, PAUL. Formentheoretische Entwickelung der in Herrn White’s 
Abhandlung über Curven dritter Ordnung enthaltenen Sätze. Read 
Oct, 28, 1899. Transactions of the American Mathematical Society, vol. 
1, No. 1, pp. 9-13; Jan., 1900. 


GounsAT, E. Sur la Définition Générale des Fonctions Analy tiques, 
d’après Cauchy. Read April 29, 1889. Transactions of the Ameri- 
can Mathematical Society, vol. 1, No. 1, pp. 14-16 ; Jan., 1900. 


HaTHAWAY, A. B. Alternate Processes. Read Aug. 17, 1897, and 
(Chicago) Dec. 30,1897. Proceedings of the Indiana ' Academy of 
Science, 1897, pp. 117-197. 


—— Orthogonal Surfaces. Read (Chicago) Dec. 30, 1897. Proceedings 
of the Indiana Academy of Science, 1896, pp. 85-86. 


Hayss, E. Note on the Folium of Desoartes. Read Aug. 17, 1897. 
Bulletin of the American Mathematical Society, vol. 4, No. 1, p 4; 
Oot , 1897. 


HEDRIOK, E. R. On Three Dimensional Determinants. Read Feb. 
25, 1899. Annals of Mathematics, 2a series; vol. 1, No. 2, pp. 49-67 ; 
Jan., 1900. a 


Huu, G. W. On the Extension of Delaunay's Method in the Lunar 
Theory to the General Problem of Planetary Motion. Read Feb, 24, 
1900. Transactions of the American Mathematical Society, vol. 1, No. 

2, pp? 205-242 ; April, 1900. 
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HUTOHINSON, J.I. The Hessian of the Cubic Surface. II. Read Feb. 
24, 1900. Bulletin of the American Mathematical Society, vol. 6, No. 
8, pp. 328-337 ; May. 1900. 


' KEYSER, C. J. Some Theorems in n Dimensional Space. Read Deo. 
29, 1897. Bulletin of the American Mathematical Society, vol. 4, No. 
5, pp. 181-182 ; Feb., 1898. 


LAVES, K. The Ten Integrals of the Problem of » Bodies for Forces In- 
volving the Coordinates and Their First and ‘Second Differentials. 
Read (Chicago) April 9, 1898. Astronomical Journal, vol. 19, No. 
13, pp. 97-104 ; Oct. 8, 1898. 


Line, G. H., and MILLER, G. A. A Proof that there are no Simple 
Groups of Order 1440, 1512,.1680, or 1800. Read Feb. 26, 1899, 
and Aug. 26, 1899. American Journal of Mathematics, vol. 22, No. 
1, pp. 13-26 ; Jan., 1900. . 


Lovzrr, E. O. Sur les Invariants Projectifs d'un Système de m+1 
Pointe dans l'Espace à n+ 1 Dimensions Read Aug. 19, 1898. 
Bulletin des Sciences Mathématiques, ser. 2, vol. 22, No. 1, pp. 10-15; 
Jan , 1899. 


— Contact Transformations of Developable Surfaces. Read Oct. 29, 
1898. Rendiconti del Circolo Matematico di Palermo, vol. 13, No. 4, 
pp. 210-224 ; July-Aug., 1899. 


—— Contact Transformations and Optica. Read Deo. 28, 1898. Cam- 
bridge Philosophical Transactions, vol. 18, pp. 256-268 ; 1899. 


—— Note on the Differential Invariants of Goursat and Painlevé. Read 
Feb. 25, 1899. American Journal of Mathematics, vol. 22, No. 1, pp. 
41-46 ; Jan., 1900. 


—— Families of Transformations of Straight Lines into Spheres. Read 
Oot. 28, 1899. American Journal of Mathematics, vol. 22, No. 2, pp. 
138-145 ; April, 1900. : 


MACLAY, J. On Certain Algebraic Double Minimal Surfaces. Doctor 
Dissertation, Columbia University, 1899. 4 


MASCHEE, H. Beweis des Satzes dass diejenigen endlichen linearen 
Substitutionsgruppen, in welohen einige durchgehends versohwin- 
dende Coefficienten auftreten, intransitiv sind, Read (Chicago) 
Deo. 30, 1898. Mathematische Annalen, vol. 52, No. 3, pp. 363-368 ; 
July, 1899. 


——— Note on the Unilateral Surface of Moebius. Read (Chicago) Deo. 
29, 1899. Transactions of the American Mathematical Society, vol. 1, 
No. 1, p. 38 ; Jan., 1900. 


—— A New Method of Determining the Differential Parameters and In- 
variants of Quadratic Differential Quantities. Read (Chicago) 
April 14, 1900. Transactions of the American Mathematical Soctety, 
vol. 1, No. 2, pp. 197-204 ; April, 1900. a 


METZLER, W. H On the Excess of the Number of Combinations ina 
Set Which Have an Even Number of Inversions over Those Which 
Have an Odd Number. Read Feb. 26, 1898. American Journal of 
Mathematios, vol. 22, No. 1, pp. 56-59 ; Jan., 1990. KR 
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. —— On the Roots of a Determinantal Equation. Read (Chicago) Apr. 
9, 1888.  Amerioan Journal of Mathematics, vol. 21, No. 4, pp. 367- 
368 ; Oct., 1899. 


MILLER, J. A. Concerning Certain Modular Functions of Square 
Rank. Read (Chicago) Deo. 28, 1899. Doctor Dissertation, The 
University of Chicago, 1900. 


MILLER, G.A. Memoir on Substitution Groups Whose, Degree Does not 
Exceed Eight. Read Dec. 28, 1898. American Journal of Mathe- 
matics, vol. 21, No. 4, pp. 287-338 ; Oot., 1899. 


— On the Primitive Groups of Degree Seventeen. Read Feb. 25, 
1899. Quarterly Journal of Mathematics, vol. 31, No. 1, pp. 49-57; 
1899. E 


—— On the Simply Transitive Primitive Groups. Read Oot 28, 1899. 
Bulletin of the American Mathematical Society, vol. 6, No. 3, pp. 
103-104 ; Deo., 1899. 


—— On the Groups That are Direct Products of Subgroups. Read 
Aug. 98, 1899. Transactions of the American Muthematical So- 
ciety, vol. 1, No. 1, pp. 66-71 ; Jan.,.1900. 


—— On the Product of Two Substitutions. Read Oct. 28, 1899. Amer- 
scan Journal of Mathematics, vol. 22, No. 2, pp. 185-190; April, 
1900. ` 


—— Note on the Group ot Isomorphisms. Read Feb. 24, 1900.  Bulle- 
tin of the American Malhematical Society, vol. 6, No. 8, pp. 337-339 ; 
May, 1900. 


—— See Line, G. H. 


MooRE, E. H. On Certain Crinkly Curves. Read Aug. 25, 1899. Trans- 
acitons of the American Mathematical Society, vol. 1, No. 1, pp. 72- 
90; Jan., 1900. 


Mork, L. T. On Fresnel's Wave Surface. Read Aug. 26, 1899. Philo- 
8ophical Magazine, 5th series, vol. 49, No. 3, pp. 262-274 ; March, 1900. 


MonrEY, F. On the Limagons Which Possess Ponoelet Polygons. Rend 
ay 95, 1895. Proceedings of the London Mathematical Society, vol. 
29, No. 617, pp. 83-97 ; Nov., 1897. 


— — The Metrio Geometry of the Plane n Line. Read Feb. 24, 1900. 
Transactions of Qe Americun Mathematical Society, vol. 1, No. 2, 
pp. 97-115 ; April, 1900. : 


Moutrton, F. R. Ona Class of Partioular Solutions of the Problem of 
Four Bodies. Read Aug. 25, 1899. Transactions of the American 
Mathematical Soctety, vol. 1, No. 1, pp. 17-29 ; Jan., 1900. 


Newson, H. B. On Singular Transformations in Real Projeotive Groups. 
Read April 28, 1800. Bulletin of the American Mathematical Soctety, 
vol. 6, No. 10, pp. 431-439 ; July, 1900. . 


Oscoop, W. F. Beweis der Existenz einer Lösung der Differentialgleich- 
ung u (x,y) obne Hinzunahme der Caucliy-Lipschitz’schen Be- 


dingang. Read Feb. 26, 1808. Monatshefte für Mathematik und 
Physik, vol. 9, No. 4, pp. 331-345 ; Oot., 1898. 


PELL, &. Evaluation ofa Definite Integral. Read (Chicago) Dec. 28, 1899. 
Annals of Mathematics, 2d series, vol.1, No. 3, pp. 144-146 ; April, 
1900. 
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PHrLBRICK, P. H. The True Transition Curve. Read Aug. 17, 1897. 
Field Manual for Railroad Engineers, John Wiley and Sons, New 
York, 1900. 


PiERPONT, J. P. Galois’? Theory of Algebraic Equations. Read Sept. 
1, 1896. Annals of Mathematics, 2d series, vol. 1, No.’3, pp. 113- 
143 ; April, 1900. 


POETER, M. B. Note on the Enumeration of the Roots of the Hyper- 
eometrio Series between Zero and One. Read Feb. 24, 1900. ` Bul- 
tin of the American Mathematical Soctety, vol. 6, No. 1 pp. 280- 

289 ; April, 1900. 


PUPIN, M. I. ` Pro tion dere Electrical Waves. Read Feb. 25, 1899. 
Transactions of the American Institute of Electrical Engineers, vol. 
16, No..3, pp. 111-160 ; March, 1899. i 


Ress, J. K. Results of Seven Years’ Observations for Variations of 
Latitude and the Constant of Aberration, Made at the Columbia 
University Observatory. Read Feb. 24, 1900. Bulletin of the Amer- 
ican Mai. matical ge vol. 6, No. 7, pp. 269-273 ; April, 1900. 
Popular Astronomy, vol. 8, No. 4, pp. 1698-174 ; April, 1900. 


Rox, E. D. On Symmetric Functions. Read Oct. 29, 1898. American 
Mathematical Monthly, vol. 6, Nos. 1, 2, 3, 4, 5, 8, pp. 1-8, 25-30, 
' 68-58, 103-107, 129-135, 161- 165 ; Jan. -June, 1899. - 


——— On the Transcendental Form of the Resultant. Read (Chicago) 
‘Deo. 28, 1899. American Mathematical Monthly, vol. T, No. 3, pp. 
69-66 ; March, 1900. 


SoHorrENFELS, I. M. On Groups of Order 8//2. Read June 29, 1900. 
Bulletin of the American Mathematical Soctety, vol. 6, No. 10, pp. 
440-443 ; July, 1900. 


Soorr, C. A. X Proof of Noether’s Fundamental Theorem. Read 
April 29, 1899. Mathematische Annalen, vol. 52, No. 4, pp. 593- 
697 ; Deo., 1899. 


— The Status of Imaginaries in Pure Geometry. Read Oot. 28, 1809. 
Bulletin of the American Mathematical Society, vol. 6, No. 4 , Pp. 
103-168 ; Jan., 1900. 


BNYDER, V. Lines of Curvature on Annular Surfaces Having Two 
Spherical Directrices. Read Feb. 25, 1899. American Journal oi 
Mathematics, vol. 22, No. 1, pp. 98- 200 ; Jan., 1900. 


——- Geometric Construction of the Elliptic Integral of the Second Kind, 
and of the Weierstrass Sigmn-Funotion. Read Aug. 26, 1899. 
Schilling’s Modell-Katalog, Halle, 1900. 

—— On Cyolical Quartic Surfaces in Space of n Dimensions. Read Deo. | 
28, 1899. Bulletin of the American Mathematical Society, vol. 6, 
No. 5, pp. 194-198; Feb., 1900. 


—— On the Geometry of the Circle. Read Deo. 28, 1899. Bulletin of 
the American Mathematical Soctety, vol. 6, No. 8, pp. 319-322 ; 
. May, 1900. 
BTABLER, E. D. A Rule for Finding the Day of the Week Correspond- 


, ing to a Given Date. Read Aug. 28,1898. Sctence, new series, vol. 
` 8, No. 200, p. 594; Oct. 28, 1898. 


E 
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STARKWEATHER, G. P. Non-Quaternion Number Systems Containing 
No Skew Units. Read April 29, 1899. American Journal of Math- 
ematics, vol. 21, No. 4, pp. 369-386 ; Oct., 1899. 


STEOKEB, H. F. Non-Euclidean Properties of Plane Cubica. Read 
Aug. 20, 1898. American Journal of Mathematics, vol. 22, No. 1, 
pp. 31-40 ; Jan., 1900: 


TABEB, H. On the Singular Transformations of Groups Generated by 
Infinitesimal Transformations. Read Feb. 25, 1899, and Deo. 28, 
pe Bulletin of the American Mathematical Society, vol. 6, No. 

5, pp. 199-203 ; Feb., 1900. 


TIMERDING, H. E. Some Remarks on Tetrahedral Geometry. Read 
June 27, 1900. Bulletin of the American Mathematical Society, 
vol.. 6, No. 10, pp. 417-430 ; July, 1900. 


VAN VLECE, E. B. Onthe Determination of a Series of Sturm’s Funo- 
tions by the Computation of a Single Determinant. Read Feb. 25, 
1899. Annals of Mathematics, ser. 2, vol. 1, No. 1, pp. 1:13; 
Oct., 1899. 


WESTLUND, J. On a Class of Equations of Transformation. Read 
Aug. 19, 1898. American Journal of Mathematics, vol. 21, No. 4, 
pp. 339-353 ; Oct., 1899. . 


Warre, H. 8. Contes and Cubics Connected with a Plane Cubic by Cer- 
tain Covariant Relations. Rend Aug. 26,1899. Transactions of the 
American Mathematical Society, vol. 1, No. 1, pp. 1-8; Jan., 1900. 


—— Plane Onbios and Irrational Covariant Cubics. Read (Chicago) 
Deo. 28, 1899. Transactions of the American Mathematical Soctety, 
vol. 1, No. 2, pp. 170-181 ; April, 1900. m 


WirsoN, E. B. Note on the Functions Satisfying the Functional Rela- 
tion Biss) etg Read Apr. 29, 1899. Annals of Main: 
ematios, Ber. 2, vol. 1, No. 1, pp. 47-48 ; Oot., 1899. 


—— The ee of the General Collineation of Space into 
Three Skew Reflections. Read Oot. 28, 1899. Transartona of the 
American Mathematical Society, vol. i; No. 2, pp. 193-196; April, 
1900. 


WOODWARD, R. S. The Century’s Progress in Applied Mathematics. 
[Presidential Address.] Read Dec. 28, 1899. Bulletin of the Ameri- 
can Mathematical Soctety, vol. 6, No. 4, pp. 133-163. Jan., 1900. 
Setence, new series, vol. 11, No. 263, pp. 41-51; Jan. 12, 1900; 
No. 264, pp. 81--92; Jan. 19, 1900. ' $ 


—— An Elementary Method of Integrating Certain Linear Differential 
Equations. Read April 28,1900. Bulletin of the American Mathe- 
matical Soctety, vol. 6, No. 9, pp. 369-371 ; June, 1900. 
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